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Preface

I do not know what I may appear to the world, but to myself I seem to have
been only like a boy playing on the sea-shore, and diverting myself in now
and then finding a smoother pebble or a prettier shell than ordinary, whilst

the great ocean of truth lay all undiscovered before me

Isaac Newton (1643-1727)

Nature and Nature’s laws lay hid in night;
God said, Let Newton be! and all was light.

Alexander Pope (1688—-1744)

In an era of improving science and technology, the training of competent experts becomes
increasingly important for a rising standard of living. Therefore, undergraduate and post-
graduate students as well as scientists and engineers should improve their mastery of the
various subsections of mathematics, especially of mathematical analysis, the base of math-

ematics.

In general, mathematical analysis consists of the function theory of real and complex vari-
ables, the theory of sequences and series, differential or integral equations, and the varia-
tional calculus. It provides general methods for the solution of various problems of both

pure and applied mathematics.

Briefly, this book covers real and complex numbers, vector spaces, sets and some of their
topological properties, series and sequences of functions (including complex-valued func-
tions and functions of a complex variable), polynomials and interpolation, differential and

integral calculus, extrema of functions, and applications of these topics.

The book differs from conventional studies in its content and style. Special attention is

given to the right placement of subjects and problems. For instance, the properties of the
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Newton, Riemann, Stieltjes, and Lebesgue integrals are handled and explained together.
As is well known, mathematical analysis is also referred to as infinitesimal (incalculably
small) analysis; but statements involving phrases such as “infinite numbers” may lead to
serious misunderstandings. To prevent such ambiguity, we extend the idea of the number

of elements in a set from finite sets to infinite sets.

In this book, approximate calculation (which plays an ever-increasing role in science) is
mentioned and some care is devoted to interpolation methods and the calculation of inte-

grals, elementary functions, and the other calculations of mathematical analysis.

Complex numbers and the corresponding formulas of De Moivre, logarithms of complex
numbers, antilogarithms of complex variables, etc., are ordinary tasks for any teacher of
school-mathematics. On the other hand, especially for the theory of analytic functions,
there are important practical applications of the theory of complex variables to hydro- and
aero-mechanics, integral calculus, algebra, and stability problems. Therefore, the argu-

ments in this book are elaborated for complex variables.

One of the eventual objectives of this book is the application of these methods of mathe-
matical analysis. Applied problems are presented in almost every chapter after the third,
and they consist in finding the constrained or unconstrained extreme value of a function of
a single variable. For instance, one of the historically important problems is the problem of
Euclid, where in a given triangle it is required to inscribe the parallelogram with greatest
area. Another is Johannes Kepler’s problem: in a ball with radius R, inscribe the cylinder
with the greatest volume. These are both examples of extremum problems of a function
of one variable. It should be noted that the required parallelogram in Euclid’s problem is
the parallelogram with the midpoints of the triangle’s sides as three of its vertices. And the
volume in Kepler’s problem is 47 R* /3 V3.

The famous brachistochrone problem was posed by the illustrious Swiss mathematician
Johann Bernoulli in 1696: this problem consists in finding the shape of the curve down
which a bead sliding from rest and accelerated by gravity will slip (without friction) from
one point to another in the least time. The solution of this problem is a cycloid: this requires
finding an extremum of a function of infinitely many variables. The history of mathematics
made a sudden jump: from dimension one it passed at once to infinite dimensions, or
from the theory of extrema of functions of one variable to the theory of problems of the
type of the brachistochrone problem, i.e., to the calculus of variations, as this branch of
mathematics was called in the 18" century. Historically, the year 1696 marks the birth of

the calculus of variations.
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This book consists of ten chapters, which include 181 theorems, 125 definitions, 261 solved
examples, 575 answered problems, 41 figures and 87 remarks. Generally, these problems
have the purpose of determining whether or not the concepts have been understood both
theoretically and intuitively. The theorems, remarks, results, examples, and formulas are
numbered separately in each chapter. For example, Theorem 8.3 indicates the third theorem
within Chapter 8. The proofs begin with the empty square “IJ” and end with the Halmos
box, “W”. They are presented in such a way that they hold good for the corresponding

multi-dimensional generalization almost without any changes.

The major features of our book which, from a methodological and conceptual point of view,

make it unique are the following:

e The power conception of sets, countable and uncountable sets, the cardinality of the
continuum; Dedekind completeness theorem for the set of real numbers;

e Products of series;

e Polynomials and interpolations, Lagrange and Newton interpolation formulas;

e Functions with bounded variation;

e Newton and Stieltjes integrals;

e [ ebesgue measure theory in line and Lebesgue integrals;

o Additional applications: potential and kinetic energy, a body in the earth’s gravitational
field, escape velocity, nuclear reactions;

e The uncountable Cantor set with zero measure. Existence of non-measurable sets in
line;

e The existence, at the end of each chapter, a plenty of problems with answers.

In the first chapter are given the main definitions and concepts of sets, some topological
properties of such sets as metric spaces, the concepts of surjective, injective, and bijective
functions, countability and uncountability of sets, cardinal number, and the cardinality of
the continuum. These concepts are the very basis of mathematical analysis and in other
fields of the mathematical sciences. For this reason, different theorems connected with
the concepts of countability and uncountability of sets are proved, and it is shown that the
cardinality of the set of functions defined on a closed interval is greater than the cardinality
of the continuum. Furthermore, the Dedekind completeness theorem for the set of real

numbers is formulated.

In the second chapter, the basic properties of monotone, strictly monotone, and Cauchy

sequences are given in detail. Moreover, different types of convergence as well as differ-
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ent convergence tests (Cauchy, D’ Alembert, Leibniz, Raabe) are given, and the harmonic
series, the geometric series, and products of series are considered. By Riemann’s The-
orem, for any conditionally convergent series and an arbitrary number S € [—oo, o] there
is a rearrangement of the given series such that the resulting series converges to S. But
the rearrangement of an absolutely convergent series yields another absolutely convergent
series having the same sum as the original one. The convergence or divergence of the hy-
perharmonic series with general term 1/n? is determined, depending on p. Lastly, it is also

mentioned that the analogous properties of series with complex terms hold.

In the third chapter, the equivalency of the limit concepts of Cauchy and Heine is shown.
Then continuous and uniformly continuous functions, the main properties of sequences of
functions and series of functions, and the concepts of pointwise and uniform convergence
are studied. It is shown that under some conditions a sequence of functions defined in a
closed interval has a uniformly convergent subsequence of functions (Arzela’s theorem).
At the end of the chapter it is mentioned that some of the features of function sequences

and series generalize to the case of complex-valued functions.

In the fourth chapter the important conceptions of mathematical analysis, such as the
derivative and differential, with their mechanical and geometrical meanings, are given.
Derivatives of product functions (Leibniz’s formula), composite functions, and inverse
functions are treated. Then the concept of the derivative is applied to study the free fall
of a mass, linear motion at velocities near the speed of light, and applications in numerical

analysis. It is also applied to curvature and evolvents.

In the fifth chapter, the theorems of Rolle, Lagrange, and Cauchy, the mean value theorem,
and Fermat’s theorem for local extreme values are presented. Taylor’s formula, given with
the remainder term in Lagrange’s, Cauchy’s, and Peano’s forms, is given, and the reason is
indicated why sometimes the Taylor series of a function does not converge to the function
itself. Furthermore, the Maclaurin series expansions of some elementary functions are

given and Euler’s formulas are proved.

In the sixth chapter, the factorization problem for polynomials having repeated real and
complex roots is studied, and Lagrange’s and Newton’s interpolation formulas are given.
Then, a useful formula for differential calculus is derived by using Newton’s interpolation
formula. At the end of the chapter, the approximation by polynomials of a given function

defined on a closed interval is studied.

In the seventh chapter, L'Hopital’s rule and Taylor-Maclaurin’s series are employed for

the computation of limits of different indeterminate forms. By using the Taylor series
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at critical points, sufficient conditions for a local extremum are obtained. Moreover, the
determination of whether the curve is bending upward or downward depends on the sign
of higher order derivatives. Then, necessary and sufficient conditions for the existence of

straight line and parabolic asymptotes to a curve are proved.

In the eighth chapter, we give the properties of indefinite integrals which are the basis of
mathematical analysis. It is shown that sometimes the integrals of the elementary functions
cannot be evaluated in terms of finite combinations of the familiar algebraic and elementary
transcendental functions. But the methods of substitution and integration by parts can often
be used to transform complicated integration problems into simpler ones. Moreover, the
method of integrating rational functions that are expressible as a sum of partial fractions of
the first and second types is presented. In particular, the Ostrogradsky method of integration
is studied. The evaluation of integrals involving irrational algebraic functions, quadratic

polynomials, trigonometric functions, etc., is also considered.

In the ninth chapter, firstly, Newton’s and Riemann’s integrals, the conditions for their
equality, and mean value theorems are studied. In term of a partition of a given interval
and its mesh, necessary and sufficient conditions for existence of the Riemann integral are
formulated, and the Fundamental Theorem of Calculus is proved. Furthermore, with the
use of the concept of measure zero, the Lebesgue criterion is formulated. It is also shown
that the measure of the Cantor set (which has the cardinality of the continuum) is zero.
Moreover, the Lebesgue integral, the integrability of Dirichlet’s and Riemann’s functions,
functional series, the improper integral (in the sense of Cauchy principal values), the Stielt-
jes integral (with the use of a function of bounded variation), and numerical integration are
studied.

Finally, the tenth chapter begins by using the length, area, and volume concepts to compute
arc lengths, surface areas of surfaces of revolution, and volumes by the method of cylindri-
cal shells in Cartesian and polar coordinates. Then, centroids of plane regions and curves,
and the moments of a curve and of a solid are calculated. It is shown that the definite inte-
gral can be applied to the law of conservation of mechanical energy, to Einstein’s theory of
relativity, and to the determination of the escape velocity from the earth. Finally, problems
connected with atomic energy, critical mass, and atomic reactors are considered. In fact,
the basic cause of the destabilization and explosion of the reactor of Chernobyl’s nuclear

power station in the Ukraine in 1986 is explained.

This book could be all the more useful for the disciplines of mathematics, physics, and

engineering, for the logical punctiliousness of these features. For this reason, it can be
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suggested as a text-book or a reference book for students and lecturers in faculties of math-
ematics, physics, and engineering, as well as engineers who want to extend their knowledge
of mathematical analysis. References [1]-[36] may be consulted for discussed topics per-

tinent to calculus.

The book was written as a result of my experience lecturing at Azerbaijan State University,
Istanbul University, and Istanbul Technical University. I express my gratitude to the Insti-
tute of Cybernetics of the National Academy of Sciences of Azerbaijan for providing a rich

intellectual environment, and facilities indispensable for the writing of this textbook.

Professor Elimhan N. Mahmudov
Baku and Istanbul, September, 2012
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Chapter 1

Introduction to Numbers and Set Theory

Here we will give the main definitions and concepts of sets, the concepts of surjective, in-
jective, and bijective functions, countability and uncountability of sets, cardinal number,
and the cardinality of the continuum. These are very important in mathematical analy-
sis and in other fields of the mathematical sciences. For this reason, different theorems
connected with the concepts of countability and uncountability of sets are proved and it is
shown that the cardinality of the set of functions defined on a closed interval is greater than
the cardinality of the continuum. Furthermore, the Dedekind completeness theorem for the
set of real numbers is proved. Finally, some of the topological properties of metric spaces
are treated.

1.1 Sets and functions

The concept of a set is fundamental in mathematics. A set can be thought of as a collection
(assemblage, aggregate, class, family) of objects called members or elements of the set.
Roughly speaking, a set is any identifiable collection of objects of any sort. We identify
a set by stating what its members (elements, points) are. For instance, we can define the
set of students in the classroom, the set of positive integers, the set of all triangles in a
plane, etc. Obviously, these elements have the same common properties for the given set.
In general, unless otherwise specified, we denote a set by a capital letter such as A, B, C,
etc. If the object x is in a set A, then we say that x is an element (or a member) of A and
write x € A. If x is not an element of A, then we write x ¢ A. A set having finitely many
elements is called a finite set, otherwise it is called an infinite set. The empty set is the set
having no elements and is denoted by @. It is a subset of any set @ C A. If each element
of a set A also belongs to a set B we call A a subset of B, written A C B, and read “A is
contained in B.” The fact that a set A consists of the elements x is denoted by A = {x}. If
A is not equal to B, we write A # B. It is clear that A C A. If A C B, but A # B and A is

nonempty, we call A a proper subset of B.

E. Mahmudov, Single Variable Differential and Integral Calculus, 1
DOI: 10.2991/978-94-91216-86-2_1, © Atlantis Press 2013
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Definition 1.1. If for given sets A and B we have A C B and B C A, then we say that A and

B are equal and write A = B.

Definition 1.2. If A, (k= 1,...,n) are sets, their union S is the set of all elements x such

that for at least one k, x € A;. Then S is denoted
n
S={JA
k=1
If there are infinitely many sets, e.g., k =1, 2, 3, ..., then we write oo instead of n.

Definition 1.3. The intersection Q of the sets Ay (k= 1,...,n) is the set of elements x such

that for every k, x € Ag. Then Q is denoted by
n
0=)A
k=1
For infinitely many sets we write Q = () Ay.

k=1

Example 1.1. LetA = {x: xis an odd integer} and B = {x: x> —4x+3=0}. We will show
that B C A. Since B is the set of points satisfying (x — 1)(x — 3) = 0, we have B = {1,3}.
Thus every element of B belongs to A, and so B C A.

Example 1.2. If A} = {1}, Ay ={1,2,3},then S =A | UA> ={1,2,3}; 0 =A,NA, = {1}
Definition 1.4. The set consisting of all elements of A which don’t belong to B is called
the difference of A and B, and is denoted by A \ B, that is,

ANB={x: x€Aandx ¢ B}.

If M is a set which contains all the elements being considered in a certain context, we
sometimes call M the universal set. If B C M, then M ~ B is called the complement of B
and is denoted by CB. A universe M can be represented geometrically by the set of points
inside a rectangle, called the Venn diagram. If B C A, then A \ B is called the complement

of B relative to A and is denoted C4B. It follows that

BUCsB=A; BnCsB=w; Cio=4; (CA=0.

Example 1.3. Let A be the set of positive integers and B be the set of positive and even

integers. Then A \ B is the set of positive odd integers.



Introduction to Numbers and Set Theory 3

Theorem 1.1 (De Morgan’s law'). Let By be a family (finite or infinite) of subsets of A.
Then the complement relative to A of the intersection (union) of the family By is the union

(intersection) of the relative complements:

Ca()Be = JCaBx,
k k

CalJBi =(\CaB.
k k

O Let us prove the first of them (the second formula is proved analogously). The first

requirement made by Definition 1.1 is that Gy ﬂBk - UEABk. We prove this. Take an
element x € Cy ﬂBk, then by Definition 1.3 x §é ﬂBk Thus at least for one ko, x ¢ By,.

Hence x € A\ Bko =CaBy,, and sox € U CaBy. Consequently, Ca ﬂBk C U C4B;. Now, let
x € UCBy. Again, at least for one ko, we have x € CABkO. Thls means that x € CaNBx,
and t]ilen UC4By € 04N B. Comparing the two relations obtained, we conclude the de:ired
result by Ik)eﬁnition l.f . |

The following simple properties of sets are made plausible by considering a Venn dia-

gram.

(1) AUB=BUA, ANB = BNA (commutative law for unions and intersections).

(2) (AUB)UC=AU(BUC), (ANB)NC =AN(BNC) (associative law for unions and
intersections).

(3) AN(BUC) = (ANB)U(ANC) (distributive law).

4) (ANB)NC=(ANC)~ (BNC).

(5) ACAUB; BCAUB; ANBCA; ANBCRB.

(6) ACBifandonlyif AUB=BandANB=A.

(7) AU =A,ANT =0.

Let A and B be two sets. Then by a function (map) f from (or on) a set A to (or onto)
a set B we mean a rule which assigns to each x in A a unique element f(x) in B. We often

express the fact that f is a function from A to B by writing
f:A—=B.

The set A is called the domain of f. The set of values y = f(x) is called the range of f.
That is, the range of f is the set defined by

f(4) = {£(x) : xeA}.

! August De Morgan (1806-1871), French mathematician
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Note that f(A) C B but might not equal B.

We say f is onto or surjective if every y € B is of the form f(x) for some x € A. Thus
the range of f is f(A) and f is onto if and only if f(A) = B.

We say f is one-to-one or injective or univalent if, for every pair x;, xy € A, x| # x»
implies f(x1) # f(x2) (or if f(x1) = f(x2) implies x; = x).

A function f : A — B is a bijection (or one-to-one correspondence) if it is injective and
surjective.

Let N={1,2,3,...} and Z = {0, =1, £2, +3,...} be the set of natural numbers and
the set of integers, respectively. Then it is not hard to see that the function f: Z — N, given
by y = f(x) = |x|+ 1, is onto, the function f : Z — Z, given by y = f(x) = 2x is one-to-one,
and the function f : Z — Z, defined by y = f(x) = x+ 1, is a bijection.

If f: A — B is a bijection, that is, one-to-one and f(A) = B, then there is an inverse
function f~': B — A defined by y = f (x). In words, for every y in B there is a unique
element x in A defined by the rule x = f~!(y). Itis clear that (f~')~! = £, that s, f and f~!
are inverses each other. For example, if f(x) =¢*, x € R = (—oco,+o0), then f : R — (0,0)

is a bijection, and so has an inverse.

Example 1.4. Let A be the set of positive integers, i.e., A=N={1,2,3,...,n,...}, and
let B={1,2}. Then the function given by
3—(=1)*
y—fly =2 T L
2 2, ifxisanodd
is onto, but in general is not one-to-one. But if A = {1, 2}, then fis both one-to-one and

1, if xisaneven,

onto.

Definition 1.5. Two sets, A and B, are equivalent if there exists a bijective function f: A —
B. In this case, we write A ~ B. Conversely, if the sets A and B are not equivalent, we write
A A B.

The idea is that the sets A and B have the same number of elements.
The equivalence relation ~ has the following properties.

(1) A~ A (i.e. ~ is reflexive).
(2) If A ~ B, then B ~ A (i.e., ~ is symmetric).
(3) IfA~Band B~ CthenA ~ C (i.e., ~ is transitive).

[0 The first claim is clear. For the second, let f : A — B be a bijection. Then the inverse
function f~!' : B — A is also a bijection. For the third, let f : A — B be a bijection and let
g : B — C be a bijection. Then the composite go f : A — B is also a bijection. |
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Example 1.5. Let us denote N = {1,2,...,n,...}, B={2,4,...,2n,...}. Itis clear that
the function f : N — B given by y = f(x) = 2x is the bijection required by Definition 1.4.
Then it follows that N ~ B.

Example 1.6. Let A be the set of integers, that is, A = Z. Show that A ~ N. Indeed it is
clear that the needed bijection f : N — A can be defined as

%, if x is an even,
fx) = x—1

-

if x is an odd.

1.2 Cardinality

In this section we extend the idea of the number of elements in a set from finite sets to

infinite sets.

Definition 1.6. A set A is denumerable if it is equivalent to the set of natural numbers
N={1,2,3,...}. AsetAis countableif it is finite or denumerable. If a set is denumerable,

we say that it has cardinality d, or, cardinal number d.

Thus, if for a positive integer n we denote J, = {1, 2,...,n}, then a set A is countable
if either A ~ J, or A ~ N.

Note that a sequence x1, x2, X3, ..., Or, {x,}, can be considered as a function, given by
the formula f(n) = x,, n € N. Then a set A is denumerable if and only if its members can

be enumerated in a sequence {x,}. In general, this fails to hold for infinite sets.
Definition 1.7. With every set A we associate a notation A called the cardinal number of A.

Suppose A and B are finite sets with numbers of elements n and m, respectively. Obvi-
ously, n = m if and only if A ~ B. In this case we write Z —B. On the other hand, n > m
(n < m) if and only if A ¢ Bbut A| ~ B (A ~ Bj) for some subset A; C A (B; C B). In the
first and second cases we write A > B and A < E, respectively. If A = &, we write A=0.

The following definition extends the idea of the number of elements to infinite sets.

Definition 1.8. Suppose A and B are two infinite sets and A; C A and B; C B are subsets.

Consider the following three cases.

(1) B~ Aj and A is nonequivalent to any subset of B.

(2) A ~ By and B is nonequivalent to any subset of A.
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(3) A~Bj and B~ A;.

In these cases (1), (2), and (3), we write K > E, X < E, and X = B, respectively.

Remark 1.1. If A is a finite set, that is, A ~ J,,, then A is nonequivalent to all its proper
subsets (if A| C A then A| # A, A| # &). For infinite sets this is not the case. Indeed, in
Example 1.5 we have seen that the set of even integers is denumerable (and similarly for

the set of odd integers), thatis B C A and A ~ B.
Theorem 1.2. Any subset of a countable set is countable.

O Let A be countable and let A = {x1,x2, x3,...,x,} if A is finite, and A = {x,} if A
is denumerable. Let E be any subset of A. Then we construct a subsequence {x, }, k =
1,2,... enumerating £ by taking x,,, to be the k-th member of the original sequence which
is in E. Either this process never ends, in which case E is denumerable, or it does end in a
finite number of steps, in which case E is finite. Note that in this case the function defined

as f(k) = xny is both one-to-one and onto from N to E. |

Theorem 1.3. Let {E, }, n € N be sequences of denumerable sets. Then

A= JE,

neN
is denumerable.

[0 For every n, the set E, is denumerable. Hence, its members can be enumerated in a
sequence E; = {xk, x’é,xg‘, o

Now arrange the members of the each Ej in a row as shown:

Then, obviously, we can write a sequence that contains all elements of the set A so that
1. 2 1. 3 2 1. .4 3 2 .1,
X1 X, X3 X{, X3, X33 X[, X3, X3, X4 ... (1.1)

If the two of these sets have the same members, then they appear in sequence (1.1)

more than once. This means that there is a subset J of the set of positive integers N such
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that A ~ J. It follows that the set A is at most denumerable (Theorem 1.2). On the other

hand, since E1 C A and E; is denumerable, then A is denumerable. ]

Corollary 1.1.

(1) The union of finitely many denumerable sets is denumerable.
(2) The countable union of pairwise disjoint denumerable sets

Ar (k=2) (AiNAj =@, i # j) is denumerable.
A rational number is defined as r = g, where a and b are integers, and b # 0.
Theorem 1.4. The set of all rational numbers is denumerable.

O Tt is clear that each positive rational number = m/n (m and n, positive integers) is

contained in at least one of the sets Ey, k € N, where
E ={1,2,3,...},

Ey=
(1.2)

In the k-th row of (1.2) are listed all positive rationals of the form m/k for some m.
By Theorem 1.3, the set of positive rationals, A = |J E,, is denumerable. Because the
set of all rational numbers is the union of the set ofngﬁsitive rational numbers, the set of
negative rational numbers, and the set consisting of the number zero, it follows that it is

denumerable. |
Theorem 1.5. If a set A is infinite, then A contains a denumerable subset.

0 Because A # &, there is at least one element x; in A. Because A is not finite, A # {x; },
and so there exists xp in A, x, # x;. Similarly, there exists x3 in A, x3 # xp, x3 # x;. This
process will never terminate, as otherwise A ~ {xy, x2,...,x,} for some positive integer .

Therefore we have constructed a denumerable set A = {xy, x2, x3,...}, where A CA. W
The set of all subsets of a set A is usually denoted by P(A). In particular, & € P(A) and
AcP(A).

Theorem 1.6 (Cantor). If A is any set, then A < P(A).
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O Since @ =0 < 1 = P(@), we may suppose, without loss of generality, that A # &. The
function f defined on A by

A < P(A). Suppose that A = P(A). Then there is a bijective function g : A — P(A). Define

f(x) = {x} € P(A) is bijective (one-to-one and onto), and so

a new set

B={xcA :x¢gx)}.
Because B C A, we have B € P(A). Hence, since g is onto P(A), there exists an element
a € A such that g(a) = B. Thus there are two alternatives: either a € B or a ¢ B. In the first
case (a € B), we have a ¢ g(a) = B by the definition of B. Hence, a ¢ B and a ¢ g(a), which
implies that a € B. The obtained contradiction shows that A # P(A). Hence A< P(A). W

Thus, this theorem shows that there is no largest cardinal number. Indeed, applying
Theorem 1.6 to A = R, P(R), P(P(R)),..., we obtain an increasing sequence of cardinal
numbers. Then the question arises, does there exist a set with “smallest” cardinality? We
show that this set is just the set of positive integers, N. Let M be an arbitrary infinite set. As
in the proof of the Theorem 1.5, we can construct a subset A; C A which is equivalent to
the set of positive integers N. Then it follows that ﬁ < ]\7 . Thus, the set of natural numbers

N is the smallest infinite set.

1.3 The Main Properties of the Real Numbers

We begin with a short construction of the real numbers, assuming the rational numbers as
known. We will say that every nonterminating decimal fraction represents a real number.
At first, it is more convenient to investigate nonnegative decimal fractions. Let a > 0 and
0< 0 <9({=1,2,...) be integers. If there exists a positive integer n such that o; = 0 for

all i > n, then we say that the decimal fraction
X=a.00p...0... (1.3)

is represented by a terminating decimal expansion. Thus a terminating decimal fraction has

the form
X=a.010...0.
Note that any terminating decimal can be written in nonterminating form by adding zeros:
X=a.0 o ...05,000000...

Obviously, the terminating decimal expansion represents the rational number

n
xp=a+y l0* (1.4)
k=1
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Definition 1.9. The rational number x, given by formula (1.4) is called the lower n-place

accuracy approximation of the real number (1.3). Similarly, the rational number
Xp=x,+107" (1.5)

is called the upper n-place accuracy approximation of the real number (1.3). It is easy to

see that the rational numbers x;,, are nondecreasing,
XX <<,

and the upper approximations X,, are nonincreasing,

HETHSH >

Definition 1.10. We say that a real number x = a.Q; 05 ... 0, ... is greater than a real num-
bery=>b.1fs... ... if there is an integer ng > 0 such that x,,, >y, and we denote x >y
ory <ux.

If for two real numbers x and y neither x > y nor y > x, we say that they are equal and

write x = y.

Because the lower approximation of a real number x is nondecreasing and the upper
approximation is nonincreasing it follows that x,, >, implies the inequality x, > ¥, for
all n > ng. Thus, simultaneous fulfillment of both x > y and x < y is impossible.

Note that taking x, = —a.0 ... 0, — 107", X, = —a.q; 0 ... o, for negative numbers
X=—a.0p0 ...0,...(x <O0) then, by analogy, “<” for the set of negative numbers can be
defined.

Moreover, according to the definition it can be shown that two different decimal expan-
sionsx=a.a 0 ... 0...and y=>5b.B1 B, ... B, ... define the same real number if and only

if one of the expansions has the form
X=a.0i0...0;999...
and other has the form
X=a.040...04+107F

Thus, some rational numbers may have two equivalent nonterminating expansions.

For example, the decimal expansions 5.7000... and 5.6999 ... represent equals.

Remark 1.2. It can be shown that every rational numbers can be represented by a decimal

expansion which either terminates or repeats.
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Example 1.7. These numbers are rational: é =0.2; %g =1.2777... (7 repeats itself to make
a nonterminating expansion); %2; = 1.2303030... (30 repeats); 5 2 =0.2323... (23 repeats);
% =0.333... (3 repeats); % =0.71428571428571428... (571428 repeats).

Definition 1.11. A real number that is not rational is called irrational. More precisely, the

decimal expansion of an irrational number is both nonterminating and nonrepeating.

Example 1.8. Since the decimal expansions of the real numbers 2.1010010001000010...,
V2,43, T =3.14159265358..., and ¢ = 2.7182818284... are nonterminating and nonre-

peating, they represent irrational real numbers.

Note that any rational number is algebraic, i.e., is a solution of a polynomial equation

of the form
apxX" +axX" '+ +a, =0,

where ay, ...,a, and n > 0 are integers. It should be pointed out that an irrational number
may or may not be algebraic. For instance, v/2 is algebraic, but the irrational 7 is not.

We now show the transitivity property is true for the relation >, i.e., the inequalities
x>yandy > zimply x > z. Indeed, if x >y, there is a positive number ng such thatx, >y,
for all n > ng. Similarly, if also y > z, there exists a natural number n; such that y, > z, for
all n > n;. Let N be the greater of ng and n;. Then, obviously, x, >y, >y, > z, for every
n > N. It follows that x,, > 7, and so x > z. Finally, we have an ordering on the set of real
numbers. For any pair of real numbers x and y, one of the relations x =y, x >y, y > x is
fulfilled.

According to our definitions for any real number x we have X, > x > x, for every
n=20,1,2,... Since X, —x = 107" each of the numbers X,, x, is an approximation of
number x accurate to 107". In such a case we can then approximate, from above and
below, x with the use of rational numbers X,,, x, with any desired degree of accuracy simply

by choosing n sufficiently large.

Theorem 1.7. For any two real numbers x and y, if x <y, then there exists a rational

number r such that x < r < y.

[0 Since x <y, there is an n > 0 such that X, < y,, where X,,, y, are the upper and lower
n-place accuracy approximations for x and y, respectively. For the rational number r =
(%, 4 yn)/2, we have clearly the inequality x < X, < r < y, < y. Consequently, x < r < y.

|
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It follows from this theorem that the rational numbers are dense in the set of real num-

bers, in the sense that between any two distinct real numbers there is a rational number.

Remark 1.3. Each real number is represented by precisely one point of the real line and
each point of the real line represents precisely one real number. By convention, the positive

numbers lie to the right of zero and the negative numbers to its left.

Below are given the main algebraic properties of the four operations: addition, multi-
plication, subtraction, and division. First we define the sum and product of two numbers x
and y.

The sum x + y of the real numbers x and y is that real z so that for all naturals n the

inequality
Xn+Yn <z< Xy +yn

holds, where x,, y, and X,, y, are the lower and upper n-place accuracy approximations,
respectively. It is not hard to show that there exists a unique number z satisfying all these
inequalities simultaneously.

The product xy of the nonnegative numbers x and y is the number z such that
XnYn <z< fn?n

for all positive integers n. As with the sum, the product is uniquely defined. Now, it is easy
to define subtraction and division of two real numbers.

For all real numbers x, y, z the following assertions are true.

1. Ifx>yandy > zthen x > z (transitivity).
2. x+y=y-+x (commutative law for addition).
3. (x+y)+z=x+ (y+z) (associative law for addition).
4. x—+0=x (zero, or, the additive identity).
5. x+(—x) = 0 (Negative, or, additive inverse).
6. xy = yx (commutative law for multiplication).
7. (xy)z = x(yz) (associative law for multiplication).
8. x-1=x (multiplicative identity).
9. x- % =1 (x # 0) (reciprocal, or, multiplicative inverse).
10.  (x+y)z = xz+yz (distributive law).
11. x>yimpliesx+z>y+z.
12. x> yandz > 0 implies xz > yz.
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In this book we will use the following standard notation for intervals:
[a,b] = {x : a <x< b}, (a,b) ={x : a<x<b},
(a,0) ={x : x> a}, [a,00) ={x : x>a}
with similar definitions for [a,b), (a,b], (—e0,a], (—,a).
Moreover, the absolute value of a real number x is defined by
{ x, ifx>0,
x| = ,
—x, ifx<O.
The definition of absolute value and the properties of inequalities listed above imply
the following important facts for real numbers x and y.
L byl =[xyl
2. x4yl < [x[+ 1yl
3. el = Iyl < v =l
Definition 1.12. Let A be a subset of the set R of all real numbers. If there exists a number
M (m) such that x < M (m < x) for all x € A, then we say that the number M (m) is an upper
(lower) bound for A. A set A is bounded if there exist upper and lower bounds M and m
for A.

The least upper bound and the greatest lower bound are denoted by sup A (supremum A)
and infA (infimum A), respectively.

It is easy to see that M = supA (m = infA) if and only if:

1) x<M (m < x), forall x € A;
2) forevery € > 0 there is x’ € A such that X’ > M — & (X <m-+¢€).

The set A may or may not contain the supA and infA.

Example 1.9. If A = [a,b), that is a < x < b, then m < a, b < M. Here, infA = a € A,
supA =b ¢ A.

Example 1.10. LetA = {1,2,4,...,2n}. Thenm < 1,2n <M

infA=1€A, supA=2ncA

In general, for the existence of both supA (infA) of a nonempty subset of real numbers
R, it is sufficient that the subset be bounded above (below). Of course, this is an important
result, concerning the supremum (infimum) notion. Note, that in most advanced calculus
texts (see, for example [7]) the completeness axiom of the real number system is stated as

the least upper bound axiom.
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Theorem 1.8 (Dedekind?). Suppose A and B are two nonempty sets of real numbers sat-
isfying the following conditions.

1) Every real number x belongs either to A or to B.

2) IfxeAandy € Bthenx < y.

Then there is a unique real number ¢ such that x < ¢ for allx € Aandy > c forall y € B.

Besides, either ¢ = supA or ¢ = infB.

[J By the hypothesis of the theorem neither A nor B is nonempty, and so every y € B
is an upper bound for A and any x € A is a lower bound for B. It follows that supA and
infB exist and supA < infB. We show that supA = infB. Suppose supA < infB. Then
there is a real number x’ such that supA < x’ < infB thatis x’ ¢ A, X’ ¢ B. This contradicts
the condition 1). Therefore we obtain supA = infB. If we put supA = infB = ¢, then we

deduce
x<supA=c=infB<Ly, x€A, yeB.

Note that in the theorem either ¢ € A or ¢ € B. Thus ¢ ¢ ANB (by condition 2) ANB = &). If
¢ € A then ¢ = supA and if ¢ € B, then ¢ = inf B. Next, we show that ¢ is unique. If not, then
let ¢ and ¢’ (¢ < ¢’) be two points satisfying the conditions of the theorem. Choose a point
x such that ¢ < x < ¢/. The inequalities x < ¢/ and x > ¢ imply x € A, x € B, respectively,

that is x € AN B. This contradiction proves that ¢ is unique. |

The pair of sets, {A,B}, is called a “Dedekind cut.” The intuitive idea of Dedekind’s
Theorem 1.8 is that the set of real numbers is complete and there are no “holes” in the real

numbers. The analogous claim is not true of the field of rational numbers.

Example 1.11. First show that there is no a rational number « satisfying a> = 2. Suppose
the contrary, i.e., that there is an a = p*/q* so that (p*/q*)?> = 2, where p* and ¢* are
integers and ¢* # 0. By dividing through by any common factors greater than 1, we obtain
(p/q)* = 2, where p and g have no common factors. Then p? = 2¢*. Thus p? is even and
so p must be even. Let p = 2m. Then 4m> = p*> = 2¢* and so 2m> = ¢*. Therefore ¢ is
even, and so ¢ is even. Because both p and ¢ are even, they must have the common factor 2,

which is a contradiction. So (p*/q*)? # 2.

Let A be the set of positive rationals x satisfying x> < 2, and let B be the set of positive

rationals x satisfying x> > 2. (ANB = @).

2R. Dedekind (1831-1916), German mathematician.
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We claim that supA ¢ A and infB ¢ B.
More precisely, we prove that for any a € A there is a rational b in A, such that a < b

and for every a € B there exists a rational b in B such that b < a.
2

al and 0 <

Let a € A, that is, a® < 2. Choose a rational number /4 such that & < 3
a
h<1.Letnowb=a+h. Thenb > a and

P =d*+Qa+hh<a+Q2a+1)h<d®+2-ad*) =2.

It follows that b € A.
Now suppose that a € B, that is a> > 2. Take
a*—2

a
b: — = — .
“ 2a 2+a

Then

2 2
2
0<b<a and bzzazf(asz)qL(a ) > — (> —2)=2.

It follows that b € B.
Consequently, in spite of the fact that between any two rationals there is a third rational,

. a—+ . . .
i.e.,a < —— < b, if a < b, there are “holes” in the set of rational numbers.

1.4 Uncountable Sets

In this section we will see that not all infinite sets are denumerable. First of all we prove

Cantor’s” Theorem, without proof.

Theorem 1.9 (Cantor). Let {I,} be a sequence of closed intervals I, = [a,,b,], n € N,
such that I, O L1y (n=1,2,...). Then if the lengths of the intervals tend to zero for

infinitely large n, there is one and only one point § common to all the intervals:
e
n=1

The intervals in such a case (that is, with I, D I,»; n=1,2,...) are called nested
intervals.

1
The closure condition in the theorem is essential. Indeed, if I, = <O7—> (n =
n
1,2,3,...), then

3G. Cantor (1845-1918), German mathematician.



Introduction to Numbers and Set Theory 15

and so there does not exist any point { common to all the intervals.
Definition 1.13. A set is uncountable if it is not countable.
Theorem 1.10. The set A = [0, 1] is uncountable.

[0 On the contrary, suppose that the set A = [0, 1] is countable. Then the set of points of A

can be represented as sequence

X1y X2yeeoy Xnyooo
1 2 .
31013 1| with equal lengths. Let A,

be one of these subintervals so that x; ¢ A;. We divide again the set A; into three equal

1
Divide the set A into three subintervals {07 5} R

subintervals and choose one of them, A, with x, ¢ A;. Inductively, we obtain a sequence
of closed intervals {A, } such that foralln (n=1,2,...)

ADAI DA DDA, D+
and x, ¢ A,. Obviously, the lengths of the subintervals A, are 317 and so tend to zero for
infinitely large n. By Cantor’s Theorem, there is one and only one point { common to all
nested intervals A,. But since { is in A}, { must be in A. But the sequence {x,} does not

contain the point {. Hence the set of points A cannot be represented by the sequence {x, }.
|

Corollary 1.2. The set of all nonterminating decimal fractions is uncountable.

In order to prove this, it is sufficient to represent the points of A = [0, 1] by nontermi-

nating decimal fractions and then to apply Theorem 1.8.

Definition 1.14. If a set is equivalent to A = [0, 1], we say that it has the cardinality of the

continuum (or, has cardinality c).

Theorem 1.11. Every interval of the form [a,b], (a,b), (a,b], [a,b) has the cardinality of

the continuum.

O Firstly, let us prove that the intervals [a,b] and [0, 1] are equivalent. Let y € [a,b] and
x € [0,1]. Indeed, the function defined by y = f(x) = a+ (b — a)x assigns to each point
x in [0, 1] a unique element y in [a,b], and conversely to each point [a,b] assigns a unique

i [0,1]. Thus [a,b] ~ [0,1]. Next, observe that deleting either one or
a

. Y-
point x = b
both endpoints of [a,b] does not change its cardinality. Then all that remains is to apply
Theorem 1.10. u

Theorem 1.12. The set R of real numbers has the cardinality of the continuum.
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O We show that the two sets, R and the open interval (0, 1), are equivalent, i.e., R ~ (0, 1).
. . T . .

It is easy to prove that the function y = tan(2x — 1) 5 s one-to-one and onto; to each x in

(0, 1) it assigns a unique real number y in R and for every real number y there is only one

point xdefined by (2x — 1)% = arctany. Hence R ~ (0, 1). |

We have seen (Theorem 1.4) that the set of rational numbers has cardinality d. Then
by Theorem 1.12, it follows that the set of irrational numbers has cardinality c. Therefore

there are “more” irrationals than rationals.

Theorem 1.13. The cardinality of the set of functions defined on [0, 1] is greater than car-

dinality c.

O Let @ denote the set of functions defined on [0, 1]. Take A = [0, 1]. In order to prove
the theorem it is sufficient to show that ® is not equivalent to A and A is equivalent to some
proper subset of ®. First, we prove that A ;¢ ®. On the contrary, suppose A ~ &. Then for
every z € [0, 1] there is a function f(x) defined on [0, 1], and this correspondence is one-to-
one. Denote this function by f.(x) = f(x,z). Now, introduce an auxiliary function @(x) =
f(x,x) + 1. Observe that ¢(x) € ® (0 < x < 1) and ¢(x) assigns (bijectively) a unique
number Z. In our notation, this means that @=(x) = F(x,z). It follows that F(x,Z) = F (x,x) +
1 for all x € [0,1]. Taking x =z, we have F(Z,Z) = F(Z,Z) + 1, which is a contradiction.
This implies A £ ®.

Now we show that A is equivalent to some proper subset of ®. Consider the family of
functions ®; = {y =ax+b: 0 < b < 1}, where a is some fixed number. It is clear that
®| C ®. On the other hand given any element y = ax + b € ®; there is only one element
b € A. It follows that there is one-to-one and onto function between A and ®;. Hence
A ~ ®; C @, and so the cardinality of the set of functions defined on [0, 1] is greater than
cardinality c. ]

In the proof of Theorem 1.13 it is taken into account that the family, ®, of functions
contains both continuous and discontinuous functions. The set of all continuous functions
has cardinality ¢.*

The formulation of Theorem 1.13 implies the natural question: Is there a cardinal num-
ber between d and ¢? In other words, is there an infinite set A C R with no bijective function
f1 : A — N and no bijective function f, : A — R? The assertion that the answer is no is

called the Continuum Hypothesis.

“See, for example, N.N. Luzin, The Theory of Functions of a Real Variable, Uchpedgiz, 1948.
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1.5 Construction of the Complex Number Field

Definition 1.15. An ordered pair (a,b) of a and b (in that order) is called a complex number.
Two complex numbers (a,b) and (a;,b;) are equal to each other, i.e., (a,b) = (a1,by), if
and only if ¢ = a; and b = b;. The sum and product of two complex numbers (a,b) and

(ay,by) is defined as follows:
(a,b)—l—(al,b]):(a—i—al,b—l-b]), (a,b)-(al,bl):(aal—bbl,ab1+a1b). (1.6)

Let (a,b), (a1,by), (az,by) be any three complex numbers. It can be shown that the al-
gebraic properties of the operations of addition and multiplication given by Definition 1.15

satisfy the commutative, associative, and distributive laws. Indeed,

(D) (a,b)+ (a1,b1) = (a+a1,b+by) = (a1 +a,by +b) = (a1,b1) + (a,b)
(commutative law for addition),
(2) [(a,b)+ (a1,b1)]+ (az,b2) = (a+ay,b+Dby)+ (az2,b2) = (a+ a1 +az,b+ by +Dy)
= (a,b) + (a1 +az,b + by) = (a,b) +[(a1,b1) + (a,b)]
(associative law for addition),
(3) (a,b)(ay,b1) = (aay — bby,aby + a\b) = (aja — b1b,bia+ bay) = (ay,by)(a,b)
(commutative law for multiplication),
) [(a,b)(ar,b1)](az,b2) = (aay — bby,aby + bay)(az,b2)
= (aayay — bbyay — abyby — bayby,aa by — bbby + abyay + bayay)
= (a,b)(ajar — biba,a1by+biaz) = (a,b)[(a1,b1)(az,b2))
(associative law for multiplication),
and

(5) [(a,b) + (a1, b1)|(az,b2) =

a+ay,b+by)(az,by)

aay + ayay — bby — biby,aby 4 ay1by + bay + biay)
aay — bby,aby + bay) + (ayay — biby,a1by + biay)
a,b)(az,by) + (ay,by)(az,ba)

—~ o~~~

(distributive law).

Obviously, the subtraction operation is defined as
(a,b) — (ay,by) = (a—ay,b—by).
Then with the properties (1)—(5), the set of complex numbers forms a ring. If we define the
division operation in this ring as follows,

(a,b) aay +bby a1b—ab;
©) = 212 0 2.2
ajy + by ay+ by

(ai,by) >v (ay,b1) #(0,0),

then we have that the set of complex numbers forms a field.
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Moreover, for any real number we can write
(a1,0) + (az,0) = (a1 + az,0), (a1,0)-(a2,0) = (ajaz,0).

It is understood that a complex number of the form (a,0) and a real number a have the
same properties and so we can take (a,0) = a. Thus, setting b = 0, we see that the set of
real numbers can be regarded as a subset of the complex numbers.

We define the “imaginary” number by i = (0, 1). It follows from (1.6) that
#=(0,1)-(0,1) = (—1,0) = —1, thatis i’ =—1, i=+/—1.
Therefore,
z=(a,b) = (a,0)+(0,b) = a+bi,

and so a + bi could be regarded as an alternative symbol for the ordered pair (a,b). Geo-
metrically, a complex number can be viewed either as a point in the xy-plane or as a vector.
The complex numbers corresponding to points on the imaginary axis (a = 0), are called

pure imaginary numbers. Obviously,
z+(-z)=0, z=a+ib, —z=—a—ib,

z+0=z, 0=0+41i0,

1 1 a b
—_=1, =i 0).
Z Z ) Z a2+b2 la2+b2 (Z# )

The real number a is called the real part of z and the real number b, the imaginary part

of z. Clearly, the formulae (1.6) for numbers z; = a; +ib; (j = 1, 2) take the form:
(a1 +ib1)+ (aa+ib2) = (a1 +a2) +i(by + ba),
(a1 +iby) - (ap +iby) = (ajaz — b1by) +i(a1by + azby).

If z = a+ib is any complex number, then the conjugate of z, denoted by Z, is defined

by 7 = a — ib. The modulus (or absolute value) of a complex number z, denoted by |z|, is

defined by |z] = V/a® + b2. It is not hard to verify that

Z

n+tun=u+z2, 7-22=2"22 (-)Z
2=z, zZ=da+b"

If z = a+ ib is a nonzero complex number, r = |z|, and ¢ measures the angle from the
positive real axis to the vector z, then a = rcos ¢ and b = rsin ¢, so that z = a + ib can be

written as

z=r(cos@ +ising). (1.7)
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This is called the polar form of z. The angle ¢ is called the argument of z and is denoted
by ¢ = argz. Obviously, the argument ¢ is not determined uniquely, but there is only one
value, ¢ = Argz, of the argument in radians that satisfies —7 < ¢ < 7. This is called the

principal argument of z (note the capitalization of “Arg”). If
71 =ri(cos@) +isingy), zo=rp(cos@,+ising,),
then
2120 = r1r2(cos @1 cos @ — sin @; sin @) + i(sin @ cos @, + sin @, cos @ )
= r1r2(cos(@1 + @2) +isin(@1 + ¢2)). (1.8)
Thus we have shown that
r=|uz|=lallz|=rr, arg(ziz2)=argz +argz.

In words, the product of two complex numbers is obtained by multiplying their moduli and

adding their arguments. Similarly,

Z r ..
AL —l[cos((pl — @) +isin(@; — @), (1.9)
2 N
from which it follows that
a)_lal_ O (2#0), ag™ —argz —arga.
2| |2l n 2

In words, the quotient of two complex numbers is obtained by dividing their moduli and
subtracting their arguments. In particular, since 1 = cos0+isin0 it follows from (1.9) that
forz #0,

7' =r"Ycos(—@) + isin(—@)],

so that 77| = |z| 7!, arg(z7!) = —argz.

If n is a positive integer and z = r(cos @ + isin @), then formula (1.8) becomes
[r(cos@ +isin@)]" = r"(cosn@ + isinng), (1.10)

which is called De Moivre’s® formula.
Note that, since z7" = (z’l)”, the formula (1.10) is true also for negative integers n.
Indeed, the formula holds even when 7 is not an integer, but a fraction.
In order to calculate 2" = (a+ib)" for a positive integer n, we can use the binomial
formula, where we take into account that
2

4 Ak Ak
]

=—1, P=—i, i*=1, ..., i 2=, =

1.

:i7

5A. De Moivre (1667-1754), French mathematician.
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Note that De Moivre’s formula can be used to obtain roots of complex numbers. We
denote an n-th root of z by z!/7. If z # 0, then we can derive formulas for the n-th roots of z
as follows. Let p(cos 6 +isin 0) be an n-th root of z = r(cos @ +isin @). Then, by formula
(1.10),

[p(cos@+isinB)]" =r(cos@p+ising), p"=r nO=@+2krx, k=0,+1,+2,...
Thus,

2k 2k
\"/r(cos¢+isin(p):\’7?<cos¢+ ﬂ+isin(p+ ﬂ), k=0,+1,42,...
n

n

Although there are infinitely many values of k, it can be shown that k =0,1,2,...,n—1
produce distinct values of p(cos 0 +isin 0) satisfying these equalities, but all other choices
of k yield duplicates of these. Hence, there are exactly n different n-th roots of z = r(cos ¢ +

isin @), and these are given by

2% 2%
Z%:w<cos"’+ T oisin L ”), k=0,1,2,....n—1 (1.11)
n n

Because any real number A can be represented as
|A|(cosO+isin0), if A >0,
- { |A|(cosm+isinm), ifA<O.
using (1.11), we can find the n-th roots of X" = A (A # 0) by

" 2k .. 2k
x:\/K(Cos—ﬂ:Jrzsm—ﬂ)7 A>0,
n n

2k 2k
x:\”/\A|(cosn+n n+isinn+n 71:)’ A<O0, k=0,1,2,....n— 1L

Example 1.12. Letz; =23 +i,zp =3 +1.
Then
z1-22=(23+i)(3+i) = 68+26i
and

a  (23+)B—i)  70-20i

a4 - 7-2i.
. (B+)(B-i) 10 !

T T
Example 1.13. Let z =3 (cos 7 +isin Z) be a complex number in polar form. Find z*.
By De Moivre’s formula,

4
{3 (Cosg-i-iSing)} = 34(cos7r+isin77:) = —81.

Example 1.14. Find 1. Obviously, 1 = cos0+isin0, and so
2km

n 2k . .
\/I:cos—ﬂ—l—zsm—7 k=0,1,2,...,n—1.
n n
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1.6 Metric Spaces

Metric spaces play a fundamental role. If A and B are sets, then their Cartesian product
A x Bis the set of all ordered pairs (x,y) withx € A and y € B. Thus

AxB={(x,y) : x€A, y€eB}.
In particular, we write

R"=Rx---xR
———

n

Definition 1.16. A metric space (X,p) is a set X together with a distance function (or

metric) p : X x X — R such that for all xy, x2, x3 € X the following hold:

1. p(x1,x2) >0, x1 # xp and p(x,x2) = 0 if and only if x| = xy,
2. p(x1,x2) = p(x2,x1), X1, X2 € X (symmetry property),
3. p(xp,x3) < p(x1,x0) +p(x2,x3), x; € X, i = 1,2, 3 (triangle inequality).

Often the metric space is denoted by (X, p), to indicate that a metric space is determined

by both the set X and the metric p.

Example 1.15. Let X = R be the set of real numbers. We define the metric p(xy,x;) =
|x; —xz| for all x;, x, € X. Clearly, conditions 1-3 hold, and so (X, p) is a metric space.
Similarly, the set of complex numbers with the metric
p(z1,22) = |21 — 22

is a metric space.

Example 1.16. Any set X with the metric given by

1, ifx; # x2,

0, ifx1 = X2

p(x1,x2) = {

is a metric space.

Example 1.17. The set of bounded functions f (to say f is bounded means that there is a
number M such that | f(x)| < M, x € [0, 1]) defined on [0, 1] with metric

p(fi.f2) = sup |fi(x)— fa(x)]

x€[0,1]
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is a metric space. Indeed, it is clear that p(f1, f2) = 0 and p(f1, /2) =0, if f1(x) = fo(x).
On the other hand, p(f1,f2) = p(f2,/1). We prove that the triangle inequality is true. For

all x € [a, b], we have

1f1(x) = F@) < fi(x) = f2(0) |+ [ fa(x) = f(x)]
< sup |fi(x) = fa(x)[+ sup |f2(x) = f(x)]

x€[0,1] x€[0,1]
=p(fi, ) +p(fi.f)-
Then it follows that p(f1, f) < p(f1,./2) +p(f2, ).

Example 1.18. Suppose that for a traveler, the metric from one point to another of some
mountainous region of the earth’s surface is defined as the time used on the road. Then we

have a nonmetric space, because the symmetry property does not hold.

Remark 1.4. Tt is not hard to see that if (X, p) is a metric space, then for any subset X; C X,

the space (X1, p) is a metric space.

Remark 1.5. For a given set X, by defining different metrics p, there can be obtained

different metric spaces (X,p).

Definition 1.17. If n is a positive integer, then an ordered n-tuple is a sequence of n real

numbers x = (x1,...,X,). An ordered n-tuple (xi,...,x,) can be viewed either as a point or
a vector, and x1,...,x, are the coordinates of x.

Two vectors, x = (x1,...,x,) andy = (y1,...,yn), are called equal if and only if x; = y;,
i=1,...,n

The sum x + y and scalar multiple Ax (A is any scalar) are defined by

(xlv"~7xn)+(yl7"'7yn) - (X1+)’17---»xn+)’n)7

(1.12)
A(X1yeeayxn) = (Ax1, .. AX,)

If x, y, z are vectors and o, [ are real numbers, then the following are easy to verify.

1-x=ux,

a(Bx) = (af)x,

(o +B)x = ax+px,
o(x+y) = ox+ ay.

L x+y=y+ux,
2. (x+y)tz=x+(+2),
3. x+0=x, 0=(0,...,0),
4. x+(—x)=0,

® N W

Definition 1.18. The set of all ordered n-tuples supplied with the operations of sum x + y

and scalar multiple Ax (1.12) is called the vector space R".
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If x',...,x* is a given set of vectors, then the vector equation
ax' +- ok =0 (1.13)
has at least one solution, namely,
o =0, p=0,..., =0

If the solution of (1.13) is unique, then the vectors are linearly independent. If there are
other solutions, then the vectors x', ... x* are linearly dependent. Any set of n linearly
independent vectors of R” is called a basis for R". For example, the set of vectors e; =

(1,0,...,0),e2 =(0,1,0,...,0),..., e, = (0,...,0,1) is a basis (the standard basis) for R".

In fact, since oje; + -+ + e, = (04, .., 04 ), the equation o e + - - - + e, = 0 implies
o =0,0 =0,..., o, =0. Thus, the ey,...,e, are linearly independent, and every vector
x = (x1,...,%,) can be expressed in the form x = cje; + --- + cpe, in exactly one way. It

is easy to verify that all bases for the vector space R” have the same number, n, of vectors.
This number, n, is called the dimension of the vector space R”".
If x = (xq,...,x,) and y = (y1,...,ys) are any vectors in R”, then the Euclidean inner
product (x,y) is defined by
n
(,y) = X1y 4+ Xy = Y Xy (1.14)
i=1

The four main algebraic properties of the Euclidean inner product are listed below.

y) = (%),
x+y,2) = (X2 +(2),

ox,y) = a(x,y) (o is a real number),

- X
-
A
-

x,x) >0 (x#£0), (x,x) =0if and only ifx =0

O I

A space that is defined by (1.14) is called a Euclidean space.

One can define other inner products on R"”. One simple class of examples is given
by defining (x,y) = cix1y1 + -+ + CpXnyn = L cixiy; where c1,..., ¢, is any sequence of
positive real numbers.

Below, we give one of the most important inequalities in Analysis, the Cauchy®-

Schwarz’-Bunyakovsky® inequality

)2 < x)(ny), xyeR” (1.15)

SA.L. Cauchy (1789-1857), French mathematician.
7H.A. Schwarz (1843-1921), German mathematician.
8V. Bunyakovsky (1804-1889), Russian mathematician.
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y?) :

or, when expressed in terms of components,

2
n n ) n

Y xvi| < X
i1 =1 i-

Indeed, for all ¢, it follows from property 4 that

(oax+y,0x+y) >0
or
o (x,x) +2a(x,y) + (y,y) = 0.
Thus, the discriminant must be nonpositive, i.e., (x,y)? — (x,x){y,y) < 0, which implies

(1.15).

Definition 1.19. A normed vector space is a vector space together with a real-valued func-
tion called a norm. The norm of x = (xi,...,x,) is denoted by ||x||. The following axioms

are satisfied for all x in the vector space and all real numbers o:

(1) ||x|]] > 0, x # 0 and ||x|| = 0 if and only if x = O (positivity),
@) Jlox]| = o] ]| (homogeneity),
(3) |lx+y|l < |lx]| + ||y|| for all x, y (triangle inequality).

The Euclidean space R” with norm

nxzwmwzuiﬁ

is a normed space. Indeed, in term of this norm, the inequality (1.15) can be rewritten as

follows

e < [lx[HIy]l- (1.16)
It then suffices to verify the triangle inequality (3). With the use of (1.16), we have
e+ ¥1I? = (x4 y,x 4 3) = (o) +20x,3) + ()
< P+ 20+ 1% = (Ul DD,
or,
[l 4 Y[ < el + {111

Now, we rewrite (1.16) as follows:

B x,y)
LS St GF0r#0)
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Then we conclude that there is an angle ¢ (0 < ¢ < 7) such that

cos = ) (1.17)

=yl

where @ is the angle between x and y.

T
Remark 1.6. We easily see from (1.17) that @ is, respectively, acute, obtuse, or o if and
only if (x,y) >0, (x,y) <0, or {x,y) =0.
The distance between two points x = (xy,...,x,) € R" and y = (y1,...,yn) € R" is

defined as follows:

n

px.y) =Illx=yl= ;(Xi =¥,

and we now verify that the metric p (x,y) satisfies Axioms 1-3 of Definition 1.16. Axioms 1
and 2 are verified at once. Moreover, by using the triangle inequality (3) of Definition 1.19,

we obtain

p(x.z) = =z =[x =y)+ (=2 < |x =yl + Iy =zl = p(x,¥) + P, 2)-

Consequently, R” is a metric space. More generally, any normed space is also a metric
space. There are other norms which we can define on R". It is easy to check that
n
x|jo= max |x x| = X
Il = ma, bl el = X bl

define norms on R”. For 1 < p < oo,

" fraclp
[l = (ZIXiI”)

i=1
also defines a norm on R”, called the p-norm.
Similarly, it is easy to check that on the set of continuous real-valued functions defined

on the interval [0, 1],

[f]l = max |f(x)]

0<x<1

is a norm.

Definition 1.20. Let (X,p) be a metric space. The open ball of radius € > 0 centered at
X0 € X is defined by

Be(xo) ={x€X : p(x,x0) < €}.
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Note that the open balls in R are precisely the intervals of the form (a,b) with center

and radius

Definition 1.21. Let M C X be a subset of a metric space X. A point x € X is a limit point
(or accumulation point) of M if for every open € > 0 the open ball B¢ (x), (x € X) centered
at x contains at least one point y € M other than x.

A point x € M is an isolated point of M if some open ball centered at x contains no

members of M other than x itself.

Example 1.19. Obviously, if M = [a,b) C R, then there are no isolated points, and the set

of limit points is [a, b].

Example 1.20. If M is the set of rational numbers of the form {%}, n=1,2,3,..., then
every point in M is an isolated point. The only limit point is 0 and 0 ¢ M.

Definition 1.22. A set M C X is called closed if it contains all its limit points.
The closure of M C X is the union of M and the set of limit points of M, and is denoted
by M.

Example 1.21. If M = (a,b), then M = [a, b].
Clearly, the sets M = @ and M = X are closed.

Example 1.22. Let M be a finite set. Obviously, the set of limit points is empty. Since
@ C M, it follows that M is closed.

Definition 1.23. Suppose that M C X. A point x € M is an interior point of M if there is
some open ball centered at x with radius € > 0, such that B¢ (x) C M. If every point of M is

an interior point, then M is called an open set.

For example, if the metric space X = R is the set of real numbers (see Example 1.15),
then an open ball B¢ (xo) is an open interval: (xo — €,x9+ &) C R for every point xp € R
and so R is open. Here, every interval [a,b] is closed and every interval (a,b) is open. But
an interval of the form (a, b] is neither closed nor open.

A family {G4} of open sets is said to be an open covering of a set M C X if every point
of M belongs to some member of {G }.

A set M is called compact if every open covering of M has a finite subcovering, that is,

there are finite number of positive integers o, 0, ..., 0, such that

MC Gy U---UG,.
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For M C R", compact is equivalent to closed and bounded.

Remark 1.7. More precisely, a set can be both open and closed. For instance, @ and R”

1 2
are both closed and open sets. On the other hand, the set M = { " } is

5757"'7 I’l+17
neither closed nor open.

Theorem 1.14. The union of finitely many closed sets is also closed.

O LetM= CJ M; where M; (i = 1,...,n) are closed. We show that every limit point x
of the set M ils:t'ﬂso a limit point of M; for at least for one i (i = 1,...,n). Suppose the
contrary, and let x ¢ M;, i = 1,...,n. By Definition 1.21, for every i there is an open ball
Bg,(x) (g > 0) such that B¢, (x) ¢ M;. Put € = min{e,...,&,}. It follows that Be(x) ¢ M,
and so x is not a limit point of M. This is a contradiction, and hence at least for one Iy the
point x is contained in M;, (remember that M; is closed for every 7). Consequently, x € M,
and so M is closed. |

Remark 1.8. For infinitely many closed sets, the conclusion of the theorem may fail. In-

deed, the example

(Oyl)zg{%yn;l}

shows that a non-finite union of closed sets need not be closed, since the limit points 0

and 1 do not belong to the open interval (0,1).

Theorem 1.15. [fx € M C X is a limit point of M, then every open ball B (x) centered at x

contains an infinite number of points from M.

OO On the contrary, suppose that there is an € > 0 such that B¢(x) contains only a finite
number of points x',...,x" from M (x# x’,i=1,...,m). Letus put € = 1r<11ii<r1m~{p(x",x)} >
0. Since p(x',x) > € (i =1,...,m), the ball Bg(x) does not contain any point of M. This
contradicts the hypothesis that x is a limit point. Consequently, the ball B¢(x) contains

infinitely many points of M. |
Theorem 1.16. If a set M C X is open then its complement CM is closed.

O Letx € M. Since M is closed there is an € > 0 such that B (x) C M, while CM N B, (x) =
@. It follows that the point x cannot be a limit point of CM. Consequently, none of the limit
points of CM are in M. |
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Remark 1.9. Because the complement of a closed set is open, then by De Morgan’s Law,
Theorem 1.1, it follows that the intersection of finitely many open sets is also open. It

should be pointed out that the intersection of infinitely many open sets need not be open.

. . o . 1 1Y),
For example, the intersection of the infinitely many open intervals (— -, —) is closed
n'n

g 1 1
interval, that is, M = (—— —) ={0}.

n=1 n ’ n
1.7 Problems

Prove that:

(1) P42 4-tmd=(1424+n)?
() 142422442 1=2n—1

B 14+x)"21+nx(n>1,x>-1)
n+1\"

4) nl< — (n>1)
1 3 2n—1 1

5) —.—... - < .

©) 2 4 2n V2n+1

(6) inf{x+y} = inf{x} +inf{y}

(7) sup{x+y} = sup{x} +sup{y}

(8) inf{xy} = inf{x} -inf{y},x,y >0

(9) By using the definition of union and intersection of sets A, B, C, prove that:
AUB=BUA, (AUB)UC=AU(BUC),
ANB=BNA, (ANB)NC=AN(BNC).

(10) For sets A, B, and C, prove that
(ANB)UC = (AUC)N(BUC).

(11) Prove that ANB = o if and only if either AN B=A or BN\NA =B.

(12) Prove that the cardinal number of a finite set is not equal to the cardinal number of
any of its proper subsets.

(13) Prove that the cardinal numbers of the set of points inside an ellipse is equal to that of
a circle.

(14) Show that the set {12,2%,3%,..., n%,...} has cardinality d.

(15) Let Q be the set of rational numbers. In the form a function establish a correspondence
between the set [0, 1] and Q.
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(16) Prove that the set of circles centered at the rational numbers and with rational radii
has cardinality d.
(17) (a) Prove that the set of all irrational numbers in [0, 1] is non-denumerable,
and
(b) find its cardinal number.
(18) Let a < b < ¢ < d be real numbers. Determine a one-to-one and onto function from
[a,D] to [c,d].
(19) Determine the cardinality of the algebraic numbers contained in [0, 1].
(20) Prove that for sets A, B, and C, in each case, (a)—(c) A ~ B.
(a9 ACB, A=ANB, AUB=B
(b) ACB, ANB=AUB
(c) ACBCC, AUB=BUC.
(21) Prove that the set of all equations of the form
ap"+aX" '+ +a,_x+a,=0
as n ranges through all positive integers and ag, ay,. .., a, range through the field of

rational numbers, has cardinality d.

=)

(22) Prove that (a,b) = 191 {a + % ,b— %] and thus show that every open interval can be
expressed as a countable union of closed intervals.
(23) Prove that the set of integers and the set of natural numbers have the same cardinality.
Find a one-to-one and onto function between them.
(24) Let the function f : R — R be defined by
ﬂ@—{h e
0, ifxeR\Q
where, as usual, Q is the set of rational numbers.
Find (a) f(m), (b) f(3,575757...). Answer: (a) 0, (b) 1.
(25) Prove that a set M is closed if and only if M = M.
(26) Show that the number v/12 is not rational.

(27) If a and b are vectors in R” with the Euclidean inner product, then show that
(@b) = Flla-+ b~ Llla—b|*.
(28) Leta, b, c, d be rational numbers. Show that the equality a4 bv/2 = ¢+ d+/2 implies
botha=cand b =d.
(29) Let X be the metric space of rational numbers, p(x,y) = |x —y|, and M be the set of
rational numbers x satisfying the inequality 2 < x> < 3. Show that M is bounded and

closed, but not compact.
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(30) By using the De Moivre formula, express cos3¢ and sin3¢ in terms of cos¢ and
sin @.

(31) Find the roots of the complex numbers

(@) Q/Z(C()sinwsmfz”)’ () Vi, (© V7B @ VI.

(32) For complex numbers z; and z;, show that

|lz1] = |z2|| < Jz1 — z2].

(33) Show that, in the set of real numbers, p(x,y) = |arctanx — arctany| is a metric.

(34) Give a distance function for a set consisting of two members.

(35) Let X be the set of bounded sequences of real numbers, that is, for every x =
{&,...,&y, ...} in X, there exists a K, such that |&] < K, (i=1,2,...). Show that
forall x = {&;} € X and y = {n;} € X, the function defined by

p(x.y) = sup|&; — il

is a metric.



Chapter 2

Sequences and Series

In this chapter we give the basic properties of monotone, strictly monotone, and Cauchy
sequences in detail. In particular, we treat the convergence tests of Cauchy, D’ Alembert,
Leibniz, and Raabe. As examples, we consider the harmonic series, the geometric series,
and products of series. The convergence or divergence of the hyperharmonic series with
general term 1/nP is determined, depending on p. We explain the concept of conditionally
convergence and show that for any conditionally convergent series and any number S &
[—o0, 00|, there is a rearrangement of the given series such that the resulting series converges
to S. But the rearrangement of an absolutely convergent series yields another absolutely
convergent series having the same sum as the original one. Finally, it is pointed out that
sequences and series with complex terms enjoy analogous properties.

2.1 The Basic Properties of Convergent Sequences

In the fifth century B.C., the Greek philosopher Zeno proposed the following paradox: in
order for a runner to travel a given distance, the runner must first travel halfway, then half
the remaining distance, then half the distance that still remains, and so on ad infinitum.
But, Zeno argued, it is clearly impossible for a runner to accomplish these infinitely many
tasks in a finite period of time, so motion from one point to another must be impossible.
Zeno’s paradox suggests the infinite subdivision of [0, 1] into subintervals of length 1/2"
for each integer n = 1, 2, 3. ... If the length of the interval is the sum of the lengths of the
subintervals into which it is divided, then it would appear that

1= ! + - : + 5 : +ot = : +--
2 4 8 n
Similarly, in order for a man to live his life he must first live half life, then half the
remaining life, then half the life that still remains, and so on ad infinitum. But, if Zeno
were correct, it would be impossible for a man to get from the time of birth to the time of

death (T'). This would imply that man is immortal. On the other hand, it is clear that:

T T T
T=— + + = 3 + - + PR
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Important examples of infinite sequences are the following.

(1) The equilateral polygonals inscribed in a circle.

(2) Arithmetic and geometric series.

(3) The sequence of rational numbers x; = 0,3, x, = 0,33, x3 = 0,333, ....

(4) The Fibonacci sequence defined as follows:
FF=1FK=1, Fy1 =F,_1+F,, n>2. This is a recursively defined sequence—
after the initial values are given, each following term is calculated from two of its

predecessors.

Informally speaking, the term “sequence” in mathematics is used to describe an unend-

ing succession of numbers. Before going into details, let us give some necessary definitions.

Definition 2.1. If to every natural number n € {1, 2, 3,...} there is associated real number

X,, then the set of real numbers
X1y X2y ovny Xpy oo 2.1)

is called a sequence and x,, is the n-th term of the sequence. More precisely, a sequence of
real numbers is a function defined on the set of all positive integers. Later on, we also write

{xn} for the sequence.

1
Example 2.1. If x, = = then {x,} =11
n
(ay={-1,1,—1,....(=1)",...}.

Remark 2.1. If the sequence

1
,5,3—3,...,—3,...} or, if x, = (—1)", then
n

Y1 Y25 o5 Yns o (2.2)
or, {y,} is another sequence, then from (2.1) and (2.2) can be formed the following se-
quences as a result of arithmetic operations: {x, 4y}, {xn —¥n}, {Xn - ¥n}> {ﬁ } (yn #0).

Yn
Definition 2.2. The sequence {x,} is said to have the limit « if, given any € > 0, there is a
positive integer N(€) such that

|x, —a| <&, forall n>N(g). (2.3)

(The conclusion |x, — a| < € can be reformulated as a — € < x,, < a+ €, of course.) We

say that the sequence {x, } converges to the real number a, and we write

limx, =a or x, = a, n— .
n—soo
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Thus, if we choose any positive number €, the terms in the sequence will eventually be
within € units of a.

A sequence {x,} that does not have a finite limit is said to diverge.

n
/= . 1 .
Example 2.2. Let x, = 0,3...3. We show that 11_r>n Xp=a= 3 For a given € > 0, by
n—oo

the definition of limits, we must find an integer N, which could depend on &, such that

Xp — 3 < & whenn > N = N(g). Obviously (see 1.4 of Chapter 1), for all integers n
0,3...3< ! <0,3...3+ !
3...3<3<03... o
Thus,
1 - 1
ST T
Since ! < ! for all n > N, we can choose N satisfying the inequalit ! <e€
T XX ANV = ’ Wi TAN .
107 S TV " yimng AUty Tow

1 . . . .
Here, N = Hlog Eﬂ +1,if0<e<land N =1, if € > 1. Here, [x] is the integer part of
the decimal fraction x.
1 . .
Example 2.3. (a) If x, = —, then we show that lgn x, = 0. We need to show this: To each
n n—soo
positive number &, there corresponds an integer N such that for all n > N,

1
[x, — 0] = |xn| = = < €.
n

1
It suffices to pick any fixed integer N = N(¢g) = [{E]] + 1. Then n > N implies 1/n <
1/N < € as desired.

1 1
(b) Let x, = —. We show limy,. x, = 0. Since |x, —0| = — for every € > 0, we can
n n
1
take N(g) = [{ﬁﬂ + 1. Then |x, — 0| < € for all n > N(g).

Example 2.4. We show that the limit of the sequence {x,} = {1+ (—1)"} does not exist,
that is, we show that the sequence is divergent.

Suppose that the sequence is convergent. Then there exists a real number a and positive
number N = N(g)such that for all n > N(g),

|x, —al < €. (2.4)
If we set € = 1, then for all even integers n > N(1),
2—a|<1or 1 <a<3,
but for all odd numbers n > N(1),

laj <1 or —l<a<l.
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Obviously, there does not exist any such number a, simultaneously satisfying both these

inequalities. This contradiction proves that the sequence diverges.
Theorem 2.1. The limit of a convergent series {x,} is unique.

O On the contrary, let us suppose that the sequence {x,} has two limits a and b (a # b).
Then for any given € > 0, there are positive numbers N (¢) and N»(€) such that |x, —a| < €
for all n > Nj(g) and |x, — b| < € for all n > N,(€). Let us choose € = @ and N(g) =
max{N; (€),N>(€)}. Then we have

—-b —-b

bn—al < 928 g < 92BN,

2 2

These inequalities imply that
la—bl=|a—xp+x,—b| < |xy—al+|x,—D| < |a—b|,

and so |a — b| < |a — b|. By this contradiction, the proof of the theorem is completed. W

Theorem 2.2. A convergent sequence is bounded, that is, there is a constant C > 0 such
that |x,| <C,n=1,2,3,...

[J  Assume that x, — a, n — oo, that is, given any number € > 0, there exists an integer
N = N(¢) such that |x, —a| < € for all n > N. Then we have |x,| = |x, —a+a| < |x, —a|

+la| < €+ |a|. Clearly, |x,| < C =max{|a| +&,|xi],...,|xn|} |

Remark 2.2. Obviously, the converse assertion to the theorem is not generally true. For
example, the sequence x, = 1 + {—1}" diverges (see Example 2.4), while |x,| < 2. Conse-

quently, bounded sequences may or may not converge.

Theorem 2.3. Suppose that the sequences {x,} and {y,} converge to limits a and b, re-
spectively, that is x, — a, yo — b, n — eo. Then the sequences {cxn}, {xnyn}, {xn Lt yn},

X,
{—n} (yn # 0) converge, for ¢ any constant, and moreover:
Yn

(1) 1i_r>n CcXp :cli_r}nxn =c-aq,
n 00 n 00

(2) lim(x,+y,) = 1i_1>n Xy +limy, =a+b,
n—oo n—oo n—yo0

(3) lim (x,-y,) = lim x, - limy, =a-b,
n—yoo i n—yoo n—soo

im x,
@ lim 2 =12 =% (5 £0).

= Y ’}ggc)’n b
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4
O (1) Let € > 0 be any positive number and & = —. Then there is a positive integer
c

N = N(g) such that |x, — a| < g for all n > N. Consequently, |cx, — ca| = |¢||x, — a] < &,
that is, lim cx,, = ca.
n—oo
(2) For any € > 0, there exist integers N;(€/2) and N>(&/2) such that |x, —a| < /2
forall n > N;(€/2) and |y, — b| < €/2 for all n > N»(g/2).
Then,

E € € €
|(xn£yn) — (a£b)| < |xn—al+|yn—b| < 3 + =& > N(g) =max {Nl (5) .\ (5)}
and the proof of part (2) is complete.
(3) By Theorem 2.2, there exists a constant C > 0 such that |x,| <C (n=1,2,...) and

&€ €
|b] < C. For any € > 0 there exist positive integers N; (—) and N, (—) such that

2C 2C
|x, —a| < % when n > N; (%) and |y, — b| < % when n > N, (%) .
Let N = N(¢€) be the greater of N; and N,.
Then
C-e C-¢
tnyn — ab| = [xnyn = xnb +xnb — ab| < |xullyn — bl +[bllxn —al < =+ == =€
1 1
(4) To begin with, let us show that 1131 =5 Again by the definition of the limit,
=0 Y

given any number € = |b|/2 there exists an integer N (&) such that |y, — b| < |b|/2 for all
n > Nj(€). Then, under the condition n > Nj (g),

b b
ol = b O = B)] > [o] — by — | > o] — 12 = 12
Moreover, let N(€) be the greater of Ny (&) and N, (€). Then
L_l‘_ bl _ 2 b _
yo bl |yallb] B2
. Xn . . 1 a
Now, by part (3) of the theorem, we have lim — = lim x, - lim — = —. | |
n—eo y, n—yoo n—seo y, b

Theorem 2.4 (Comparison Test). Let {x,}, {yn} and {z,} be sequences. Then

(1) (Limit inequality) If x, < yn for all n > N and {x,,}, {y»} are convergent, then
lim x, < lim y,,.
n—roo n—oo
(2) (Sandwich or squeeze property) If x, < yn < zn for all n > N and the sequences {x,},
{zn} have the same limits, then the sequence {y,} is convergent and the equalities

lim x, = lim y, = lim z, hold.
n—oo n—oo n—oo
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00 (1) Let limx, = a and lim y, = b where a > b. The sequences are convergent, and
n—oo n—o0

a—>b a—>b

so for any € = — there exist integers N; (&) and N»(€) such that |x, —a| < for

a—>b

all n > Ny(€) and |y, — b| <
N, (¢), then for all n > Ny(¢)

for all n > N, (¢€). If Np(€) is the greater of N;(€) and

xn_yn:(xn_a)_(yn_b)+(a_b)
> =[xy —a| = |yn—bl+ (a—1D)
a—b a->b

2 2

This contradiction proves that part (1) is true.

+(a—b)=0.

) If lgn Xp = li_I;Il Zn = a, then for any € > 0 there exist positive numbers N| = N (€),
n—yoo n—soo
N, =N, (€) such that |x, —a| < & forall n > N; and |z, —a| < € for all n > N,. In particular,

since a — € < x, and
zn<a-+eforalln>Ny(e) (No(e) =max{N;(g), N2(g)}),

for all integers n > N (&) = max{N, N, N, } the inequality a — & < x, <y, <z, <a-+€is

satisfied. In other words, lim y,, = a. ||
n—yoo

Remark 2.3. If in part (1) of the theorem the strict inequality x, < y, holds, this does not

necessarily imply the strict inequality of their limits, that is, in general lim x,, < lim y,.
n—soeo n—soeo

. 1 1 1 . .
For example, if x,, = 2T Vn = e then P < e but ,}1_r>1;xn = nh_r)r;yn =0.
The same is true for sequences x, =a or y, =b, n=1,2,3,... (a, b are constants).
1
Indeed, if x, = 0 and y, = — then — > 0. By passing to the limit, we have
n n

. .1 .
lim y, = lim — =0 = lim x,.
n—soo n—eo n n—oo

1
Example 2.5. Find lim = sin?n. At once it follows from the inequality 0 < sin?n < 1 that
n—oo n

1 . . .
If we set x, = 0, z, = —, then by the Comparison Theorem we have lim x, = lim z, =0,
n n—oo n—oo

and as a result,

N
hm—zsmzn:O.
n—oo N1
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. . . 1 . .
Example 2.6. Suppose that y, satisfies the inequality 1 — — <y, < cos—. Find the limit
n n
lim y,. Clearly,
n—oo
. . 1 . . 1
lim x,, = lim | 1 e I and lim gz, = limcos— = 1.
n—yoo n—yoo n n—oo n—oo n

By the Comparison Test, we then have lim y, = 1.
n—soo

Example 2.7. We compute the limit of the well-known sequence y, = /n— 1 (y, = 0).

Using the Binomial Formula, it is easy to see that

nn—1
n=(1+y,)" > %yﬁ-

Thus,

Consequently, we have
2

n—1"

Xn <Y<y, X% =0, z,=

By part (2) of Theorem 2.4, since limx, = limz, = 0, we have limy, =0, or
n—o0 n—yo0 n—yoo

lim /n = 1.

n—oo
aﬂ
Example 2.8. For the sequence y, = . (a>0), find lim y,.
n! n—eo
Let N be a positive integer satisfying the inequality N > 2a. Clearly, for n > N, i.e., for

1
n > 2a, we have 4 < —. Thus,
n 2

a aN aan a"

B B a a a<a” "
n! N!/(N+1)--n N N+1 N+2 n N!'\2 '

a" a" 1 n—N
O:Xn<a<zn:m(§) .

Here lim x, = lim z, = 0, and by the Comparison Test, the limit sought is zero:
n—oo n—oo

0<

As a result,

Definition 2.3. A sequence {x,} is called, respectively, increasing, nondecreasing, de-
creasing, or nonincreasing if
Xngl > Xny Xngl 2 Xn, Xptrl < Xpy, OF Xpp] <X, n=1,2,3....
A sequence that is either nondecreasing or nonincreasing is called monotone, and a

sequence that is increasing or decreasing is called strictly monotone. It is clear that a

strictly monotone sequence is monotone, but not conversely.
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Theorem 2.5. Every bounded monotone sequence converges.

O For definiteness, we prove the theorem for a nondecreasing sequence {x,} (the proofs
for the other cases are analogous). By hypothesis, A = {x, } is bounded, and so the supre-
mum supA = a exists. Thus, there is a number x,, € A such that x, < a,a—€ <xy < a

Observe that x, > xy for all integers n > N (the sequence is nondecreasing), and conse-

quently, a — € < x, <aora—¢& < x, <a-+¢forall n > N. Finally, |x, —a| <&, n>N.
|

By using this theorem, it can be shown that the limit of the sequence x, = (a > 0)
is equal to zero. Obviously, for integers n satisfying the inequality n > a — 1, we have the
relation x, 11 = X, - L, and then x, ;1 > x,. Moreover, the sequence {x,} is bounded
from below by zero. lslinally, by Theorem 2.5, the sequence x;, is convergent, that is, x,, — x,
where x is a real number.

Thus, we have

=x-0=0.

x= hm N Xy = lim x,, - lim
n—o0 n—oop 4+ 1

Example 2.9. In the theory of numerical analysis, in order to calculate the square root of

the positive number a, the following recurrence sequence is considered:

1
X"HIE(X"JFK)’ n=1,2,... (2.5)

Xn
Here, x; is an initial approach and can be any positive number. It is easy to see from
(2.5) thatx, >0 (n=1,2,...), that is, the sequence {x,} is bounded below by zero. On the
.. . . . 1
other hand, for a positive number 7 > 0 the inequality (r — 1)? > 0 gives us that  + 7 = 2.

Now, let us putt = A > (. Then it follows from (2.5) that

Ja
va (xn  a\ _ a 1
= — — —_— = — t - 2 == 17 2, cee)e
=\ Gt (it 7)=Va (n )
Thus, for integers n > 2, the inequality x,, > /a holds. Next, let us show that the sequence
{xn} (n > 2) is nonincreasing. We can rewrite (2.5) as follows:

1
Xn ¥ :—<1+—2>. (2.6)
xn

Xn 2

Since x, > /a (n >

from Theorem 2.5, the sequence {xn} is convergent. By Theorem 2.4, lim x, = x > Va.
frares

< 1 or x,4+1 < xp. Then

Finally, by passing to the limit in (2.5), we deduce that

5 (v+5)
x=—(x+-
2 x/’

which implies that x = \/a.
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Example 2.10. (a) Find the limit of the sequence x,, = \/ a++/a++/a+---++/a, where
a > 0 and the number of radical signs is n. Here, as a recursively defined sequence, we can

set

Xpr1 =va+x, for (n=1,2,...), x; =+a 2.7)

Firstly, let us show that the sequence (2.7) is increasing and bounded. We do this by
mathematical induction. Observe that x; = v/a < y/a+ v/a = x,. Suppose that x, < x,11.
The inductive step is then to prove that x,, ;1 < x,12. By (2.7), the assertion x,, 11 < X472 is

equivalent to

Xnt1 = Va+x, <Va+Xpp1 = Xnpo-

But x, < x,41 by hypothesis, and so \/a + x, < \/a + x,1 as required for the inductive step.
We next prove that it is bounded (for example, by \/a+ 1). Clearly, x; = \/a < \/a+ 1. We

proceed by mathematical induction and so assume that for some integer n the inequality
Xp < va+1 (2.8)
holds, whereas x,,+ | = v/a+ Xy, it follows from (2.8) that
Xpr1 <A\la+a+1< \/a+2\/&+1 = \/(\/ﬂ 1)2 =a+1.

Then, by Theorem 2.5, the sequence {x,} approaches some limit point, x. In order to

find x, we square both sides of (2.7). By passing to the limit as n approaches infinity, we

have

2
Wy =a+t,

limxﬁﬂ =x*=a+x=a+ limx,.
n—o0 n—oo

The quadratic equation here, x>

V14 4a), which is the required expression for the limit.

—x—a =0, has a unique positive root (x > 0) x = = (1 +

N =

F,
(b) Let {F,} be the Fibonacci sequence. Assume that ¢ = lim ( ;H) exists. We

n—roo n

1 L. .
show that a = 3 (14 +/5). Taking into account that F,, | = F, + F,_1, the equation
F,
a= lim ("—H>
n—soo F,

F,_ 1
a=lim (1+”—1) =1+-.
n—reo F, a

(1++/5) (note a > 0).

becomes

Thus > =a+ 1 and so a =

N —
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2.2 Infinitely Small and Infinitely Large Sequences; Subsequences

Definition 2.4. If, for a given sequence {x,}, lgn x, = 0, then the sequence is said to be
friee)

an infinitely small (or infinitesimal) sequence.

Observe that if x,, — a, then y,, = x,, — a is an infinitely small sequence. Conversely, if
X, = a+y, and y, is an infinitely small sequence, then x,, — a.

Moreover, the limit of a sequence {x,} is said to be +oo (—o0) if for any positive real
number M there is an integer N = N(M) such that |x,| > M (x, < —M) for all n > N, and

is then written

lim y, = +oo (limx, = —o0) or x, — 4o (x, — —co).
n—yoo n—oo

Sometimes the sequences such that lim |x,| = 4o are called infinitely large sequences.
n—o0

Theorem 2.6. If {x,} and {y,} are two infinitely small sequences, then their sum and

product are infinitely small sequences.

[0 By the definition of infinitely small sequences, lijn x, =0 and lgn yn = 0. Then, by
n—yo0 n—so0

Theorem 2.3, lim (x, +y,) = lim x, + lim y, =0 and lim x, -y, = lim x,- limy, =0. W
n—yo0 n—yoo n—roo n—yo0 n—yo0 n—yo0

Theorem 2.7. The product of a bounded and an infinitely small sequence is an infinitely

small sequence.

O Let {x,} be bounded and let {y,} be infinitely small. By hypothesis, for some real
number C > 0, the inequality |x,| < C (n=1,2,...) holds and lim y, = 0. Because {y,}
n—soo

is infinitely small, given any number € > 0 there is an integer N = N(€) such that [y,| < &

for all n > N. For such integers,

€

ok

In other words, lim x,y, = 0. | ]
n—oo

|xnyn| = |xn||yn| <C-

1
Theorem 2.8. If liﬁm |xy| = +ocandx, 20 (n=1,2,...), then {y,} = {—} is an infinitely
N—yoo Xn

small sequence.

O By hypothesis, for any real number € > 0 there is an integer N such that |x,| > 1/€ for
all n > N. This implies |y,| < € for all n > N, that is, lim y, = 0. [ |
n—oo

Example 2.11. Suppose x, = n?, y, = 1 /n. Obviously, {x,} and {y,} are infinitely large

1 1 1
and infinitesimal sequences, respectively. Observe that {—} = {—2} and {—} =n.
Xn n Yn

The first is an infinitesimal sequence, but the second is an infinitely large sequence.



Sequences and Series 41

Definition 2.5. Let {x,} be a sequence and let k; < ky < --- <k, < --- be an increasing se-
quence of natural numbers. Then {xi, } = {x¢,, X, .. Xk, ...} is said to be a subsequence

of the sequence.
Theorem 2.9. If lim x,, = a, then the limit of an arbitrary subsequence {Xk,, } is the same a.
n—soo

O By hypothesis, for any given € > 0 there is an integer N = N(€) such that |x, —a| <
eforanyn > N. Then from the inequality k, > n, it follows that [x;, —a| < €,n > N, that is,

X, — a. |

Theorem 2.10 (Bolzano'-Weierstrass®). Every infinite and bounded set in Euclidean

space has at least one limit point.

0 Let for simplicity M be an infinite and bounded set of the real axis. Let /; be a closed
interval including M, i.e., I, = [a,b] D M. Divide I; into two equal subintervals. Suppose
I, is one of them, containing infinitely many points of M. Then again we can divide the in-
terval I, into two equal subintervals such that one of them, say /3, contains infinitely many
points belonging to M. For k =2,3,4,..., repeat this bisection on /; and choose I the
same way. We have I; = [aj,bj] and I} DI, D --- DI, D ---. By Cantor’s Theorem (Theo-
P4 ~

rem 1.7), since lim (b j—a j) = lim —= =0, the intersection (1) I, contains exactly one
e joe 2 n=I

point, say x. At the same time, x is a limit point of the set M: we see this as follows: since

lim 7,, = 0 for any small number € > 0, there is an integer n such that [, C (x—&,x+¢€). In
n—soo

other words, any e-neighborhood of the point x contains infinitely many points of . W
Corollary 2.1. If {x,} is bounded, then {x,} has a convergent subsequence.

O At first, assume that {x,} has only a finite number of different points. Then in our

constructed subsequence, at least one of those points can be repeated:
x:xk:xkl — e :xkn —_— ...

Therefore, the point x is a limit of such a subsequence {x, }.

Now, suppose that the sequence {x,} has infinitely many different points. By hypoth-
esis, the sequence is bounded, hence there is at least one limit point, say x. For any pos-
itive real number & (& > 0), the & -neighborhood of x contains infinitely many different
points of the sequence. Let us denote by x;, one such point, and form the & (& < &)-

neighborhood of x that does not contain xi, . Similarly, in this &-neighborhood of x we can

IB. Bolzano (1781-1848), Czech mathematician.
2K. Weierstrass (1815-1897), German mathematician.
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take another point x;, 7# x, ko > k;. Continuing this process, we form &;-neighborhoods of
the point x, where & — 0. Finally, we take the subsequence xy, , Xz, , ..., Xk, .. of {x,}, the

limit point of which is the point x. |

Remark 2.4. As is seen from the proof, this assertion is true for an infinite bounded se-
quence in the Euclidean space R”.

Let us denote by E the set of limit points of subsequences of the bounded sequence
{xn}. Obviously the set E is nonempty and bounded. In fact, if X, — X (x € E), then from
the inequality |xz, | < C we have |x| < C, where C is a positive constant. Since E is bounded,

sup £ and infE exist.

Definition 2.6. The numbers x* = supE and x, = infE are called the superior and inferior

limits of the sequence {x, }, respectively. Further, we use the symbols

x* = limx, and x, = lim x,,.
n—roo

n—yoo
If {x,} and {y, } are two sequences, we have
lim x,, + lim y, < lim (x, +y,) < lim x,, + lim y, < m(x,, +yn) < lim x,, + lim y,
n—oo n—oo n—oo n—yoo n—oo n—oo n—yo0 n—yoo

Example 2.12. Find the inferior and superior limits of the sequence {x,} = {1+ (—1)"}.
Obviously, for even (n = 2k) and odd (n = 2k+ 1) numbers {xy; } = {2} and {x3141} =
{0}, respectively. Clearly, E = {2,0}. Here, @ X, =2, lim x,, = 0 because supE = 2 and
n—eo n—yoo
infE =0.

2.3 Cauchy Sequences

Definition 2.7. A sequence {x,} is a Cauchy’ sequence if for every & > 0 there exists an

integer N (&) such that |x,, —x,| < € for all m,n > N(€).

1
Letx, = —. Form,n >N = N(¢g), say m > n, then we have
n

111
b=l = 7 =2 <@ S

. 1 L
For every € > 0, we can take an integer N > —=. Then m, n > N implies |x,, — x,| <

NG

N <
€, so {x, } is a Cauchy sequence.

3A. Cauchy (1789-1857), French mathematician.
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Warning. This is stronger than claiming that, beyond a certain point in the sequence,
consecutive terms are within € of one another.
For example, consider the sequence x, = y/n. It is not hard to see that
n+14+/n 1
= (VAT - R) YT .
Vitl4+yn Vanfl4n

Therefore |x,4+1 —xn| — 0 as n — oo. But |x,, — x| = /m — /n if m > n, and so for any

integer N = N(€&) we can choose n = N and m > N such that |x,, — x,| is as large as desired.

Thus the sequence {x,} is not a Cauchy sequence.
Theorem 2.11. If a sequence {x,} is a Cauchy sequence, then {x,} is bounded.

O Let & > 0 be any positive number and suppose {x,} is a Cauchy sequence, that is, for
any there is an integer such that |x, — x,,| < € for all. Let us take. Then |x,| = |[xy41 +
(v —xn+1)] < |xnvsi] + 20 — xn41] < |xngi| + € for all n > N Let C = max{|xy+1| +
€, |xil,...,|xa|}. Then for all n > N, the inequality |x,| < |xy+1|+ € implies the desired
inequality |x,| <C(n=1,2,...). |

Theorem 2.12. A sequence {x,} converges if and only if {x,} is a Cauchy sequence.

O At first, let {x,} be convergent and x,, — x. We show that {x,} is a Cauchy sequence.
For a given € > 0, we can choose an integer N = N(¢g), such that |x, — x| < £/2 whenever

n > N. Then for all n, m > N, we have
[Xn — Xm| < Jon — x|+ Jxm — x| < £ EC g,
2 2
i.e., {x,} is a Cauchy sequence.
Conversely, let {x,} be a Cauchy sequence. We prove that {x,} is convergent.
Observe that, by Theorem 2.11, the sequence {x,} is bounded. Moreover, by Corol-
lary 2.1, it has a subsequence {x, } that converges, say to x. Next, we show that y}gl}o Xp = X.
Let € > 0 be arbitrary. Since {x, } is a Cauchy sequence, there is an integer ng such that
m,n > N yields |x, — x| < €/2. Moreover, k, > n and so from the last inequality, setting
m =k, for all n > Ny, we have |x, —xz,| < €/2. Since the sequence {x;, } is convergent,
ie., x;, — x, there is an integer N; such that |x;, — x| < €/2 for all n > N;. Let N =
max{Ny, N }. Then for all n > N we have
[0 — x| < |0 — xp, | F 2w, — x| < Ei e
T 272
That is, x,, — x. | |
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Let us apply this theorem to show the divergence of the sequence {x,}, where x, =

1 1
1+ 2 +---+ —. Let us take, in Definition 2.7, m = 2n. Then
n

| = | 1 n +1 < 1 1
Xn—Xn| = X0, —Xp| =—+ - +—>n-— = =
e n n+1 2n 2n 2

1
and so if we take € = 7 then there is no integer N such that for all m,n > N (m = 2n)

1
[Xm — xn| < 3 This means that {x,} is divergent.

Definition 2.8. The notion of a Cauchy sequence makes sense in the more general context
of a metric space (X,p). At first note that if {x,} C X and x € X, then x,, — x if and only if
P (xn,x) — 0. Then, by analogy, {x,} is a Cauchy sequence if p (x,,x,,) — 0 as m, n — co.

A metric space (X, p) is complete if every Cauchy sequence in X has a limit in X. At
once we note that the Euclidean space R" is complete.
Below we will see that the set of rational numbers with the corresponding metric is not

a complete space.

Remark 2.5. We remark that Theorem 2.12 is sometimes valid in the more general case of
a metric space (X, p). In this case, in Definition 2.7, the distance function p (x,,x,) < € is
used. For example, Theorem 2.12 is valid for the Euclidean space R”. But it is not true for
arbitrary metric spaces, i.e., it happens that a Cauchy sequence might not converge to an
element of the space in question. For example, let X be the set of all rational numbers. The
distance between two poir;ts ri, rp € X is given by p(ry,r2) = |r1 — r2|. Clearly X is a metric
space, and r, = | 1+ . (n=1,2,...) are rational numbers. Observe that the sequence
{r,} is a Cauchy sequence, but its limit point e (¢ = 2,71828...) is an irrational number.
Finally, this sequence {r, } can not be considered as a convergent sequence within the spacle
n
X. In order to prove the convergence r, — e, we need Theorem 2.5. Let x,, = (1 + %) | .

We show that {x,} is a monotone decreasing sequence. We have

n

1
I+ 1 1\" 1
() -8
Xn—1 1+ n n n
1

1\" 1\" 1\"
1-=) (1+=) =(1-—= 1
(=) (1) = (-3) <

that is, x,, < x,_1.
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Moreover, x, > 1 (n=1,2,...) and so, by Theorem 2.5, x, — e converges:

1 n+1 1 n+1
(1—1——) lim <1+—)
n n—soo n

1
limr,=1im(1+—-) = lim = =e.

n
n—soo nﬁw( n) n—yoo 1+l B <1+l)
n n

lim
n—soo

Note that in terms of sequences there is another definition of compactness than the one
given in Section 1.6; a subset M of a metric space (X,p) is compact if every sequence in
M has a subsequence which converges to an element of M. Compactness turns out to be a
stronger condition than completeness, though in some arguments one notion can be used in

place of the other.

2.4 Numerical Series; Absolute and Conditional Convergence

Suppose {x,} is an infinite sequence of real numbers. Then an infinite numerical series is
an expression of the form,
Zxk:x1+x2+~-~+xn+--~ (2.9)
k=1
The number x,, is called the n-th term of the series. An example of an infinite series is

the series

This was mentioned in Section 2.1. The n-th term of this infinite series is x, = o
To say what is meant by such an infinite sum, let us introduce the partial sums of the

series (2.9). The n-th partial sum S,, of the series (2.9) is the sum of its first n terms
Sp=x14++x,.
Thus, each infinite series has associated with it an infinite sequence of partial sums

S1, 82, 83, ey Spy oen

Definition 2.9 (Sum of an infinite series). We say that the infinite series (2.9) converges

(or is convergent), with sum S, provided that the limit of its sequence of partial sums {S, }

lim S, =S

n—roo
exists (and of course, is finite). Otherwise, we say that the series (2.9) diverges (or is

divergent). If a series diverges then it has no sum.
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Thus an infinite sum is a limit of finite sums

limS,=S= Zxk

n—yoo =1
provided that this limit exists.
Theorem 2.13 (The n-th term test for divergence). If the infinite series Y, xi is conver-

k=1
gent, then the limit of the n-th term is equal to zero, i.e., lim x, = 0.
n—yoo

[J Observe that the n-th term x,, is the difference
Xp =8 —Sh—1. (2.10)
Under the assumption that the series is convergent,

lim S, = thn 1 =3S. (2.11)

n—oo

Taking into account (2.11), and then passing to the limit in (2.10), we have:

hmxnfhm(S —8,-1)=8-85=0.

friress
|

Consequently, if hm 0 Xy # 0, then the series Z xy diverges. In other words, the condi-
tion x, — 0 is necessary but not sufficient for ckonlvergence. That is, a series may satisfy
the condition l}gr; x, = 0 and yet diverge. An important example of a divergent series with

terms that approach zero is the harmonic series below.

Example 2.13. The following series is called the harmonic series
=1 I 1 1
Y o=l ot (2.12)
=k 2 3 n
Since each term of the harmonic series is positive, its sequence of partial sums {S,} is
monotone increasing. We shall prove that the harmonic series diverges, by showing that

there are arbitrarily large partial sums. We have

1 1 1 2
Sr=14+=->= +—:—
2
I 1
S4—Sz+3+4>52+< )*Sz—i— >
1 1 1 1 1 1 1 4
S S4+5+6+7+8>S4+(8+§+§+§) S4+2>§
1
S2n>n+ .
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n+1

> C, then S»» > C. This

means that the sequence of partial sums is unbounded, i.e., S, — .

Now, if C is an arbitrarily large number and 7 is such that

Note that if the sequence of partial sums of the series (2.9) diverges to infinity, then we

say that the series itself diverges to infinity, and we write ) x, = oo.
n=1

Theorem 2.14 (Sum of the geometric series). If |x| > 1 then the geometric series

Y ax*~! (a # 0) diverges and if |x| < 1 then the geometric series is convergent and its
=

sum is

[0 The elementary identity
1— n+1
1+x+x2+...+x’7: -
1—x

follows after multiplying left and right hand sides by 1 —x.

1 —x"
Therefore, for x # 1, we have S,, = a(l—x") -4 4 X", and if |x| < 1, then
1—x 1—-x 1—x
S=limS, = —.
n—soo 1—x
If |x| = 1, that is, x = | or x = —1, then the n-th partial sums of the geometric series are

S,=n-aand S, =a—a+---+(—1)""a, respectively. In the first case, li_r>n S, = li_I)l’l na=
n—oo n—oco

oo (the sign depending on whether a is positive or negative). This proves divergence. In

the second case, the sequence of partial sums is

a,0,a,0,a,0,...
which diverges. Finally, if [x| > 1 then lgn Xn = lgn ax*~! = o0, and so the series diverges.
n—oo n—oo

Theorem 2.15. If Y, x; and Y. y; are convergent series, that is, ¥, xy =Aand Y, yy =B
k=1 k=1 k=1 k=1

with A, B real numbers, then the sum of these series, Y. (x; + yx), is convergent and equal

to C = A+ B. Furthermore, if Q is a nonzero constant, then the series Y, x; and Y, ox;
k=1 k=1
either both converge or both diverge. In the case of convergence, the sums are related by

i axp = 0o
k=1

 ng ki

Xy = o -A.

k=1

O LetA,, By, and C, be the n-th partial sums of the series Y x;, ¥ v, and Y (x + k),
k=1 k=1 k=1

respectively. Then by part (2) of Theorem 2.3,

C=limC, = lim (4, +B,) = lim A, + lim B, = A + B
n 0 n (o)

n—yoo n—oo
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On the other hand, by part (1) of Theorem 2.3,
lim A, = alim A, = 0tA.
n—yoo n—yoo
|
Further, we note that convergence or divergence is unaffected by deleting a finite num-

ber of terms from the beginning of a series, that is, for any positive integer N, the series

Y ox=xia e
k=1

and

o

Z X = XN +XN+1 T XN42 +
k=N

both converge or both diverge.

Theorem 2.16 (Cauchy’s Test). For the convergence of the series (2.9) it is necessary and
sufficient that for any € > 0 there is an integer N such that

n+p

L w

k=n+1

<e (2.13)

for all n > N and all natural numbers p.

O Let S, be n-th partial sum of the series (2.9). By Theorem 2.12, the sequence {S,}
converges if and only if {S,} is a Cauchy sequence, that is, for any number € > 0, there is
an integer N such that [S,, — S,| < € for all m,n > N. Then by settingm =n+p (p > 1) in

n+p
Yox
k=n+1

the last inequality, we have |S,.4+, — S| = <E. |

Definition 2.10. A series (2.9) is said to converge absolutely if the series of absolute values

o
Y |xx| converges.
=

Definition 2.11. A series (2.9) is said to be conditionally convergent if it is convergent, but
not absolutely convergent, that is, the series Y, |x¢| is divergent.

k=1
Y X

Theorem 2.17. If the series Y. |xi| converges, so does the series
k=1 k=1

=

O The series Y, |xi| is convergent and so, by Cauchy’s test (Theorem 2.16), for any € > 0
1

k=
n+p
there is an integer N such that | ). x| < € forall n > N and all positive integers p.
k=n+1
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Then, obviously,

n+p n+p
Z xi| < Z |xk| <E.
k=n+1 k=n+1
Hence, the series (2.9) converges. | |

Theorem 2.18. (1) If (2.9) is a series with positive terms, and if there is a constant K such
that S, < K for every n, then the series converges and the sum of the series S satisfies S < K.
If no such K exists then the series diverges.

(2) If (2.9) is a convergent series with nonnegative terms, then the series E vy obtained
from the series (2.9) by rearranging and renumbering its terms is also conf;;gent having

the same sum.

O (1) If an infinite series has positive terms, x; > 0 (k =1, 2,...), then the partial sums
S, form an increasing sequence, that is §; < S < S3--- < S, < ---. Then, since S, < K,
according to Theorem 2.4 the sequence of partial sums will converge to a limit S, satisfying
S < K. If no such constant exists, then r}grelo = oo,

(2) Let S be the sum of the series (2.9), that is lgn S, = S and y, be the partial sum of
n—oo

the series Y, yx. Then for a fixed k we have
k=1

Yk:yl+y2+"'+yk:xn1 +xn2+"'+xnk

Thus denoting N = max{ny,...,n;} we can write ¥; < S; < S, which implies that the series
Y yr converges. Soif Y is its sum we derive that Y < S. Reasoning vice versa, we conclude
k=1

that Y = S ]

Theorem 2.19 (Comparison Test). Suppose |x,| < y, for all n > no, where ngy is some

natural number. Then the following assertions hold.

oo

(1) If the “bigger series” Y. y, converges, then the “smaller series” Y, x; converges
k=1 k=1
absolutely.
(2) If the “smaller series” Y. |xi| diverges, then the “bigger series” Y. y, also di-
k=1 k=1

verges.
L) (1) If the series Y, yx is convergent, then the Cauchy test is satisfied and hence, for
k=1

n+p
PIRY-
k=n+1

any € > 0 there is a natural number N(¢) such that 0 < < ¢ for all n > N(¢)
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and arbitrary natural number p. Then for all integers n > max{N(€), Ny}, the inequality

|x2| < yn holds, and so

n+p n+p
Y < Y w<e
k=n+1 k=n+1

Thus, the Cauchy test is satisfied by the series Y, |xi|. Consequently, the series Y. |xx
k=1 k=1

converges and so Y x; converges absolutely.
(2) This part is really just an alternative phrasing of part (1). In fact, if the series

Y |xx| diverges, then Y y; must diverge since the convergence of Y y; would imply the
k=1 k=1 k=1

convergence of Y |x;|, contrary to the hypothesis. |
k=1

2.5 Alternating series; Convergence tests

Definition 2.12. A series whose terms are alternately positive and negative is called an

alternating series. Such a series has the form:

=

Y (D) =a1—ar+az—--+ (1) a,+ - (2.14)
k=1

where a;, > 0,k=1,2,...

Theorem 2.20 (Leibniz*). An alternating series (2.14) converges if the following two con-
ditions are satisfied:
(1) The sequence {a,}, n=1,2,... is nonincreasing,

(2) lim a, = 0.
n—oo

O Let {S,} be the sequence of n-th partial sums of (2.14). Consider the subsequences
{S2m} and {Sa41}-. Since anpi1 = azmi2, the inequality Soy0 = Som + domi1 — Aom2 =
Som holds, which implies that the “even” subsequence {S»,,} is nondecreasing. On the
other hand, S2;+1 = Som—1 — @om + a2m+1 < S2m—1, and so the “odd” subsequence {S2+1}
is nonincreasing. Besides, S2,+1 = Som + @2m+1 = Som and then, since Sy, < Som1 <
Som—1 < -+ < 81 = ay, the “even” subsequence {S,,} is bounded above. According to
Theorem 2.5, the subsequence {S»,} converges, say Sz, — S. We next show that the
sequence {Som+1} also has the limit S. In fact, taking into account that a, — 0, we
have ,}LIE,SZ’”H = I}EQOSZm + ,}ET(}O@mH = §. Then the convergence of both S,,, — S and

Som+1 — S implies that S, — S, so the series converges. |

4G. Leibniz (1646-1716), German mathematician.
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Remark 2.6. (a) It is not hard to see that Theorem 2.20 is valid in the nonincreasing case
ap = apt1 20(m=1,2,...), n > Ny, where ny is a positive integer.

(b) If an alternating series violates condition (2) of the alternating series test, then the
series must diverge by the divergence test (Theorem 2.13). However, if condition (2) is
satisfied, but (1) not, the series may either converge or diverge.

oo (—l)k"H

Example 2.14. (a) The series ), is called the alternating harmonic series. In the
k=1

1 1 1
tati f Definition 2.12, @y = — > 0. Clearly, — = — (k=1,2,.
notation of De n1110n ay T > early 3 ay > gy = . ( R
and klim ay = l}im e 0. Thus the series converges by the alternating series (Leibniz) test.
—»00 —500

We emphasize that the series of absolute values is the harmonic series, which is diverges
(Example 2.13). Hence, the alternating harmonic series is conditionally convergent (see
Definition 2.11).

I 1

1 k+1 1
(b) The series kgl (Zk)— = 1-— 3 + 577 + -+ satisfies the hypothesis of Theo-

rem 2.20, and so converges. In Section 5.6 we will see that the sum of this series is T

Theorem 2.21 (The Ratio Test of D’Alembert’). If, for all n > ny (ng an integer),

Xnt1

<p<l (u#0), (2.15)

n

then the series (2.9) converges absolutely, and if

Xnt1
Xn

>p>1, (2.16)

then the series (2.9) diverges.

[ It follows from condition (2.15) that for all n > Nj,
bea| < pln1| <p |x,, 2f <ove gpniNO‘xNoL
Consider the series z p*MNo|xy,| (0 < p < 1), which according to Theorem 2.14, is con-
k=1

vergent. Then, taking into account the inequality \xn| < p"M|xy, |, by Theorem 2.19 we

conclude that the series Z |x¢|, and so the series Z Xk, are convergent. Thus, the first part
k=1 k=1

of the theorem is proved. On the other hand, it follows from condition (2.16) that for all

n> Ny,
[xn| = plxn—1] = P x| > || >0,

and so |x,| > |xy,| > 0. This implies that lgn Xu # 0, and so, by Theorem 2.13, the series
n—oo
{x,} diverges. |

5J. D’ Alembert (1717-1783), French mathematician.
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Xn+1
Xn

Corollary 2.2. The limiting case li_r)n = p of the D’Alembert ratio test consists of
n—soo

the following:
(1) If p < 1, the series (2.9) converges absolutely.
2)If p > 1 or if p = oo, then the series (2.9) diverges.

3) If p = 1, no conclusion about convergence can be drawn from this test.

Example 2.15. (a) For the series

3.3 ,3 3
10 102 103 107 ’
the n-th partial sum is
S S I S
10 102 103 107
Multiplying both sides of this equality by 1/10, we have
L Sn= 0 + =i +- 1t J + ) .
10 102103 100 107+l
Then, by subtracting the second equality from the first, we can define the n-th partial sum
S, = % (1 — %) Thus, the sum of the series is § = ’}iilgoSn = %
(b) Let us see whether the series ): # converges or diverges. Since the n-th
k=1 k(k+1)

partial sum

n n 1
; k+1 Z(k k+1)71_n—+17

the limit lim S,, = 1. Notice that, since x,, = n(n—+1)’ the limit that occurs in D’ Alembert’s
n—yo0

R X .
testis lim | =2 | = lim =1
n—eo | X, n—oo 1 + 2
On the other hand we showed that (see Example 2.13) the Harmonic series is diver-
. 1 o o . N B
gent and since x; = = the limit occuring in the D’ Alembert ratio test is lim AR
n—eo | Xp

lgn I = 1, also. Consequently, in both cases p = 1, yet one of them converges, while
n—oo

the other diverges. Hence, no conclusion can be drawn from D’ Alembert’s test when p = 1.

ok
Example 2.16. The series Y o diverges by the D’Alembert ratio test since p =
k=1 K:

k
| (kD R . (k1) . 1
Jim %t = i S = i S = (1) e T p >

and the series diverges.
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Theorem 2.22 (The Root Test of Cauchy). If, for all n = ng (ng is some integer),

Yl <p <1, 2.17)
then the series (2.9) converges absolutely.
On the other hand, if for all n > n,

YTl = p > 1, (2.18)

then the series diverges.
O  Firstly, it follows from condition (2.17) that |x,| < p”. Thus the series Y, |x¢| is
k=1

eventually dominated by the convergent geometric series ¥ p* (0 < p < 1). Hence, ¥, |xk|
k=1 k=1

converges, and so the series Y, x; converges absolutely. On the other hand, if (2.18) holds,
k=1
then |x,| > p" > 1 (n > ng) and hence li;n X, # 0. Therefore the n-th term divergence test
n—soo

(Theorem 2.13) implies that the series Y, x; diverges. |
k=1
Corollary 2.3. Suppose that lim {/|x,| = p. Then the infinite series Y, x;
n—reo k=1
(1) Converges absolutely if p < 1,
(2) Divergesif p > 1.

If p =1, the root test is inconclusive.
Even though the ratio test is generally simpler to apply than the root test, there are

certain series for which the root test succeeds while the ratio test fails.

1
Example 2.17. (a) In the Example 2.15 it was shown that the series Z ——— con-
Ek(k+1) ©

verges. Now applying the root test we can see that this test is inconclusive. In fact,

m {/ \/7 \/ =1 (see Example 2.7), thatis, p = 1.
n~>oo n -+ 1 naoo n _|_

1 1
b) Consider th -4 Th
(b) Consider the series 20 k+( NE 2+1+8+ _|_32_|_ en
1 i
Xagt _ 3 if n is even,
n % if n is odd.

Therefore, the limit required for the ratio test does not exist. On the other hand,

i A N S A A T
dim /bl = Jim \ Sy ) = lima \ soe ) =

so the series converges by the root test.
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o (3k—2\*
Example 2.18. (a) The series ), ( ) diverges by the root test since

=1\ k+1
3n—2\" 3n—2
p=1lim ¢ [ —lim 223> 1.
n—soo n+1 n—eo p 41

(b) Obviously the series Y k is divergent. Nevertheless, p = lgn x| = liﬁm Vn=1.
k=1 n—oo n—o0
By setting x, = n, the proof of the next theorem can be obtained from Kummer’s®

theorem”’

=

Theorem 2.23 (Raabe® test). Let Y. x; be a series with positive terms and suppose that

k=1
lim [ n —1] ‘n=gq.
n—ee | Xpt1

Then:
(1) if g > 1, the series converges;

(2) if g < 1, the series diverges.

© 1-3-5---(2k—1
Example 2.19. Let us verify by the Raabe test that the series Y, ﬁ
= 46

verges. We can easily establish that the quotient occuring in the test is

di-

X 2k+2
Xee1  2k+1°
Then,
g = lim [2n+2—1}n:l.
n—eo | 2n+ 1 2

Since g < 1, the series diverges.

Theorem 2.24 (The Limit Comparison Test). Let Y, x; and Y. y; be series with positive
k=1 k=1

X . . . .
terms and assume that p = I}lm iy If p is finite and p # O, then either the series both
= Yk

converge or they both diverge.

0 By the definition of limit, for any € > O there is a positive integer N such that
Xk
——p
Yk
Setting € = p /2 (p a positive number) in the last inequality, we have

<eforallk>Norp—&< X <pteforallk>N.
Yk

1 3
— - k> N.
2Pyk<xk<2PYk7 >

OE. Kummer (1810-1893), German mathematician
7See, Marian Nureshan, A Concrete Approach to Classical Analysis, Springer New, York, 2009.
8]. Raabe (1801-1859), German mathematician
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Now, if ) y; converges, then Y x; is eventually dominated by the convergent series
k=1 k=1

o 3 o = oo
Yy Epyk, so by Theorem 2.15, the series Y, x; converges. If Y y; diverges, then } x;
k=1 k=1 k=1 k=1

o 1 oo
eventually dominates the divergent series Y. 7 Pk, so Theorem 2.15 implies that Y x;
k=1

k=1

also diverges. Thus the convergence of either series implies the convergence of the other.
|

=T 1 1
Example 2.20. Show that the series Y, 1 diverges. Let us take x; = 1 and y, = T

k=1K—7 3
Then, by Theorem 2.24, since
k
p=1l T = lim =1,

k—oo k — i k—o0 1 — o

the series is divergent. |

Let Y x; be a series and {my} be an arbitrary sequence of natural integers such that
k=1
every natural number take place only once. In other words {my; } is some rearrangement of

the natural numbers. Setting y; = x,,,, consider the new numerical series ). y;. The series
k=1

i Vi 1s obtained as a result of rearrangement of the terms of the series i Xy, and contains
]éz(l:h of the terms of the first series once only. -

A very important property of a sum of a finite number of summands is the commutative
property, that is, a rearrangement of the terms does not affect their sum. The following

example shows that this is not the case for arbitrary series.

Example 2.21. Consider the alternating harmonic series (Example 2.14 (a)): denote its
sum by S. Rearrange this series according to the rule: two negative terms after a positive

one. Then we can write

11 1 1 1 1 1 1
l———— )+ |(z—=—<5|+|lz——=— — 2.19
( 2 4)+<3 6 8>+(5 10 12>+ 2.19)
Denote by S, the n-th partial sum of series (2.19). Then we have
1 1 1 < 1 1
S3”_k_zl(2k1 _4k—2_ﬂ> _kg(mcz_ﬂ)
1

S oY (LI P
T2 \2%—1 %) 2
Finally, we can write
Son Son 1 Son 1

St =—+=—, Sy o=+ :
-1 = 5o -2 2+(4n_2)

(2.20)
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and then from (2.20) we deduce that

S
lim S3, = l1m S3n 1= hm S3,, ==
n—oo 2
. . .S
Thus we have found that the series (2.19) converges and its sum is ok |

But the next theorem of Cauchy shows that for absolutely convergent series, any series

obtained from it by rearrangement has the same sum as the original series.

Theorem 2.25 (Cauchy). The rearrangement of an absolutely convergent series supplies

another absolutely convergent series having the same sum as the original one.

0 Let ¥ x; be an absolutely convergent series. Consider the positive and negative terms
k=1
of this series:

, ifxg =0, _ =X, ifx <0,
ap={ e T =g e T 2.21)
0, ifx <0, 0, ifx>0.

Obviously, x; = x;” —x; . Take the following two series with nonnegative terms ¥, x;”
k=1

and Z x]:. Since x;” < x| and x;_ < |xi|, these series are convergent. Let ¥ yx be the
k=1

rearranged series of Z Xk In view of (2.21) by analogy, for it construct the series positive
=1

and negative parts

EMS»

yk , Y Y » respectively. Then by using the Theorem 2.18 it is easy
k=1
to see that
m_m S E A e e
Yo=Y 0 —x) Zxk Yo =X Y=Y 00 ) =Y e
k=1 k=1 k=1 k=1 k=1 k=1 k=1
|

Theorem 2.26 (Riemann®). Let Y x; be a conditionally convergent series. Choose an
k=1

S € [—oo,00]. Then there is a rearrangement of the series such that the resulting series

converges to S.

1 We split the series ): Xj into two series Z xk and Z x;, as introduced in the proof of
k=1 k=1 k=1

previous theorem (see (2.21)). Show that if 2 Xi be a conditionally convergent series, both
=1

series ): xk and ): X, generated by it are divergent, where xF—0,x, = 0asn— oo,
k=1 k=1

By Theorem 2.25 it is not hard to see, that for series ) x; to be absolutely convergent it
k=1

9G. Riemann (1826-1866), German mathematician
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is necessary and sufficient that series ): xk and Z X, generated by it be convergent. By
k=1 =1
condition of theorem our serles isa condltlonally convergent series. Then it follows that

at least one of the series Z x; and Z x, generated by it is divergent, that is, Z X = oo,
k=1 k=1

Let us study the behavior of the right-hand side of sum Z X, = Z xk - Z Xj S 1 — oo,
k=1 k=1 k=1

Since Y xi is convergent, the second sum tends to infinite number. The first sum increases
k=1

to oo. Consequently, the sum ) x;~ increases to o as n — oo. As aresult if one of the series
k=1

Y xk+, Y x, is divergent, the other is divergent, too. We remark, that since the series
k=1 k=1

o

Y. x; is convergent, the sequences {x,| } and {x; } tend to zero. It remains to show, that for
k=1
any S € [—oo, 0] wWe can construct a series

xf'—l—x;—i—---—i—x;;] —X] Xy Xy,
+x;1+1 +x;2+2+~--+x;2 Xy T T Xy Ee (2.22)
whose sum is equal to S. Series (2.22) contains all the terms of Z xk and ): X, only
k=1

k=1
once. At first we assume, that S is a real finite number. In this case the indices my, my,...

and np, ny, ... can be chosen as the smallest natural numbers for which the corresponding

inequalities
mi ]
szz>5, ﬁ2=ﬁ1—2x;<5,
=, =1 (2.23)
Bi=Pp+ Z x,j>S, Ba=P3— Z X, <8,
k*mlJrl k=n;+1

are fulfilled. Since the series Z xk and ): x,, have positive terms and diverge, at the p-th
step of this construction we mdeed can choose the natural numbers m,, and n,, satisfying the
p-th inequality. Then, taking into account the inequalities (2.23) and the fact that x;7 — 0,
X, — 0 as n — oo it follows that the series thus constructed converges to S. Note that in
the case S = +oo we can replace S in the right-hand side of the inequalities (2.23) by a
divergent sequence of the form 2, 1,4, 3,5,.... [ |

Theorem 2.27 (Dirichlet'?). (1) Let a series Z xi be given, and suppose that the se-

quence of n-th partial sums {A,} of this series is bounded

(2) Suppose that the sequence {y,} (n =0, 1,2,...), is nondecreasing and lim y, = 0.
n—yoo

Then the series Y, x;y; converges.
0

10p.G. Le Jeune-Dirichlet (1805-1859), German mathematician
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n
U LetA,= Y xx,n>0and A_; = 0. Then for 0 < p < g, we have

k=0
q—1
an)’n Z A —An1 Yn = ZAnyn Z Anynti
n=p = n= p71
= ):A —Vur1) FAgyg — Ap_1Vp. (2.24)

On the other hand, by condition (1) of the theorem, there is a positive constant C such
that |A,| < C (n =0, 1,2,...). For any number € > 0 there is a positive integer N = N(¢)
such that y, < %. Then, since y, — y,41 = 0 for N < p < g, it follows from (2.24) that
g—1

Y On—yur1) Fya+yp|
n=p

g—1
Z An(Yn = Ynt1) +Agyg —Ap-13p
n=p

q
Z Xn¥Yn

n=p

<C

g—1
Y n=Yntr1) +Yg+Yp
n=p

q
Y XpYn
n=p

But

= 2y, and so <20y, <2C0yy < &.

Then by the Cauchy criterion (Theorem 2.16), the series ). x;y; converges. |
k=0

Theorem 2.28 (Cauchy’s Condensation Test). Ler {x,} be a nonincreasing series which

is bounded below by 0. Then the series Y, x, converges if and only if the series
n=1

Y 2Mxp = x4 2x0 + Ay 4 (2.25)

k=0
converges.

O By Theorem 2.5, it suffices to consider the boundedness of the sequences {A, }. (A, =
X1+ - +xp). Let S be the n-th partial sum of the series (2.25):

Sk:X1+2X2+"'+2kx2k
For n < 2
Ap <x1+ (0 4+x3) + o (k- Xorer — 1) <xp + 220+ -+ 280 = 5.
On the other hand, for n > 2%,
An > x1 20+ (63 Hx4) oo (Xgpo1 g oo )
> %xl +x2+2x4+--~+2k71x2k = %sk

From the obtained inequalities, A, < Sy and 24, > S; we have that the sequences {A,} and

{8y} are simultaneously either bounded or unbounded. |
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The harmonic series is a special case, with p = 1, of a class of series called the p-

series, or, hyperharmonic series, Y, —- We will determine the convergence or divergence
n=11

of the hyperharmonic series using the previous theorem. (Later, in Section 9.8, applying

the integral test, we will again investigate the convergence of this series.)
= 1
Theorem 2.29. The hyperharmonic series Y, — converges ifand only if p > 1.
n=1MNn

O If p <0, its divergence follows by the n-th term test for convergence (Theorem 2.13).

If p > 0, then by Theorem 2.28, setting x,x = we are led to the series

1
2kp >
o 1 o
Yok =) okion),
= 25
Obviously, 2(1=P) < 1 if and only if 1 — p < 0, and the result follows by comparison with
the geometric series (Theorem 2.14), takinga = 1 and x = 21-p, | |

2.6 Products of Series

Definition 2.13. Let ) x; and Y, y; be two series. Then the series Y, z;, where
k=1 k=1 k=1

k
%= Y XiVk—i = XYk +X1Vk—1 + - + Xey0, (2.26)
i=0

is called the product of the two given series.

= oo

Theorem 2.30. Suppose the series Y, x; and Y, y; are convergent and their sums are A
k=0 k=0

=)

and B, respectively, and one of them, say Y, xi, converges absolutely. Then the series Y, zi
k=0 k=0
converges and has the sum C = AB.

n n n
0 Letusdenote A, = Y xt, B, = Y yk,and C, = Y z;. By Definition 2.13,
k=0 K=0 k=0

Cn = x0y0 + (x0y1 +X1y0) 4+ + (X0yn +X1¥n—1 4+ +XnY0)
=xoBy+x1By—1+ -+ +x,Bo =x0(B+Rp) +x1(B+Ry—1)+ -+ +x,(B+Rp)
=AuB+ xR, +x1Ry—1+ - +x,Ro,

where R, = B,, — B — 0.

Therefore,
C,—A,B=xoR,,+ -+ xRy = ry. (2.27)

Now, we should show that liﬁm r, =0.
n—soo
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Let us denote Q = Y |x¢|. Since R, — 0, for a given € > 0 we can choose a positive
k=0
integer N such that |R,| < €/(2Q) for all n > N.

For n > N, we have

‘rn‘ < |R0xn+ "'+Ran7N| + IRN—Hxn—N—l +"'+Rnx0|
£

< |R0xn + +RanfN| + E(‘xn—N—l | + |-xOD
&

< |R0xn +--- +RN)C,17N| + 3 (2.28)

Since x,, — 0, for fixed N we can find an integer ng such that for all n > N,

€
|R0xn + - +Ran7N‘ < 5 . (2.29)
Then the inequalities (2.28) and (2.29) imply that |r,| < € for all n > max{N, No}. Thus
r, — 0. Finally, by passing to the limit in (2.27) we have C = A - B. |
Remark 2.7. In the above proved Theorem 2.30, it is essential that one of the series con-
o (—1 k
verges absolutely. For example, the series ), (k——gl converges by Theorem 2.20, since it
k=0
1 1 1
is an alternating series, lim — =0, and ;| = >—=aqa;(k=1,2,...). Butthe
convergence is not absolute. In fact, % < ﬁ and by the Comparison Test (Theorem 2.19),
the series ¥ V' | Setti (=1 e form the product series of
e series iverges. Setting x; = y; = , we form the product series o
=0 | Vk+1 £ §=Y Vk+1 P

the given series with itself,
Fooio () (et d)
= V2 V2 V3 V2v2 V3
1 1 1 1
(G mstaaE)

so that
1y 1
in = —1)" .
’ &0/ (n—k+1)(k+1)
Since
n 2 n 2 n 2
k1)K 1:(— 1)—(——k)<(— 1)7
(n—k+1)(k+1) 5+ 5 5+
we have
no2 2(n+2)
> f—
|Zn|/1§’0n+2 n+2 ’

so that lim z, # 0, and by the n-th term divergence test (Theorem 2.13), the series Y, z,
n—ee n=0
diverges.
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Definition 2.14. Let {x,} be a numerical series. Then an expression of the form
ka=x1x2~--xk--~ (2.30)
k=1

is called the infinite product of the numbers x,, n = 1,2, 3,.... The number P, = [] x; =

=1

X1Xx7 - - - xp 18 called the n-th partial product of the infinite product (2.30).

Definition 2.15. The infinite product (2.30) is said to be convergent if the sequence of n-th

partial sums {P,} converges, i.e., P, — P (P # 0). In this case we write
ka =P
k=1
Theorem 2.31. If the infinite product (2.30) converges, then lim x,, = 1.
n—eo

O According to Definition 2.15, the infinite product converges if P, — P (P # 0). Clearly,

n

the limit of the subsequence is the same, P. But = X,, and so
n—1
lim P,
lim x, = ——— =1.
n—oo lim P, |
n—soo

Remark 2.8. It follows from the theorem that there is an integer Ny such that x,, > 0 for all
n > No. Hence, without loss of generality, we may assume x; > 0 for all k.
Moreover, the convergence of the infinite product with x; > 0 can be reduced to the
convergence of the series
iyk, where y, = Inx;. (2.31)
k=1
In reality, we observe that if P, and y, are the n-th partial product and n-th partial sum

of the infinite product (2.30) and (2.31), respectively, then
Y,=Inx;+Inxo+---+1Inx, =Inxixo---x, =InkP,
and so P, = ¥ If now there is the limit lim y, =Y, then P = ¢'. [ |
n—yoo

The following example shows that, generally, the converse statement of Theorem 2.31
does not hold. It occurs because the condition lim x, = 1 is only a necessary condition for
n—yoo

convergence of infinite products, and is not a sufficient condition.

d 1
Example 2.22. (1) Consider the infinite product [] (1 + %) .
k=1
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The n-th partial product is

)

k=1 k

n+1
n

=1.

>—‘Il\)
NIU.)

Evidently, P, — +oc0 when n — oo, and so the infinite product diverges. Nevertheless,
1

lim x,, = lim (1 +—> =1.

n—oo n—oo n

i 1
(2) Test for convergence the infinite product [] ( Grip ) The n-th partial prod-
k=1
uct is

o 2 _1:32:4 3.5 n(n+2)  n+2
P"kl:ll<1 (k+1 ) I;I 2232 2 (a1 2(n+1)

1
Obviously, lim P, = o Thus, the infinite product converges. Naturally, the limit of the
n—co

1
n-th partial product is equal to one: hm 0 X, = Jgr; (l - m) =1

Remark 2.9. Generally, the definitions, concepts, and properties of the sequences and se-
ries of real numbers are also valid for sequences and series of complex numbers (with the
possible exception of some properties connected with comparison operations and the order
relations on the real line). For example, it is known that necessary and sufficient conditions
for the convergence of sequences of complex numbers {z,} (z, = a, + ib,) consist of the
same conditions as for the real series {a,} and {b,} (n=1,2,...). Since convergence of
the series of real numbers is given by means of sequences, the convergence of series E Zn

k=0
is defined by analogy.

2.7 Problems

Using the definition of limits prove the assertions in (1)—(5).

W g =1

) hm\/——l(a>0)
3) hm%fo

n—oo
nk
4) lim —=0(a>1).
n—soo 't
2n
(5) lim — =0.
n—eo !

(6) (a) For all numerical sequences {x,} and {y,}, prove that

r}grolo(xn +yn) < nlgloloxn +3H}I}Qyn)
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(b) Prove that if for a sequence {x,}, any sequence whatever, {y,}, would provide
that
Tim (x, +y,) = lim x,, + Tim y,,
n—yo0 n—o0 n—roo
then the sequence {x,} must be convergent.
(7) Prove that for the existence of the limit (finite or infinite) of a sequence {x,}, the

condition lim x,, = llm 0 Xy is necessary and sufficient.

n—oo
1 3 2n—1

Prove that lim (=-2... 22—} =0,

(8) Prove angl}o<2 1 5 0

Suggestion: See Example 5 of Section 1.7.

1 1 1
(9) (a) Prove that lim (1 +14+—=—+=+- —l——) =e.
n—soo 21 3 |
1 n
Suggestion: Use the fact that lim <1 + —) =e.
n—soo n
1P 4+2P 4P
(b) Prove that for a positive integer p, }1_1)1010 % = # .
(10) Prove that if some subsequence of the monotone sequence {x,} converges, then the

sequence {x,} is convergent.

(11) If x, — a, then investigate the limit lim Tl .
n—eo X,
T
(12) Find the limits lim x,, and lim x,, for the sequence x, = sin? nr .
N—yo0 n—yeo n—+ 1 4

Answer: 0; 1.

(13) Prove the Stolz theorem, if (a) y,41 > yn (n =1,2,...), (b) 1i_1>n Yn = oo, and
n—roo
(c) lim o lim Intl — Xn exists, then lim o lim M.
n=ee Yy N Ypil — YVn n=ee Yy M= Ypil — Yn
(14) Prove that if {x,} converges, then the sequence 7, = —(x; +---+x,) (n=1,2,...)
n
converges and lim #, = lim x;,.
n—soo n—yoo

Suggestion: Use Problem (13).

(15) Let the sequence {x,} satisfies the condition 0 < X1 < X +x, (myn=1,2,...).

. X .
Prove that lim == exists.

n—e 1
(16) Prove that if hm N Xy = +o0, then ,}ﬂu = oo,
(17) Let the sequence {x,} be defined as follows:
xX1=a, xp=>b, x, = % (n=3,4,...).
Find lim x,,.
n—soo

1
Answer: 3 (a+2b).
(18) If the sequence {x,} converges and x, > 0 (n=1,2,...), prove that

Iim /x;-x, = hm 0 Xy

n—soo
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1 1
19) Find the li tl
(19) Find the limi 1m (n+l+ +2n>

Answer: In2.
(20) Let the sequence {x,} be defined as xo > 0, x,,+1 = % (xn + x%) (n=0,1,2,...).
Prove that Jggoxn =3.
Find the sums of the series in problems (21)—(24).
1 1 (—1)n!

21— =+ -—=
@D 2+42 8+ o 2n—1 *
Answer: —.
1 1 1 1 1 1
22) [ =+ = i . _
( )<2+3)+(22+32>+ +(2n+3n>+
3
A D=
izswer12
3) — -
(2 ) +2 3+ -+ (n+1)+
Answer. 1.
3 5 2n—1
24
( )2+22+23+ -+ o +
Answer: 3.

oo

(25) Determine whether the series ), sinnx converges or diverges.

n=1
Suggestion: For the values x # k7 (k integer) lim sinnx # 0.
n—oo

Determine whether the series Y x, converges or diverges.

n=1
1

2n—1)2n+1)
Answer: Diverges.

n

27 =—.

@D =2
Answer: Diverges.

1
28) x, =In ("+ >
n
Answer: Diverges.
1
29 =
( ) xn (2]1 o 1)2

Answer: Converges.

(26) x, =

Suppose that the series Z xn and Z yn are convergent. Determine whether the following
n=1 n=1
series converge or diverge.

Answer: Converges.
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(3D Zl |ann"

n—

Answer: Converges.
(32) E (xat+yn)”

n=1
Answer: Converges.

oo

Use Cauchy’s criterion to determine the convergence of each series ) x, in (33)—(35).
1

n=

sinnx
(33) 1= —,
n
34) xn:coszx
n
S t"1< ! _ ! 1(723)
uggestion: P n(nfl)_nfl o n=23...).

n

a
(35) 3 = 15 - lal < 10.

o
Use the convergence tests to determine whether the series ) x, converges or diverges,
n=1

where:
!
(36) X, = —.
n}’l
Answer: Converges.
(n1)?
37) x, = Yt

Answer: Converges.

(38) xnz\/2+\/2+\/2+--~+ﬁ.

n
Answer: Converges.

b4
Suggestion: V2 =2cos 1
1

Vinn
Answer: Diverges.

o (—1 [Inn]
40) Y L

n=1 n

Answer: Diverges.
(41) ¥ sinn?.

n=1

Answer: Diverges.

(39) x, =

Suggestion: Show that lim sinn? # 0.
n—roo

Determine whether the series in problems (42)—(44) converge absolutely or converge con-

ditionally.
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@) y —12.
n=2 Inn
Answer: Converges conditionally.

@3) EH)” 1 2sinx

Answer: (a) Converges absolutely, if |x — 7tk| < — (k integer).

(b) Converges conditionally, if x = 7wk :I: T

n—1
(44) Z( 1)

Answer (a) Converges absolutely, if p > 1.
(b) Converges conditionally, if 0 < p < 1.
(45) Show that the product of the divergent series

o 3 n 3 n—1 1
1—;(5) and1+zl(> (2"+2n+1>

converges absolutely.




Chapter 3

Limits and Continuity of Functions

In this chapter, we show the equivalency of two different definitions of limit, Cauchy’s
and Heine’s. Then we classify the different kinds of discontinuity points which functions
may possess. Moreover, we clarify the distinction between the concepts of continuous and
uniformly continuous. Then we look at the main properties of sequences of functions and
infinite series of functions: in particular, that the limit of a uniformly covergent sequence of
continuous functions is still continuous, which might not happen for a sequence of contin-
uous functions which is merely pointwise convergent. We lay out the hypotheses necessary
in order to prove that a sequence of functions defined on a closed interval has a uniformly
convergent subsequence (Arzela’s theorem). Results such as Cauchy’s criterion, the usual
comparison tests, and Arzela’s theorem, are valid for complex-valued functions as well.

3.1 Functions of a Real Variable

In Section 1.1, we considered functions f from a set A to a set B which includes the values
taken by f. In this chapter, as usual, unless otherwise clear from the context, we consider
functions f for which A and B are subsets of the real numbers. That is, we consider real-
valued functions of one (real) variable. As before, when we describe the function f by
writing a formulay = f(x), we call x the independent variable and y the dependent variable.
The set of values y = f(x) is called the range of f. The set of all those numbers x for which
v = f(x) is defined is called the domain of definition of f(and is often denoted by domf’).
In this section we will be more concerned with the domain of a function than with its range.
In general, in what follows the domain of definition of f will often be denoted by © which
is one of the intervals of the form (a,b), (a,b)], [a,b), [a,b]. Here, instead of a and b, the
symbols —eo and +oo can be taken, respectively. The graph of the function f is the set of

all points in the plane of the form (x, f(x)), where x is in the domain of f.

E. Mahmudov, Single Variable Differential and Integral Calculus, 67
DOI: 10.2991/978-94-91216-86-2_3, © Atlantis Press 2013
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Example 3.1. For the function f with the formula y = f(x) = v/9 — x2, the domain is the
set of all points satisfying the inequality |x| < 3. This means that domf = {x: —3 <x < 3}
and the range of f is the interval 0 <y < 3.

Example 3.2. For the so-called Dirichlet function

0, if xisirrational,
y=f(x)=D(x)=

1, if xis rational.

domf = {x : —eo < x < +oo} and the range of f consists of the points 0 and 1.

Example 3.3. Let

+1, ifx>0,
y=fx)=sgnx={ 0, ifx=0,
—1, ifx<0.

Then domf = {x : —eo < x < 4o} and the range of f is the set which consists of the
points —1, 0, and +1.

Example 3.4. For the greatest integer function y = f(x) = [x], defined as the upper bound
of the set of all integers which are less than or equal to x, domf = {x : —eo < x < 4o}

and the range of f is the set of all integers.
Example 3.5. The functiony =n!=1-2-...-nis defined on the set of positive integers.

Generally, functions can be defined by equations of the form y = f(x), or graphically, or
by a table, where to each of a list of values, x; (i = 1, 2,...,n), of the independent variable,
is assigned a corresponding value, y;. An equation of the form y = f(x) is said to define y
explicitly as a function of x. An equation that is not of the form y = f(x), but can be written
in this form, is said to define y implicitly as a function of x. A graphical representation of
a function is that curve in the plane which is the graph of y = f(x), and a curve in the
plane is the graph of f for some function f if and only if no vertical line intersects the
curve more than once. In the tabular representation of a function, an extension, if needed,
can be defined in the intervals between the given points x; (i = 1, 2,...,n) by interpolation
methods.

A function of the form y = apx” +a X+ 4 a,, where ag, ay,...,a, (ap #0) are
constants and # is a positive integer, is called a polynomial function of x. A function that is
expressible as a ratio of two polynomials is called a rational function. The domain of such

a function consists of all x where the denominator differs from zero. The rational functions
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belong to the class of functions called explicit algebraic functions. These are functions that
can be evaluted using finitely many additions, subtractions, multiplications, divisions, and
root extractions. It is not hard to see that such functions are algebraic also in the wider

sense that they satisfy an equation of the form
Po(x)y" +Pi(x)y" ™! o+ Pa(x) =0,

where P;(x) (i=0, 1,...,n) are polynomials in x. A function that is not algebraic is said to
be transcendental. The class of transcendental functions include trigonometric expressions,
logarithms, exponential function, and hyperbolic functions. For example, the functions

y = 10", y = cosx, y = logx are trancendental functions.

3.2 Limits of Functions

Let f be a function defined on a set A of real numbers, and let @ be a limit point of A, (see
Definition 1.21).

Definition 3.1 (Cauchy). If for any € > 0 there is a = §(€) such that for every x € A
satisfying the inequality
0<|x—a|<o 3.1

we have

[f(x) - L[ <¢, (3.2)

then we say f(x) converges to L (or has the limit L) as x tends to a, i.e., x — a. This is

denoted by

liLn f(x) =L (orin the concise form f(x) — L, x — a).
X—a

What this means, very roughly, is that f(x) tends to get closer and closer to L as x gets
closer and closer to a. Conversely, if lim f(x) # L, there is an € > 0 such that for every
X—a

0 >O0thereisanx € AwithO < [x—a| < dand |f(x)—L| > €.

Definition 3.2 (Heine'!). We say that the function f has the limit L as x — a if for every

sequence x, — a, n — oo (x, # a), {x,} C A, we have f(x,) — L.

'H. Heine (1821-1881), German mathematician.
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Definition 3.3 (One-sided limits). If in the previous definitions A = Q is an open interval

with a as a left or right endpoint, we write

L= lim 709 =fla+0) (L= tm f()=s(a-0))

x—ra+

and refer to the limit as the right-hand limit as x approaches a from the right or the left-hand

limit as x approaches a from the left.

X

For example, if f(x) = ‘—| (x #0) and a = 0, then
X
lim f(x)= lim =1, lim f(x)= lim — =—1
x—a+0 * _x—>()+0 X v x—a—0 N _x—>0—0 —X n '

Definition 3.4. Let a be a limit point of a set A. Then a function f defined on the set A has
the limit 4o0 (—o0), or diverges to +oo (—o0), as x tends to «, if for every real number E > 0
there is a 0 = 6(E) > 0 such that for every x € A, 0 < [x —a| < §(¢) implies f(x) > E
(f(x) < —E). This is denoted by

lim f(x) = 40 <1imf(x) = foo) .

X—a X—a

As in Definition 3.3, we similarly define the cases lim f(x) = oo
x—a+0

Definition 3.5. Let f be a function defined on an open interval (a,+o0) ((—o0,a)) We say
that f(x) converges to L (or has limit L) as x — oo (x — —oo) if for every € > 0, there is
a A = A(€) > 0 such that for every x > A, x € (a,+) (x < —A, x € (—eo,a)), it follows
that [f(x) — L| < €. This is denoted ngmf(x) =L (xlﬁirzlmf(x) =L)or f(x) = L, x — oo
(f(x) = L, x — —o0).

Remark 3.1. The limit (finite or infinite) of a function f as x — a or x — oo need not exist.
.. . 1
For example, y = cosx, —co < x < 4o has no limit as x — oo. Also, the function y = sin —
X

(x #£ 0) has no limit if x — 0.

Example 3.6. Prove that lin%(3x+ 2) = 8. We use the definition of Cauchy. For any € > 0,
X—

€ £
the inequality |(3x+2) — 8| < € implies |x — 2| < 3 Then, evidently, § = 3

Example 3.7. Let us show that )1(1;2 m
1
x—2|<—==2.

VE

= +oo. For sufficiently large £ > 0, if

1
> E, then (x—Z)2 < z

1
(-2

1
Example 3.8. Prove that lim | 2+

— | = 2. Again, for arbitrary real € > 0, from the
X—yoo X

inequality

1 1 1
<2+ —) —2‘ < & we have |x| > pe Thus the required A = A(g) is A = pe
x
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Theorem 3.1. Definitions 3.1 and 3.2 are equivalent.

O (1) First we show that Definition 3.1 implies Definition 3.2. Suppose, then, that (3.1)
and (3.2) hold. If x, — a (x, # a, {x,} C A), we have to show f(x,) — L. By (3.1), there
is a 6 > 0 (depending on ¢€) such that 0 < |x, —a| < & for all n > N and so, by (3.2),
|f(xn) —L| < & forall n > N. Thus f(x,) — L.

(2) Conversely, assume that whenever {x,} C A, x, # a and x, — a then f(x,) — L.
We have to show f(x) — L as x — a. Suppose not. Then for some € > 0 there does not
exist any 6 > O such that (3.1) implies (3.4). In other words, there exists an € > 0 such
that for every & > 0, there exists an x, depending on 8, with |f(x) — L| > €. Choose such
an €, and for 8, = - (n=1,2,...) choose x = x,,. Then it follows that 0 < |x, —a| < -
and so x, — a (x, # a) but |f(x,) — L| > ¢, that is, f(x,) does not converge to L. This

contradiction proves the required result. |

Theorem 3.2. If a function f has a limit L at a point a, that is, li_I;Il f(x) =L, then this limit
X—a

is unique.

O Suppose f(x) — Ly (L L), x — a. Let {x,} C A and x, — a (x,, # a). Then it follows
from Definition 3.2 that the numbers L and L; are limits of the sequence {f(x,)}. But this

contradicts Theorem 2.1. | ]

Theorem 3.3 (Cauchy’s Criterion). In order for the limit of a function f to exist at a
point a, it is necessary and sufficient that for any € > 0, there is a 6 = 6(€) such
that for all X', X" € A satisfying 0 < |x' —a| < 8(€) and 0 < |x¥" —a| < 8(€), we have
f() = f(")] <&

O  (Necessity). Suppose )lcgr; f(x) = L. By Definition 3.1, for any € > 0 there is a § =
d(&) > 0 such that for every X', X € A satisfying 0 < |¥' —a| < § and 0 < |x” —a| < §, the
inequalities | f(X') — L| < ; and |f(x") — L| < g hold. Then it follows that

) = ] = F ) = LI+ 1) Ll < 5 +5
(Sufficiency). Conversely, let, for any given € >0, § = §(€) > 0 be such that for all X', x”" €
A satisfying 0 < [’ —a| < (&) and 0 < |x” —a| < 6(€), we have |f(x') — f(x”)] < &. Let
{xn} C A (x, # a) be any sequence such that x, — a. We must show that {f(x,)} is a

=E&.

Cauchy sequence. Since x, — a, there is an integer N such that for all n > N,

0 < |x,—al < d(e). (3.3)
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Then, taking into account (3.3), it follows from | f(x') — f(x”")| < € that for all n, m > N
we have |f(x,) — f(xn)| < €. Thus {f(x,)} is a Cauchy sequence and consequently, by
Theorem 2.12, converges. We now show that the limit of {f(x,)} does not depend on the
choice of {x, }. On the contrary, suppose there are two sequences x, — a (x, # a, {x, CA})
and X, — a (X, # a, {X,} C A) such that f(x,) — L and f(x,) — L (L # L). Consider the
sequence Xi, Xi, X2, X2, ..., Xn, Xn,.... It converges to a. Nevertheless the corresponding
sequence of values, f(x1), f(X1),..., f(xn), f(Xn),..., diverges, which is a contradiction.
Hence, all sequences {f(x,)} have the same limit. Then by Definition 3.2, )lgr; f(x) exists.

|

Letf,g: A— R!. We define the sum, product, and quotient of functions as follows:

oW =W rew, (am=rwew. (£)w=L2.

Theorem 3.4. Let a be a limit point of a set A and suppose the functions f and g are defined

on the same set A and the limits lim f(x) = Ly, lim g(x) = Ly exist. Then the following limits
X—a X—a

f+e f-& ]—C exist and have the stated values:
(1) lim(f +g)(x) = Ly + Lo;

X—a
(2) lim(f-g)(x) =L - Lo;

X—a

L

(3) lim <f> (x) =2,

x—a \ g L,
(provided in the last case that g(x) # 0, x € A).

O Letx, — a (x, # a, {x,} CA). By Definition 3.2, f(x,) — L; and g(x,) — Ly as
n — oo, and so it follows by Theorem 2.3 that the limits of the sequences { f(x,) + g(x4)},

(/) et} { L2

a result of Definition 3.2 these numbers are the limits of the functions f+g, f-g, i,

L
} are, Ly £ Ly, L; - Lo, and L—l, respectively. Thus, in turn, as
2

respectively, whenever x — a.

Remark 3.2. Let us investigate the domains of the sum, difference, product, and quotient
functions f+g, f-g, =—. (We remind the reader that in the previous theorem, the set A
was a common domainé)’. It is easy to see that dom(f &+ g) = dom f Ndomg and dom (f -
g) =dom f Ndomg. For the quotient, dom (g) = (dom fNdomg)~\ Py where Py = {x:
g(x) =0}.

For example, let f(x) = /5 —x and g(x) = v/x—3. Then since domf = (—c0,5],
domg = [3,+4), we have dom(f +g) =dom(f-g) = [3,5], and dom (]—0) =[3,5]~{3}=
(5.5 = 3, ’
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Moreover, for the composite function (f o g)(x) = f(g(x)).
dom(fog)={x€domg : g(x) € domy}.
If f(x) = x>+ 3 and g(x) = v/3, then domg = [0, +0) and dom f = (—oo,+o0), and s0
dom(fog) = [0,+50).

Example 3.9. Show that limx" =a" (n > 1).
X—a
By (2) of Theorem 3.4, setting f(x) = g(x) = x, we have

2
limx" = lim x - lim X"~ (hmx> limx* '=...= (limx)n =d".

X—a X—a X—a X—ra X—a X—a

Example 3.10. For polynomial functions P(x) = apx" +- - - +a, and Q(x) = box" +- - -+ by,

of degrees n and m, respectively, the quotient law (3) of Theorem 3.4 implies

(x) _ Pla)

P
Example 3.11. Compute the limit of the rational function Q((x))
X

O(x) are the same polynomials considered in previous example. By Theorem 3.4,

as x — oo, where P(x),

ao

—, if m=n,
X a0+ﬂ+...+a_” bO
lim P(x):hm X X _ _xn m _ 0. Sgl’l( ) 1fm<n
X—vo0 Q(x) xﬁwxm <b0+b—l++b—2) x~>oob0 bo s | s
0, if m > n,
Example 3.12. Compute the limit, hm If lim P(x) = 0 = lim Q(x), then we say that
(x) x—a x—a
P
the quotient (x) has the indeterminate form 2 at x = a (for more detail, see Chapter 7).
QO(x) 0

Suppose that a is a repeated root of multiplicity o and 8 of the algebraic equations P(x) =

and Q(x) = 0, respectively. Then by the factor theorem, we can write

P(x) = (x=a)*Pi(x) (Pi(a)#0), Q(x)=(x—a)’Qi(x) (Qi(a)#0),

where P; (x) and Q; (x) are polynomials of degree n — o and m — f3, respectively. Then by
parts (1), (2), and (3) of Theorem 3.4, we have

Pi(a)
(@)
0, ifa>8B,
oo, if @ <.

if = f,
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Theorem 3.5 (Comparison Test). Let the functions f, g, and h be defined on the same set

A. Then:

(1) (Limit inequality) If f(x) < g(x) for all x € A, and if the limits lim f(x) and lim g(x)
xX—a xX—a

exist, then

lim f(x) < lim g(x).

xX—a xX—a
(2) (Sandwich or squeeze property) If f(x) < h(x) < g(x) for all x € A (with the possible

exception of the point a) and the functionsf and g have the same limit as x — a, then

lim f(x) = lim g(x) = lim h(x).

X—a X—a X—a

O Letx, — a (x, # a, {x,} C A). Then by hypothesis, we have
Fxn) <glxy) and f(x,) <h(xy) <glxn) (n=1,2,...). (3.4)

Now, taking into account Definition 3.2 and Theorem 2.4, by passing to the limit in in-

equalities (3.4), we have the desired result. | |

Remark 3.3. Obviously it can be seen that Theorem 3.5 is true in the case when x — +co.

|
In the formulation of the next theorem we specialize to the case where the open set A is

one of the intervals: (a,b), (—e,a), (a,+o), (—oo,+o0).

Theorem 3.6 (One-sided and Two-sided Limits). Suppose that the function f is defined
on an open interval Q. Then the limit li_}m f(x) (xo € Q) exists and is equal to the limit L if
X—X(Q
and only if the one-sided limits  lim f(x) and 1m f(x) both exist and are both equal
x—x0+0 x—x0—0
to L.

O If xlg?o f(x) =L, then, by Definition 3.1, for every € > 0 there is d > 0 such that for x €
Q,0 < |x—xo| < & implies | f(x) — L| < &. In particular, for x < xp (x € Q), 0 < |x—xp| < 0,
we have |f(x) — L| < €. So, f(xo —0) = L. Similarly, for x > xo (x € Q), 0 < [x —xp| < 8,
it follows that |f(x) — L| < € and f(xp 4+ 0) = L. Conversely, if f(xo —0) =L = f(xo+0),
then for any € > 0 there is 6; > 0 such that for x < xp (x € Q), 0 < |x — xg| < 6; we have
|f(x) — L| < €, and there is & > 0 such that for x > xp (x € Q), 0 < |x — xo| < & it follows
that | f(x) —L| < €. Let & denote the smaller of the two numbers J;, & > 0. Then for x € Q,
satisfying 0 < |x —xo| < &, we have |f(x) — L| < €, that is, xllglof(x) =L. |
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3.3 Local Properties of a Continuous Function

We first define the notion of continuity at a point in terms of limits, and then we give a few

useful equivalent definitions.

Definition 3.6. Suppose that a function f is defined on a subset A of the set of real numbers,

that a is limit point of A, and that a € A. If lim f (x) exists and if
X—ra
lim f(x) = f(a), (3.5)
X—a

then we say that f is continuous at a.

In terms of “e — §,” the function f is continuous at a if for any € > 0 there is a § =
0(€) > 0 such that forall x € A, 0 < |x —a| < &, it follows that | f(x) — f(a)| < €.

Briefly, the continuity of f at @ means that the limit of f at the point a is equal to its
value there. In other words, when x is close to a, then f(x) is close to f(a).

Then we see that in order to be continuous at the point a, the function f must satisfy
the following three conditions:
(1) f must be defined at a; (2) the limit, )lcl_I}}Jf(x) must exist; (3) ;ngfllf(x) must equal f(a).

If any one of these conditions is not satisfied, then f is not continuous at a.

Definition 3.7. The function f is continuous on a set A if f is continuous at each point of
the set A. If the function fis not continuous at a, we say that it is discontinuous there, or

that a is a discontinuity of f.

Definition 3.8. If at a point a € A the limit lim f(x) exists, but f(a) either is not defined or
X—a

liﬁm f(x) # f(a), then a is called a removable point of discontinuity.
X—a

Example 3.13. The function

o) = 2, ifx=0,

{ X3, ifx #£0,
is discontinuous at @ = 0 and lit%f(x) = 0 so that lin(l)f(x) # £(0). Thus the point 0 is a
X X—
removable point of discontinuity. If, instead of f(0), we took the value lin(1) f(x), then f
X—

would be continuous at x = 0.

Definition 3.9. If f is discontinuous at a point a € A, and if f(a —0) and f(a+0) exist,
but f(a —0) # f(a+0), then f is said to have a discontinuity of the first kind.
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Example 3.14. (a) The function
1
x-cos—, ifx<O0,
X
flx) = 0, if x=0,
1
cos—, ifx>0,
X

has limit from the left at a = 0, that is li(r)n0 f(x) =0. Indeed, if {x,} is a sequence that
x—0—

converges to 0 and satisfies x,, < 0, then

0 < [f ()| = |xal -

1
cos — | < |xp.
Xn

Since x, — 0, as n — oo, then lgn f(x,) = 0. We now show that this function has no limit
n—boo
at a = 0 from the right. For if we consider the two following subsequences, which consist

of positive numbers:

Then
. AT E ) o . /AT o
}gl;f(xn) 7’}5130 cos(2 +7an) =0, ’}glgaf(xn) = ’}gl;cos%m =1.
Thus the function has no right-hand limit at @ = 0. Therefore we have the second kind of
discontinuity at a = 0.

(b) For the function f(x) = , lim f(x) =0and li{nOf(x) =landsox=1isa
x—1—

1+ 2% x—140
discontinuity of the first kind.
Definition 3.10. If at a € A at least one of the one-sided limits does not exist or is infinite,
then we say that the point a is a discontinuity of the second kind.
A function f is called continuous from the right (from the left) at the point a if the

conditions below are satisfied

lim f(x) = f(a+0) ( lim f(x)=f(a—0)) and f(a+0)=f(a) (fla+0) = f(a))

x—a+0
Example 3.15. (a) For
1
sin—, ifx>0,
X
0, if x <0,

fx) =

lim f(x) does not exist, since
x—0+0

0, ifx,=—,
n

flxn) = I

, ifx, = .
—+27n
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On the other hand, since li(r)n0 f(x) =0, the function f is continuous from the left at the
x—0—

point a = 0 and so this point is a discontinuity of the second kind.
(b) The function

x, if x is rational,

fx) = e

0, ifxisirrational,

is continuous at ¢ = 0 and has a discontinuity of the second kind at any other point.

(c) The Dirichlet function,

1, ifxisrational,
fx) = e
0, if xisirrational,
has a discontinuity of the second kind at the point x, because neither f(x+ 0) nor f(x —0)

exist.

Theorem 3.7. If the functions f and g, defined on a set A, are continuous at a € A, then

the fuctions f + g, f - g and = (g(a) # 0) are continuous at a.
8
0O The proof of the theorem follows immediately from Theorem 3.4. |

Definition 3.11. If there is a real number such that for all x € A, f(x) < M (f(x) > m), then
we say that f is bounded above (bounded below) on the set. The number M(m) is called
the upper bound (lower bound) of the function f on. If the set of values of f is bounded
above (bounded below), then the least upper bound (greatest lower bound), that is sup f(x)
(irelgf(x)) exists. !
Theorem 3.8. If a function f is defined on neighboring points of a and is continuous at
this point, then there is a 8 > 0 such that f is bounded on the set of points satisfying
|x —a| < 81. Moreover, if f(a) # 0 then there is a 8 > 0 such that f does not change its
sign on the interval (a — &,a+ &,).

[0 By the continuity of fat the point a (see (3.1) and (3.2)), for any fixed € > 0 there is a
01 > 0 such that f(a) — € < f(x) < f(a)+ € for all |x —a| < &, i.e., f is bounded on the
interval (a — 01,a+ 61). Now, let f(a) # 0. For convenience, suppose f(a) > 0. Setting

€ = f(a), it follows from continuity that

—f(a) < f(x) = fla) < f(a)

whenever |x — a| < &y, that is, f(x) > 0 whenever |x —a| < . [ |

Theorem 3.9. Let functions f and @ be continuous at the points xy and ty = f(xg), respec-

tively. Then the composite function @ o f is continuous at x.
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O By the continuity of ¢ at fp = f(xo), for every € > 0 there is a §; > 0 such that the

inequality
|t —10] < & (3.6)
implies
() — 9(10)| <e. (3.7

On the other hand, f is continuous at x, and so for any d; > 0 there is a 6 > 0 such

that the inequality
|x—xo| < & (3.8)
implies
() = f (x0)| < 61 (3.9)

Setting r = f(x) and 7y = f(xo) in (3.6) and (3.7) and taking into account (3.8) and
(3.9), we have from |x —xo| < & that |¢(f(x)) — ¢ (f(x0))| < €, which means that @ o f is

continuous at the point xg. |

3.4 Basic Properties of Continuous Functions on Closed Intervals

In this section we consider functions defined on a closed interval Q = [a, b].

Theorem 3.10 (Intermediate value theorem). If f is continuous on the closed interval
[a,b], f(a) # f(b), and C is any number between f(a) and f(b), then there is at least one
number c (¢ € (a,b)) such that f(c) = C.

O For definiteness, suppose, for example f(a) < f(b) and f(a) < C < f(b). Let us
denote I} = [a,b]. Assume, that I, has been defined. We describe (inductively) how to
define /1,1, and this shows in turn how to define I», I, I4,... Let a,, b, be the left-hand
and right-hand endpoints of [, respectively. Moreover, let m, be the midpoint of the line
segment joining a, and b,. Clearly, if f(m,) > C, then f(a,) < C < f(m,); in this case,
put dpi1 = an, bysy = my, and Ly = [apy1,bp41]. If f(my) < C, then we put a1 = m,
and b,41 = b,. Thus at each step we bisect I, and let I,;; be the half of 7, on which
f takes on values both above and below C. Observe, that if f(m,) = C, then we simply
take ¢ = m,,. Obviously, the sequence of closed intervals {,} satisfies the hypothesis of
Cantor’s Theorem (Theorem 1.9). Suppose, that c is the unique real number common to all

the intervals /,,. It remains to prove, that f(c¢) = C. Since liﬁm b, = ¢, by continuity of f the
n—soo
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sequence {f(b,)} has limit, that is ,}E‘;f(b") = f(c). On the other hand, since f(b,) > C
for all n, by Comparison Test (Theorem 2.4) f(c) > C. By considering the sequence {ay,},
it follows, that f(c) < C. Consequently, f(c) = C. |

Geometrically, the intermediate value property implies that if we draw a horizontal line
y = C crossing the y-axis between f(a) and f(b), then this line will cross the curve y = f(x)

at least once over the interval [a, b].

Theorem 3.11 (Weierstrass?). If a function f is continuous on the closed interval [a,b],
then f is bounded on [a,b).

O Suppose the contrary. Then for any number M > 0, there is a point xo € [a,b] such that
|f(x0)| > M. Choose M =n (n=1,2,...) and construct a sequence {x,} C [a,b] satisfying

|f (xa)[ > n.

The sequence {x,} is bounded and so, by Remark 2.1, there is a convergent subsequence,
{x, }. Let x,, = ¥ (a < x,, < D). Then, by the comparison test (Theorem 2.4), X € [a,b].
Now, on the one hand the continuity of f implies that f(x,, ) — f(X), and on the other hand,

|f(xn,)| > ny and so f(xp, ) — eo. This contradiction ends the proof of theorem. |

Theorem 3.12 (Weierstrass). Let the function f be continuous on the closed interval
[a,b]. Then the supremum and infinum are attained there, that is, there exist points
X1, X € |a,b] such that

flx1) = sup f(x) and f(x)= infbf(x).

a<x<b asx<

O Since inf f(x) =— sup [—f(x)] we prove the theorem for the first case: f(x;) =
a<x<b a<x<b

sup f(x). Let M = sup f(x). We must prove that there exists a point X € [a,b] such that
a<x<b as<x<b
1

T M- f(x)

continuous on the interval [a, b]. Clearly, g(x) > 0 for all x € [a, b]. Also, by Theorem 3.11,

f(X) = M. Suppose the contrary. Then by Theorem 3.7, the function ¢(x) is
g(x) is bounded above, i.e., g(x) < M; for all x € [a,b]. It follows from the last inequality
that f(x) <M — A < M, that is, f(x) < M. But this is impossible, because M is the least

upper bound of the set of values f(x). This contradiction proves the theorem. |

Remark 3.4. That the intervals in the hypotheses of Theorems 3.11 and 3.12 be closed is
1

essential for the validity of the theorems. For example, the function f(x) = — is continuous
X

on a half-closed interval (0, 1], but is not bounded.

2K. Weierstrass (1815-1897), German mathematician.
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On the other hand, the function y = arctanx is continuous on the x-axis, which is a

. R — T
closed unbounded set, but there do not exist any points X, such that arctanX = M = 0 and

T
arctanx = m = —E.

Moreover, consider the following function f on the closed interval [0, 1].

X, ifo<x<l,
x)=+<1
J) 3 ifx=0,x=1.

Obviously, this function is bounded on [0, 1]: its infimum is m = 0 and its supremum is
M = 1. But points x, x, € [0,1] such that f(x;) = M and f(xp) = m do not exist. The

reason is that in this case f is not continuous.

Definition 3.12. A function f defined on A is uniformly continuous on A if for each € > 0

there exists a positive § = §(¢) such that for all X', x” € A,
|¥ —x"| < 8(e) implies |f(x')—f(x")| <e.
Obviously, a uniformly continuous function on A is continuous on A.

Theorem 3.13 (Cantor). Let f be continuous on the closed interval |a,b]. Then f is uni-

formly continuous.

O Suppose that fis not uniformly continuous on [a, b], that is, for some € > 0 and arbitrary
8 > 0 there are points x, X' € [a,b], such that |x —x'| < & and | f(x) — f(x')| > €. Choosing
a sequence of positive numbers {J,} convergent to zero, construct two sequences {x,} C
[a,b], {x],} C [a,b], such that |x, — x],| < &, but

|f(xn) — F(x,)| > €. (3.10)

By Bolzano—Weierstrass theorem (Theorem 2.10) it can be choosen from bounded se-
quence {x,} a convergent subsequence {x,, }. Let x,, — xo as k — co. Clearly, xo € [a,b],
because {x, } C [a,b]. In turn the inequality |x, —x,| < &, means that x,, — &y, <x, <
X, + 6y, By passing to the limit in the latter inequality, as k — oo, we have xflk — xo. Thus,
the sequences {x, }, {x],} tend to the same limit point x( € [a,b]. Also by continuity of f the
sequences {f(x,,)} and {f(x, )} tend to the same limit f(xo). However, this is impossible,
because in view of the inequality (3.10) |f(x,) — f(x},)| = €. The obtained contradiction
proves the theorem. |

It should be pointed out, that this theorem is true, if we replace [a,b] by arbitrary

bounded, closed set A.
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1
Example 3.16. Show that f(x) = —, x € [1,+o0), is uniformly continuous.
x
Since for all ', x” € [1,+o0)
/ 1 / 1
[f(x) = f&x")| = P :W§|x —x"|

for each € > 0 we set & = €. Then the inequality |x' — x| < & implies |f(x") — f(x")| < &,

1 1

|x’—x”|

which in turn means that f is uniformly continuous.

We now show that the same function is not uniformly continuous on (0,+o0). For
if not, then let, for each € > 0, § = 5(82 > 9 be such that X', x" > 0, |x' —x"| < &(¢)
‘xx’ix)f’ | < €. These inequalities are satisfied also

|x/ o x//|
¥ X!

of X" (0 < x” < §(¢)) is bounded. On the

implies the inequality |f(x') — f(x")| =

for 0 <x’ < 6(g) and 0 < x” < &(¢). It follows from the inequality < ¢ that for

;o
fixed X' (0 < x’ < &(¢)), the function ' =]

X - x"

//‘

other hand, — o0, x — 0+ 0. This contradicts uniform continuity.

X -

Example 3.17. Show that f(x) = sin}c is not uniformly continuous on (0, 1). In terms of
“g — §,” this means that for some € > 0 and arbitrary & > 0 there exist x’, X € (0,1) such
that

|¥ —x"| < & implies |f(x")— f(x")| > e.

Foreachn =1, 2,..., take points of the form x, = — and x”/ = see Exam-
T p " 7n " S 42mn (

ple 3.15). Clearly, {x,,}, {x//} C (0,1). Then for any small § > 0, there is an integer n such
1
fx)—f(x)| =1 and for e = 5 we have | f(x),) — f(xl)| > €.

Thus f is not a uniformly continuous function on (0, 1).

that |x}, —x//| < &. Besides,

Remark 3.5. In Definition 3.12, the point is that 6 may depend on &, but does not depend
on x’ or x”. We remind the reader that in Definition 3.6 of continuity, § depended on both
candx =a.
In the theory of functions there is also the notion of absolute continuity, given below.
If for any € > O there is a § > 0 such that for any pairwise disjoint intervals (a;,b;) C
[a,b] (i=1,2,3,...,n)
n n
Y lbi—ai <& implies Y |(by) — fla)| <,
then we say that f is la_blsolutely continuous on l[;], b]. In particular, if i = 1 it follows that f

is uniformly continuous.

Here, pairwise disjointness means that
n

U[ai,bi] C [a,b] and [ai,b,‘} n [aj,bj] = (i 75 ])

i=1



82 Single Variable Differential and Integral Calculus

3.5 Monotone and Inverse Functions

Definition 3.13. A function f: Q — R is called nondecreasing (nonincreasing) if for every

X],XQGQ

x; <xp implies f(x1) < f(x2) (f(x1) = f(x2)).

A function f: Q — R is called increasing (decreasing) if for every x1, x, € Q
x1 <xp implies f(x1) < f(x2) (f(x1) > f(x2))-

Nondecreasing and nonincreasing functions are called monotone, and increasing or de-

creasing functions are called strictly monotone functions.

Theorem 3.14. Let f be a monotone function defined on an open set Q. Then at each point

xo € Q there exist one-sided limits and for a nondecreasing (nonincreasing) function f,
flxo—0) < flxo) < fxo+0)  (f(xo—0) = f(x0) = f(x0+0)). (3.11)

O For definiteness let f be a nondecreasing function on Q. Then the set of values { f(x) :

x < xo} is bounded above by f(xp) and so the least upper bound M = sup f(x) exists.
X€EA
Clearly M < f(xg). We show that lim o f(x) = f(xo —0) = M. Indeed, according to
X—rXo—

the definition of the least upper bound, for any € > 0 there is § > 0 such that M — & <
f(xo —90) < M. Since f is nondecreasing for xo — 6 < x < xg it follows that M — & <
f(xo—0) < f(x) < M. Consequently, )Hli)cmi0 f(x)=f(xo—0) =M < f(x0). Similarly, it
can be proved that )Hlaronm fx) = flxo+ 0)02 f(x0). |

It follows from inequality (3.11) that if f(xo —0) = f(xo +0), then xg is a point of
continuity of f. And if f(xo —0) # f(xo+0), then xy is a discontinuity of the first kind. In
other words, each point xy € Q is either a point of continuity or a discontinuity of the first

kind. Thus monotone functions don’t have the second kind of discontinuity.

Theorem 3.15. Suppose [ is a monotone function defined on an open set Q. Then the set

of discontinuity points of f is at most denumerable.

[J For definiteness let f be a nondecreasing function. Let xo € A be a point of discontinuity
of f. Then, according to (3.11), f(xo —0) < f(xo+0). By Theorem 1.12, there exists a
rational number r such that f(xo —0) < r < f(xp+0). Thus to every discontinuity point x
we have associated a rational number r. If r;, i = 1, 2 are the numbers corresponding to the

discontinuity points x; < xp, then r; < f(x; +0) < f(x2 —0) < rp, thatis, r; < rp. Thus
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there is a one-to-one (injective) correspondence between the set of discontinuity points of

/f and a subset of the rational numbers, which is denumerable by Theorem 1.4. |

Remark 3.6. For non-monotone functions the set of discontinuity points can be uncount-
able. For example, for the Dirichlet function (see Example 3.2), every x € (—oo,+0) is a

point of discontinuity.

Definition 3.14. Let f : [a,b] — [ot, ] be a one-to-one function. Then to each element
y € [e, B], assign a unique element x € [a,b] by the rule f(x) =y. Such a function defined
on [a, B] is called the inverse function of f and is denoted f~!, thatis, x = f~'(y).

Here, instead of closed intervals [a, ] and [a, B], open intervals (a,b), (¢, ), (—oo,b),
(a,4+o0), (—eo,B), (e, +o0), (—oo,+00) can be taken.

In turn, it is obvious that y = f(x) is the inverse function of x = f~!(y) and f(f~'(y)) =
v () = x.

If f and f~! are inverses of each other, then the graphs of the two equations y = f (x)
and x = f~!(y) are identical. On the other hand, the graphs of the two equations y = f~!(x)

and y = f(x) are reflections of one another across the line y = x.

Example 3.18. For the function y = 3x defined on [a,b], its image is the closed interval
[3a,3b].
Y

Then the inverse function is defined by x = f~!(y) = 7Y€ [3a,3b].

Example 3.19. The function defined by y = ¢* is an increasing function on (—eo, +e0). The
inverse function of ¢* is x = Iny defined on (0, o) (Figure 3.1).

Example 3.20. For the following function defined on [0, 1], irrational if
X, if x is rational,
y= e
1 —ux, if xisirrational,

the inverse function,

v, if y is rational,
X =
1 —y, ifyisirrational,
is defined on [0, 1].

Theorem 3.16. Let a function f defined on |a,b] be a continuous and increasing (decreas-
ing) function and put oo = f(a) and B = f(b). Then there exists an increasing and contin-

uous inverse function x = f~'(y) defined on [, B] ([B, @]).
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A J

Fig. 3.1 The graphs of y = Inx and x = Iny

[ For definiteness, let f be an increasing function. Since by Theorem 3.10 a continuous
function must assume every possible value between f(a) and f(b) as x varies from a to b,
the range of f is a closed interval [f(a), f(b)]. By hypothesis, f : [a,b] — [a, B] is one-to-
one. Thus there exists an inverse function x = f~!(y) defined on the closed interval [, B].
Now, let us show that this inverse function is increasing.

Let y; < y» (1, y2 € [, B]). We show that x; = f~(y;) < x2 = f~!(y2). If not, then
if x| > xp, then since y = f(x) is increasing, it follows that y; > y;. On the other hand
we had y; < y». This contradiction proves that f~! is an increasing function. To complete
the proof of the theorem it remains to prove the continuity of this inverse function f~!
defined by x = f~!(y) on the interval [&,]. Suppose f~' is not continuous and yj is
a point of discontinuity. Then either f~'(yo —0) < f~'(y9) or f~'(vo) < f~'(vo+0)
holds. In the first case f~'(y) < f~'(yo—0) if y < yo and f~'(y) = f~'(v0) if y > yo,
that is f~'(y) can not be the value of an inverse function f~! belonging to (f~'(yo —
0), /"' (y0)). In the second case, by analogy it can be shown that f~! does not take a value
in (f~'(30),f ' (yo +0)). Therefore, we conclude that [a,b] is not the range of f~!. This

contradiction ends the proof of theorem. |

3.6 The Main Elementary Functions

1. The Power Function. The function y = x%, where the constant  is a real number, is

called the power function. It has not yet been defined except when « is a natural number.
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In this case, the function y = x" (n =1, 2,...) is continuous on the real axis. It follows, by
Theorem 3.7, that y = x™" (x # 0) is continuous.

The function y = {/x (x > 0,n =2, 3,...) is defined as the inverse of the function x = y"
(y = 0). Since the latter is continuous and increasing, this is possible by Theorem 3.16.

If r = P (g = 2, p =integer) is a rational number, then, by Theorem 3.9, the function
y=x"= (\‘I/J_c)p (x > 0) is continuous.

Now, let o > 0 be an arbitrary positive number and put o,, @, equal to its m-valued

lower and upper decimal representations (Definition 1.11). By the definition of the power

function, x® < x* < x%» for x > 1. By continuity, lim x% = lim x%n = 1. Tt follows
x—140 x— 140
from Theorem 3.5 that lim x% = 1. Similarly, lim x% = 1. Thus the function x% is
x— 140 x—1-0

continuous at x = 1. Then, for any positive xy > 0,

a

: . x . x
lim x* = lim x{ [ — | =x{lim*=x{, t=—.
X—X(Q X=X X0 t—1 X0

Therefore, x* is continuous on the infinite half-line x > 0 for every @ > 0. Since x* = —
X
the function x% is continuous even if o < 0.

o o
. X X .
On the other hand, for x, > x; and a > 0, since —i = (—2> > 1, the function x¥ is
xl X1
increasing. If & < 0, then the function x* = — is decreasing. The domain of the function
X

x% is the open interval (0,e0).

2. Exponential and Logarithmic Functions. An exponential function is one of the
f(gcrm y = a*, where x is variable, and «a is constant. In the case a > 1, if x > xj, then
Z—: = a2 > g% = 1 and so the exponential function y = @ is an increasing function.
Similarly, for a < 1 the function y = a* is decreasing. The domain of y = a* is the real
line (—oo,4o0) and the set of values of y = a* is (0,+e0). We show that the exponential
function is continuous. If ¢ > 1 and - <x< - we have Py a='" < a* < a'/". Since
r}giolo a'm=1, by the comparison theorem (3.5), lin(l) a* = 1. By analogous arguments, the
same result can be proved if a < 1. o

As for the continuity of y = @* at any point x # x, it is easy to see that

lim a* = lim a©a* ™ = g“limd =a® (t =x—xp).
X—XQ X—X( 1—0

By Theorem 3.16, the inverse function of the exponential function y = a" is continuous
and strictly monotone. This function is denoted by x = log,y and is called the logarithm
function. The logarithm function is increasing if @ > 1, and decreasing if a < 1. Its domain

is (0,4e0) and its range is (—oo,+o0). The constant a is referred to as the base of the
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logarithm function. The logarithm function with base a = e is called the natural logarithm
function and notated In x.

The following laws of logarithms are easy to derive from the laws of exponents:

(1) log,xy =log,x+1log,y,
X
(2) log, 5 =log,x—log,y,
(3) log,x* = alog,x (o any real number).

log, x
4) 1 ==
(4) log,x log,a

These formulas hold for any positive x, y,a, b (a # 1, b # 1).

3. Hyperbolic Functions. The four hyperbolic functions, hyperbolic cosine, hyperbolic

sine, hyperbolic tangent, and hyperbolic cotangent are defined as follows:

e t+e . & —e*
coshx = 7 sinhx = 7

sinhx coshx
tanhx = , cothx = — .

coshx sinhx

These combinations of familiar exponentials are useful in certain applications of calcu-
lus and are helpful in evaluating certain integrals. Moreover, the trigonometric terminology
and notation for hyperbolic functions stem from the fact that they satisfy a list of identities
that, apart from an occasional difference of sign, much resemble the familiar trigonometric

identites:

sinh(x +y) = sinhx - coshy + coshx - sinhy), 3.12)
cosh(x+y) = coshx-coshy+ sinhx - sinhy. .

Setting x =y in the first formula, we have the familiar trigonometric identity
sinh2x = 2 sinhx - coshux.

Also, from their definitions, it follows that

cosh®x — sinh?x = 1,
tanhx; + tanhx,

1+ cothx; - cothx, (3.13)
1 + tanhx; - tanhx ’ '

tanh =
(x1+x2) cothx| + cothx;

coth(x1 —|—XQ) =

The first identity tells us that the point (rcosht, rsinhz) lies on the hyperbola x> — y?> = r?

for all t and this is the reason for the name hyperbolic function.
The function coshx is even, because cosh(—x) = coshx. The other three functions,

sinhx, tanhx, and cothx, are odd:

sinh(—x) = sinhx, tanh(—x) =tanhx, coth(—x) = cothx.
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As is seen from their definitions, the domain of the functions sinh x, coshx, and tanhx is the
real line (—oo, 4-o0), and the domain of cothx is (—oe, 4-o0) . {0}.

The sets of values of the hyperbolic functions are given below:
for sinhx and coshux it is (—eo,+-o0);
for tanhx it is (—1,41);
for cothx it is (—eo, —1) U (1, +o0).

We note that none of the hyperbolic functions is periodic. The graphs of these four
functions are shown in Figs. 3.2-3.5.

v A
U 3
y = coshr y = sin hr
0 9
1
0 :;
Figure 3.2 The hyperbolic cosine Figure 3.3 The hyperbolic sine
ui
= cot hx
vk 1
___________ 1 e 0 &
v = tanhr >
> o N T
0 r
SEE TR e
Figure 3.4 The hyperbolic tangent Figure 3.5 The hyperbolic cotangent

All hyperbolic functions are continuous at every point of their domains.
By formulas (3.12) and (3.13), it is clear that hyperbolic functions are strictly monotone

functions if either x > 0 or x < 0. For example, if x > 0 (for x < 0 we use the evenness



88 Single Variable Differential and Integral Calculus

or the oddness of the functions to reduce to the case of positive x), then sinhx, coshx and
tanhx are increasing and cothx is decreasing.

Now, let’s investigate the inverse hyperbolic functions. The graphs of the four inverse
hyperbolic functions may be obtained by reflecting through the line y = x the graphs of the
hyperbolic functions (restricted to the half-line x > 0 in the case of coshx). The hyperbolic
sine, tangent and cotangent are one-to-one where they are defined. But the hyperbolic
cosine is one-to-one on the half-line x > 0 (or x < 0). Let us derive an inverse function

for one of them, say for sinh~! x (the formulas for cosh™! x, tanh~! x and cot/~'x can be
e¥—e™”
7

derived by analogy). By definition of the function sinhy, x = sinhy =
Then ¢” — 2x — ¢~ = 0 and hence ¢* — 2xe’ — 1 =0.

2x+V4x2 +4
E’VZ%:X:‘: x2_~_1.

Since ¢¥ > 0, ¢’ = x+ V%2 + 1, and so
y=sinh 'x=1In (x+Vx2+1).
The other three inverse hyperbolic functions are:

cosh_lx:ln(x+ VxZ— 1)7 x>1,

1 1
tanh 'x= - In +x7
2 1—x

1 1
coth 'x= 3 lnii_l,

—l<x<l,

x| > 1.

4. Trigonometric and Inverse Trigonometric Functions. If for a function f the equality
f(x+T) = f(x) (T # 0 and fixed) holds, then we say that f has period 7. We assume that
the student has already been taught that sinx and cosx have period 27, and that tanx and

cotx have period 7:

sin(x + 27) = sinux, cos(x+ 27) = cosx,
tan(x+ ) = tanx, cot(x+ ) = cotx.
The domain and range of sinx and cosx are (—eo,4-o0) and [—1,+1], respectively. We now
wish to prove that they are continuous functions.
First we show that the inequality sinx < x < tanx holds for 0 < x < g
Figure 3.6 shows the triangles OMA and OAB and the circular sector OMA that con-
tains the triangle OMA and is contained in the triangle OAB. The angle between OM and
OA is x—and |OA| = |OM| = 1. Let S} and S3 denote the areas of triangles OMA and
OAB, respectively, and S, the area of the circular sector OMA. Obviously, S| < S, < S3.



Limits and Continuity of Functions 89

Fig. 3.6 The triangles OMA and OAB and the circular sector OMA that contains the triange OMA

. . . . 1
Using the fact that the area of a circular sector with angle x and radius r is 3 rx
X N sinx
(here r = 1), we have Sp = 3 On the other hand, taking into account that S| = -

and S3 = ta%, we have the required inequality. Then by the Comparison Test (Theo-

2
rem 3.5), lin?)sinx = 0. Moreover, the inequality 1 — cosx = 2sin? (%) < % (x| < m)
X—

implies liII(l) cosx = 1. Thus,
X—

lim sinx = limsin(xp +¢) = lim(sinxgcos? + cosxgsint) = sinxg, = x — Xy,
X—X( t—0 t—0

and sinx is continuous. The continuity of cosx can be proved analogously.

3
It follows from its definition that is increasing on [— g, g} and decreasing on [7: ﬂ} .

272
The others intervals on which sinx is increasing or decreasing can be found by using its
periodicity. At the same time, by formula cosx = sin (E — x) we can define the intervals
of strict monotonicity of cosx.

Thus, in the intervals of monotonicity of sinx and cosx, we may define the continuous

and strictly monotone inverse functions, y = arcsinx (or sin”~! x) (=1 <x << +1, -3 <
T .
y < 5) and y = arccosx (or cos ' x) (=1 <x < +1,0< y < 7). Similarly, we may define
T T
arctanx (—oo < x < 400, -3 <y < 5) and y = arccotx (—oo < x < 400, 0 <y < m). It

follows from the definition of the inverse trigonometric functions that

. T T
arcsinx -+ arccosx = 5 and arctanx-+ arccotx = 5 .



90 Single Variable Differential and Integral Calculus

If we take into account the intervals of monotonicity of the the trigonometric functions,

then we obtain a collection of one-to-one inverse trigonometric functions:

arcsinx = (—1)"arcsinx+ tn, arccosx = +arccosx + 27n,

arctanx = arctanx + n, arccotx =arccotx+zmn, n=0,+1,42,....

Now we compute some important limits.

I ... sinx
(1) The basic trigonometric limit is lim — = 1.
x—0 X

) . sinx | . . .
Since the function — is even, we may confine our attention to the right-handed limit.
X

. . . . T .
The previously proved inequality sinx < x < tanx, for 0 < x < 7 implies that cosx <

n
H <lfor0<x< 5 Then, by passing to the limit and using Theorem 3.5, we obtain

the desired result.

] X
(2) Another very important limit is lim <1 + —> =e.
X

X—r00

It suffices to take the limit as x — oo, because by substituting 7 = —(1 + x), the case
X — —oo can be transformed into the case of x — +oo. As before, let [x]] denote the integer

part of the number x, so that [x] < x < [x] + 1.

Then
1 K 1\ 1 [x]+1
<HW) < (l+;) < (Hm) . (3.14)

n

1
Let n = [x]]. Then, using the fact that lim (1 + —) = e (Remark 2.6), we obtain the
n—yoo n

desired formula by passing to the limit in (3.14) (Theorem 3.5).

X

=Ina.

(3) We next show that lim a
x—0
Setting a* — 1 =t yields x = log, (1 + 1), and so

Coat—1 . t 1
lim =lim = =Ina
=0 X 1—0log,(1+1) log,e
log, (1 +x)

(here we used the fact that hm

1
=log,e). In particular, if x = —, then it follows
X n
from (3) that llm n(\’VE - 1) Ina.

1 H—1
(4) Next, we show that fim (- —1
x—0 X
Using the substitution (1 +x)* — 1 =1, we have uIn(1 +x) =1In(1 +¢) and so
1 r—1 t t In(1
hmm:lim_:hm .‘un( +x) —u.

=0 X —0x =0 [ In(1+71) X
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3.7 Comparison of Infinitely Small and Infinitely Large Functions

Definition 3.15. A function f defined in a neighborhood of a point a is called infinitely

small (or infinitesimal) at a, if lgn flx)=0.
X—a

For example, the functions x, sinx, tanx, and 1 —cosx at x = 0 are infinitely small

functions.
If li;n ¢(x) = b, then f(x) = ¢(x) — b is infinitely small at a.
X—a

Definition 3.16. For a function F with limOF (x) = Foo ( limOF (x) = £o0), then we say
x—a+ x—a—
that F'(x) is infinitely large from the right (left) hand side of a.

Definition 3.17. Let f and g be infinitely small functions at a point a. Then, if lim % =
X—a g X
0, we say that the function f is infinitely small of a higher order at a than g.

S,

Definition 3.18. Let f and g be infinitely small functions at a point a. Then if lim ﬁ
x—a g(x
(k # 0), then the functions f and g have the same infinite smallness order at point a.

Definition 3.19. If lim @ = 1, then the functions f(x) and g(x) are equivalently infinitely

x—a g(x)
small at a.

If f is higher order infinitely small at @ with respect to g, then we write f = o(g).

The following properties follow from this definition:

(1) We have o(g) +0(g) = o(g) and 0(g) — o(g) = 0(g).
(2) If y=o0(g). then o(g) +o(y) = 0(g).
(3) If f and g are infinitely small at a point a, then either f-g = o(f) or f-g = 0(g).

Definition 3.20. Let lim F(x) = 4o and lim G(x) = +co. Then if lim fx) = oo,
x—a-+0 x—a-+0 x—a+0 g(x)
we say that the function F (x) is higher order large with respect to G(x).
If lim iG] = k # 0, then the functions F(x) and G(x) have the same order of large-
x—a+0 g ()C)

ness at a.

Example 3.21. The functions f(x) = x> —x° and g(x) = 5x> +x* have the same smallness

order at a point x = 0, because

PN NS S SRS o S |
=0 g(x) o053 44 x50 54+x 5
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Example 3.22. The functions f(x) = sinx and g(x) = x have the same order of smallness
atx=0.
Indeed,

. sinx
Iim — =1.
x—0 X

Example 3.23. The functions F(x) = % and G(x) = ! are the same infinite largeness

order at x = 0:

e )
)lgr(l)m _chlg(l)(Zer) =2.

By analogy infinitely small and infinitely large functions are defined, when x — =oo.

3.8 Sequences and Series of Functions

Let f, :A— R (n=1,2,3,...), be functions defined on the same set A. Then by { f,(x)},
we denote the sequence of functions f,,. An infinite series of functions uy(x) (k=1,2,...),
defined on A is denoted by Y uy(x).

k=1

Definition 3.21. We say that a sequence of functions f, : A — R converges pointwise on
a set A to a function f : A — R if for every fixed x € A, ,}ii?of"(x) = f(x), i.e., for every
€ > 0, there exists an integer N depending on x and € > 0, such that |f,,(x) — f(x)| < € for
all n > N. This kind of convergence is denoted f, (x) — f(x), x € A.

Definition 3.22. A series of functions Y. ui(x) converges pointwise on A to a function
=1

S:A— RifS,(x) — S(x), x € A, where ES,, (x)} denotes the sequence of partial sums.

Definition 3.23. If for any € > 0 there exists an integer N (&) such that | f,,(x) — f(x)| < €
for all n > N(¢) and any x € A, then we say that {f,(x)} converges uniformly to f(x). In

this case we write f, — f, x € A.

Definition 3.24. If S,(x) — S(x), x € A, then we say that the series of functions f uy(x)
k=1

converges uniformly on A and its sum is S(x), x € A.

In Definition 3.21, the integer N depends on both € > 0 and x € A, i.e., N = N(g,x),
while in Definition 3.23, the integer N(€) does not depend on x. Therefore, it is clear that
if f,(x) — f(x), then f,(x) — f(x), x € A, and so uniform convergence implies pointwise

convergence.
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Example 3.24. Consider the sequence of functions {f,(x)} = {x"} on A = [0,1). Obvi-

ously, lim f,(x) = lim x" = 0 for any fixed x € A, that is, f,,(x) — 0 converges pointwise.
n—oo n—oo

But this convergence is not uniform: for suppose that f,(x) did converge uniformly on A.

1 1
Then for € = 3 there would exist an integer N such that for all A = [0,1), |¥" — 0] < 3

whenever n > N. On the other hand,

1
x| > 3 for points sufficiently close to 1. This con-

tradiction implies that { f,} does not converge uniformly on A.

Example 3.25. The series ¥ x¥, x € (—1,1) converges as a geometric series and its sum
k=0

is . But we will see that the series does not converge uniformly on (—1,1). For

_ n+l 1

suppose the contrary, i.e., that =8, — Sx) = 1 for x € (—1,1). Then for
‘xn-&-l ‘

any € > 0, there exists an N = N(¢&) such that |S,(x) — S(x)| = T <egforalln >N
—x

e . - .
and x € (—1,1). But, clearly, 11{n0 15 = +oo. This contradiction proves that the series
x—>1— —X

does not converge uniformly on (—1,1).

Theorem 3.17 (Cauchy’s Test). (1) For the uniform convergence of a sequence {f,(x)}
on A, it is necessary and sufficient that for every € > 0 there exists an integer N = N(€)

such that

[fu(x) = fu(x)| < € (3.15)

foralln,m > N(g) and every x € A.

(2) For the uniform convergence of the series of functions Y, ui(x) on a set A, it is
k_

necessary and sufficient that for any € > 0, there is an integer N = N(€) such that

n+p

Z g (x)

k=n+1
foralln> N(¢g), all p > 1, and all x € A.

<€

O It suffices to prove the theorem for a sequence of functions.
First, suppose f,,(x) — f(x) on A. By Definition 3.23, then, for any € > 0 there exists
an N such that

) — (%) <§ forall n> N(g) and x € A.

If n,m > N = N(¢g), then for every x € A,

28) = S ()] < Lu8) = S+ 1£(0) = fun(0)] < 5 +5 =
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Thus, the necessity of the stated condition is proved.

In order to prove the sufficiency, let us suppose that, for any € > 0, there is a number N
such that the inequality (3.15) is satisfied for all n, m > N and x € A. Then, for every fixed x
(x € A), {fu(x)} is a Cauchy sequence, and so by Theorem 2.12, f, — f. By passing to the
limit in (3.15) as m — oo, we obtain that for any n > N(¢) and any x € A |f,(x) — f(x)| < &;
that is, f,(x) — f(x) on A. |
Definition 3.25. Let kil uy (x) be series of functions on A. If for all natural numbers k and

every x € A the inequality |uy(x)| < o holds and the numerical series Y. oy converges,

then the series Z oy, is called a majorizing series for ): uy(x), and the series Y ug(x) is
k=1 k=1 k=1
said to be majorized.

Theorem 3.18 (Weierstrass). If the series of functions Y. uy(x) is majorized on A, then it
k=1
converges uniformly and absolutely on A.

o If Z 0y is a majorizing series for the given series of functions Z u(x), then by

k=1
Cauchy’s criterion, for any € > 0 there exists a natural number N = N (8) such that for all
n+p
n>Nand p>1wehave ) oy <€ Thenforn>N,p=>1,andeveryx¢€A,
k=n-+1
n+p n+p n+p
Y w@|[< Y m@)< ) w<e
k=n+1 k=n+1 k n+1
By Theorem 3.17, the result follows from this inequality. |

Theorem 3.19. (1) Let f,,(x) — f(x) on A. If a is a limit point of A and the limit lgnfn (x)

exists, then

lim lim f,(x) = lim lim f,(x). (3.16)

X—a n—oo n—o0 X—a

(2) Let Z ur(x) be uniformly convergent on A and suppose further that the limit
hm uk(x) exlsts forall x € A. Then
)lcl_fg k;l ur(x ]; 11_% ug(x). (3.17)
O It suffices to prove (1). Let liﬁm fu(x) = a,. We show that {a,} converges. Since
X—a
Jfa(x) = f(x) on A, then, by Theorem 3.17, for every € > 0 there exists an integer N = N(€)
such that for all m, n > N and every x € A, |f,(x) — fin(x)| < €. Hence, by passing to the

limit, we have |, — o4, < €. This implies that { ¢, } is a Cauchy sequence.
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Let us prove (3.16). Since f,(x) — f(x) on A, for any € > 0 there exists N; (&) such
that for all m, n > N (€) and every x € A,
€
[falx) = fR)] < 5 (3.18)
Let now lim @, = . Then there is an N (&) such that for all n > N, (¢),
n—yoo

o =Bl <5 (3.19)
Denote by N the greater of the two numbers N; (€) and N, (¢€). Clearly, forn > N, (3.18)
and (3.19) are satisfied.
On the other hand, it follows from )lcgr(ll Ju(x) = o, that there is a § = 8 (&) > 0 such that
for all x € A satisfying |x —a| < §(€),
o) — o] < = (3.20)

3
Thus, for every x € A such that |x — a| < &, we have from (3.18)—(3.20) that

If(x) = Bl < 1f(x) = fu )|+ [ fa(x) = ol + o = B| <&,

or

) =F =l on

Theorem 3.20. (1) If the sequence of continuous functions {fu(x)} converges to f uni-
formly on a closed and bounded interval [a,b), i.e., f, — f, then f(x) is continuous on
la,b].

(2) If each term uy(x) of a uniformly convergent series Y. uy(x) is continuous on [a,b),
k=1

oo

then its sum, S(x), is continuous on [a,b).

0  For simplicity, we carry out the proof of the theorem only for the case (1). Let x be

an arbitrary point of [a,b]. By Theorem 3.19, ILm flx)= lgn Jfu(x0) = f(x0). Thus, f is
X—XQ n—yoo

continuous at every point xo € [a,b] and, consequently, f is continuous on [a, b]. |

- k
Example 3.26. (a) By Theorem 3.18, the series of functions Y, 00k52 -
k=1
1

= 1
< — and kgl z converges.

converges abso-

coskx
2

lutely and uniformly on R because Sz

(b) Show that f;,(x) = s converges uniformly on R.

Jn

Note that the pointwise limit is f(x) = lim
n—soo

sinnx

=0, and |£,(x) = f(x)[ = [fa(x)| <

1 1
7, for any x € R. Now, if for every € > 0 we choose N(¢g) = Hgﬂ + 1, then |f,(x) —
f(x)| < €foralln> N(e).

N
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Example 3.27. Let {f,(x)} = {x"} (n=1,2,3,...). Itis clear that f, is continuous on
[0, 1] for each n. Obviously, the limit function

0, ifO<x<1,
{ 1, ifx=1
is discontinuous and the convergence of {f,(x)} on [0,1] is not uniform. (See Exam-
ple 3.24.)

f(x)=lim x" =

n—soo

Example 3.28. The series Y, % is absolutely convergent on (—1,1), because by
k=1
D’Alembert’s test, lim 1 (%) n- = |x| < 1. Let [a,b] C (—1,1). Since for
e |1y (x) T asent 1

every x € [a,b],

KXl
‘—‘ < IO’ xo = max{|al, |b|} <1,
2 X , .
and Y % converges, then, by Theorem 3.18, the series converges uniformly on [a,b].
k=1
w Lk
Also, by Theorem 3.20, S(x) = ¥, % is continuous on (—1,1).
k=1
- 2 2
Example 3.29. Consider the series kgo m In the present case, u(x) = m

and is differentiable. Let S(x) be the sum of this series. Obviously, u;(0) = 0 and its sum

is 0. For x # 0, the sum of the geometric series

1 1 1 1
S(x)=x*(1 e = 2.
(x) =x ( + 1+x2+ (ESE + 2L + ) X i +x

T
Thus the series converges pointwise on the real line to
0, ifx=0,
S(x) = '
1+x%, ifx#0,
which is discontinuous.
Example 3.30. Let f,,(x) = lim (cos m!7mx)*", m = 1,2,3,.... If m!x is an integer, then
n—oo

Jfm(x) = 1. For the all other numbers x, f,,(x) = 0.
Let now f(x) = lim fm (x). If x is an irrational number, then f,,(x) =0(m=1,2,3,...),
and so f(x) =0. Ifx= P is arational number, then for m > ¢, the number m!x is an integer,

and so f(x) = 1. Finally,

fx)= hm fu(x) = lim lim (cosm!mx)>"

m—o0 n—o0

0, ifxis irrational,
1, if xis rational.

Thus the limit function f is discontinuous everywhere.
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Definition 3.26. If for a sequence of functions f, : [a,b] = R (n =1, 2,...) there exists a
real number C > 0 such that | f;,(x)| < C for each n and every x € [a, D], then we say that the

sequence of functions {f,(x)} is uniformly bounded on [a,b).

Definition 3.27. Let f,, : [a,b] = R (n=1, 2,...). If for every € > 0 there exists 6 = §(¢) >
0 such that

|X1 7X2| < 5(8) implies \fn(xl) 7fn(XQ)| <€
for all x, x € [a,b] and all n, we say that {f,,(x)} is equicontinuous on [a,b].

Theorem 3.21. If a sequence of continuous functions {f,(x)} converges uniformly, i.e.,
fa(x) = f(x) on [a,b], then the sequence is uniformly bounded and equicontinuous on
[a,b].

O By the uniform continuity of f,(x) — f(x), x € [a,b], for any € > 0 there exists an
integer N = N(€) such that

) = F0)| < 5 (3.21)

forall n > N(€) and for all x € [a,b].

By Theorem 3.20, f(x) = li_r)n fn(x) is continuous and also, by Theorem 3.11,
n—yo0

If ()] < Co.

It follows from (3.21) that
)

@ < FCOIHIfX) = falo) < Cot 5 (3.22)

It is also clear, by Theorem 3.11, that for arbitrarily fixed € and n (n > N(€)), the functions
fisi=1,...,n—1, are bounded on [a,b]:

lfix)| <Gy, i=1,...,n—1. (3.23)

Lef C = maX{Cl,Cz,...,Cn_l,Co + %} Then for all n =1,2,3,... and all x € [a,b],
from (3.22) and (3.23) we have

()] < C.

Thus, {f,(x)} is uniformly bounded.
Let’s prove the equicontinuity of { f,(x)}. It is clear that

[ (er) = fa ()| < 1falxr) = fOe) [+ 1 (Ger) = FO) [+ 1 (2) = Su(x2) - (3.24)
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Since f(x) is continuous on [a, b}, it is uniformly continuous by Cantor’s Theorem (The-
orem 3.13). Hence there exists a §; = 0;(€) > 0 such that for all xi, x, € [a,]] satisfying

|x1 —x2] < 8;(€), we have

£l = fl)] < 5. (3:25)

Now, taking into account (3.21), (3.24), and (3.25), for all n > N(€) and x1, x; € [a,b]

such that [x; — x| < 8;(€), we have

|fa(x1) = fu(x2)] <& (3.26)

Fix an n > N(g). By Cantor’s Theorem, the functions {f;} (i=1,2,...,n—1) are
uniformly continuous on [a,b]. This means that there exists a 6, = &,(€) > 0 such that for

all x1, xp € [a,b] satistying |x; — x| < &2(€),
i) = filw) <&, i=1,...n—1. (3.27)

Then, by choosing §(€) = min{,(¢), 6,(€)}, it follows from (3.26) and (3.27) that
foralln=1,2,... and x1, x, € [a,b] such that |x; — xz| < §(€), the inequality |f,(x1) —
fa(x2)| < € holds. Consequently, {f,(x)} is equicontinuous. |

Theorem 3.22 (Arzela®). Suppose the sequence {fu} is uniformly bounded and equicon-

tinuous on [a,b]. Then it has a subsequence that converges uniformly on [a,b].

O The set of rational numbers in [a,b] is countable (Theorem 1.4) and can be put in
a sequence {x,}. By hypothesis, {f,(x)} is bounded and so, by the Bolzano—Weierstrass
theorem (Theorem 2.10), { f,,(x)} has a subsequence { f,gl) (x)} that converges at x;. In turn,
{ f,gl)(x)} has a subsequence { f,@ (x)} that converges at point x,. Thus the subsequence
{ f,gz) (x)} is convergent simultaneously at points x; and x,. Continuing this process, we
obtain a countable set of sequences { f,gl) ()} f,gk) (x)},..., such that:

() {f,ng)(x)} is a subsequence of {f,gk) (x)} (k=1,2,...) for each k,

2) {f,gk) (x)} converges at the points x1, xp, . . ., Xx.

Consider the sequence { f,E") (x)}. Since, by construction, { f,g") (x)}c{ f,§k> (x)} when n >
k, the sequence { f,sn) (x)} converges at every point x;. In other words, { £ (x)} (n>k)is
a subsequence of { f,gk) (x)} and so converges at x; since { f,Ek) (x)} does.

We will next use Theorem 3.17 to show that { f,@ (x)} converges uniformly on [a,b].

Let € > 0 be any real number. By the equicontinuity of the sequence {f,(x)} on [a,b],

3C. Arzela (1847-1912), Italian mathematician.
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there exists a § = §(¢€) such that for all xj, x; € [a,b] satisfying |x; —x3| < &, and for all
n=1,2,3,...,

|fa(x1) = fu(x2)] < g (3.28)

Since {x;} contain all the rational numbers within [a,b], a finite number of points
XiysXiys -+, Xi, can be chosen such that for any x € [a,b], there exists a point (say x;) sa-
isfying the inequality [x; —x| < 8(¢) (j =1,2,3,...,9).

Moreover, { f,£”> (x)} converges and so is a Cauchy sequence at every point x;,, k =
1,2,3,...,9. Hence there exists an integer N = N(g) such that for all m,n > N and k =
1,2,3,....q

1) = 1 )| < 5 (329)
We have the following inequality:
A0 = 1) < 1 06 = 187 )| + [ 47 () — 17 )|
AR ROI (3.30)
Since |x — x| < 0(€), the inequality (3.28) implies
A0 =) < 5 and |17 ) - 40 00| < 5 (3.31)
If m, n > N(€), then from (3.29) we have
) = )| < 5.
Then, from (3.29)—(3.31), we obtain, for all m, n > N(¢) and all x € [a,b],
A= £ )| < e
Theorem 3.17 implies that the sequence { fn('Z> (x)} converges uniformly on [a,b]. [ |

The symbol C[a,b] denotes the set of continuous functions on [a,b]. For functions
f1=fi(x) and f> = fo(x), if f1, fo € C[a,b], we will use the notation

p(fi,f2) = max_|fi(x) — fa(x)].
x€la,b]

Then it can be easily seen that this is a metric, and so the set of functions C[a, b] is a metric

space.

Definition 3.28. Let { f,,} C Cla, b] be a sequence of continuous functions. If the numerical
sequences P (fy, f), f € Cla,b] converge, i.e., if p(fy,f) — 0 as n — oo, then we say that

{fu} converges to f in the metric p.
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It follows from the definition that for any € > 0 there exists an integer N = N(¢&) such
that for all n > N(¢),

max | f(x) = f(x)| <,

x€la,b]

ie.,

|fu(x) = f(x)] < & forevery x € [a,b].

Consequently, the convergence of {f,} as elements in the metric space C[a, b] (in terms

of the metric p) is equivalent to uniform convergence as functions on [a, b].

Definition 3.29. A sequence {f,} C Cla,b] is said to be a Cauchy sequence with respect to
the metric p if for any € > 0 there exists a natural number N(€) such that p(fy, fin) < € for
every n,m > N(€).

Since p(fy, fm) < € implies |f,,(x) — fin(x)| < €, the hypotheses of Theorem 3.17 are
satisfied. Thus, {f,} C C[a,b] converges to f in the metric p if and only if it is a Cauchy

sequence in this metric.

Definition 3.30. If there exists a real number M > 0 such that p(0, f,,) < M for all n =
1,2,3,..., then the sequence { f,} C Cla,b] is bounded in the metric space C|a, b].

In other words, a bounded sequence in the metric space C|a, b] is uniformly bounded as

functions on [a, b].

Example 3.31. Consider a sequence of continuous functions in C[0, 1]:

—_

1, 0<x< ,
n+1
1 1
Jalx) =< (n+1)(1 = nx), Y Sx< e
1
0, -<x<1
n

This sequence is bounded in the metric, because p (0, f,) = 1. But since p(fy, fin) = 1,
n # m, the sequence {f,} is not a Cauchy sequence with respect to the metric. (Compare

with the Corollary 2.1.)

Remark 3.7. Let f,(x) = u,(x) +ivy(x) (n =1,2,...), where u,(x) and v,(x) are real-
valued functions. Then {f,} is a sequence of complex-valued functions. By using the
absolute value of complex-valued functions, the concept of uniform convergence for the

sequence { f,} can be formulated. For the convergence of {f,,} to f(x) = u(x) +iv(x) on a
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set A it is necessary and sufficient that {u,} and {v,} converge to u and v, respectively, on

A. This can be seen from the following relations:
1) = ] = /T () — )2+ [va(x) ()2,
|t (x) —u(x)[ < [fa(x) = f()], and [v,(x) =v(x)| < |fu(x) = f(2)].

Finally, the convergence of an infinite series of complex-valued functions reduces to the

convergence of the sequence of partial sums. Furthermore, the analogues of Cauchy’s

criterion, of the comparison tests for convergence, and of Arzela’s theorem, are all true.

3.9 Problems

In problems (1)—(7), describe the domains of the functions:

(1) f(x)=/sin (V%) Answer: 42 < x < (2k+1)*12 (k=0,1,2,...).
1 1
2) f(x)=In (sin%). Answler: %l < x? Ve
S T —— (k=0,1,2,.
RN I T )
3) flx)= \/i Answer: x>0, x#An(n=1,2,...).
sin7wx
1
4 flx)=(2x)! Answer:x:§,17;2,....
3) flx)=V3x—x2 Answer: —oo < x < —v/3 and 0 < x < V3.
(6) f(x)=cos™!(2sinx) Answer: |x—kr| < % (k=0,£1,42,...).
(7) f(x) = (x+|x|)Vxsin?rx  Answer: x=—1, -2, —3,...and x > 0.
In each of the problems (8)—(14), describe the range of the given function.
1
8) flx)=v2+x—x2 Answer: 0 < f(x) < 15.
9 fix)=(- l)x Answer: f(x) = +£1.
2x

= :0< ST
(10) f(x) 1 e Answer: 0 < f(x) <1
(11) f(x) =In(1 — 2cosx) Answer: —oo < f(x) <In3.
(12) f(x) = \ [, 1< |x] <2 Answer: 1 < f(x) <2.
(13) f(x) = tan Tx, —co < x < o0 Answer: 1 < f(x) <2.

1 3

(14) f(x) :x+[[2x]] Answer: 0 < f(x) < 54 and = <f( ) <

In problems (15) and (16), find the domain of the functions f(u) defined on the interval
O<u<l.
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(15) f(sinx) Answer: 2kn <x < mw42kmw (k=0,£1,£2,...).
(16) f(Inx) Answer: 1 <x <e.

(17)  Letf(x)= %(ax—f—a’x) (a>0). Prove that f(x+y)+ f(x—y) =2f(x)f(y).

(18) Let f,(x) = f(f(-..f(X))). Answer: f,(x) = \/ﬁ
Find f,(x). if £(x) = ——
1 +x2

In problems (19) and (20), determine whether the function is periodic or nonperiodic. If it
is periodic, find its period.

(19) f(x) = sin’x Answer: T = 1.

(20) f(x) = sinx? Answer: nonperiodic.

(21)  Show that any rational number is a period of the Dirichlet function (Example 3.2).

In problems (22)—(24), show that the given function is increasing.

(22) f(x) =2x+sinx, —oo < x < oo

(23) f(x) =tanx, fg <x< g

(24) f(x) =22, 0 <x < Foo.
(25)  Suppose the functions ¢(x), y(x) and f(x) satisfying ¢(x) < f(x) < y(x) are

increasing. Then prove that @ (¢(x)) < f(f(x)) < y(y(x)).

(26) Determine an inverse function of Answer: x = f(x) —k,
flx) =x+[«] 2k < f(x) <2k+1(k=0,£1,£2,...).
(27) When do the formulas y = f(x) and Answer: f(f(x)) =x.

x = f~!(y) determine the same function?
(28)  Prove that tan ! x + tan—! )—lc = g sgn x (x # 0) (see Example 3.3).
(29)  Show that the range of the function f(x) = 1+ sinx (0 < x < 27) is closed.
(30)  Show that the inverse function of f(x) = (1 +x?)sgn x is continuous even though the
function itself is discontinuous.

In problems (31)—(41), find the limits.

B 1
31 nlgl;lo ZT Answer: 3
oo 3xr—2x—1
(32) }L“Ei B Answer: 0.
(33) 11m M Answer: 3x2.
h—yeo h
34) Iim —— o] Answer:

x—>4\/— \/_
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VTFri—1
(35) lim Y1
x—0

X
Vi1
36) fim Y21,
x—1 \/)_C— 1
-2
(37) lim o

x—Z sin (x—;)

1 x

(38) lim (1 — 7) .
X—yoo X

X
—1
(39) lim &

X—oo X

(a>1).

(40) limxcotx.
x—0

(41) an.

x—0 X2

Answer:

Answer:

ISSARST SN

Answer: /3.

[a—

Answer: —.

Q

Answer: oo,

Answer: 1.

1
A T —.
nswer 5

In problems (42)—(46), in terms of “€ — 6, prove the assertion made.

(42) lim3x = 15.
x—5

2
43) lim 2 F =
x—0 X

(44) lim/x = 3.
x—9

45) lim(x*>—3)=1.
x—2

1.

(46) lim =1.

In problems (47)—(54), determine whether the function is continuous or discontinuous.

xsin )1—C , x#0,
0, x=0
48) f(x) = vx—[[va]].

@7 flx)=

1
sin—, x#0,
X

49 fx)=9 &k, x=0,

for a k constant.

(50) f(x) = x[«].

Gl flx)=e 7.

(52) f(x) = /xtan™! é

Answer: Continuous.

Answer: Atx=k* (k=1,2,...) there are dis-

continuities.

Answer: Discontinuous at x = 0.

Answer: Discontinuities of the first kind at
x=kk==x1,£2,...).

Answer: At x = 0, a discontinuity of the sec-
ond kind.

Answer: At x =0, removable discontinuity.
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(53)

(54)

(35)

(56)

(57
(5%)

(39

x) = x2 —[+?]. Answer: Discontinuities of the first kind at
fx)
x=+yvnn=1,2,...).
1
x) =tan ! —. Answer: A discontinuity of the first kind at
y
X
x=0.

Determine whether the functions f(g(x)) Answer: f(g(x)) is continuous,
and g(f(x)) are continuous or discontinuous,  g(f(x)) is discontinuous at x = 0.

where f(x) = sgnx and g(x) = 1 +x2.

For f(x) and g(x) continuous functions, prove that y(x) = min[f(x),g(x)] and
¥ (x) = max[f(x)
Show that o(o(f(

,g(x)] are continuous.
x))) =o(f(x)).

1
Let x — 0. Prove that Inx = o (—8) (€ >0).
X

Prove that the infinitely large functions 1/x+ /x4 /x and y/x have the same

order as x goes to infinity.

In problems (60)—(64), determine whether the functions are uniformly continuous or not.

(60)
(61)

(62)
(63)
(64)

x . .
flx)= i —1<x< 1. Answer: Uniformly continuous.
—x
fx)=Inx,0<x< 1. Answer: Is not uniformly continu-
ous.
X sinx . .
fx)=—0<x<m. Answer: Uniformly continuous.
x
f(x) =tan"lx, —e0 < x < oo, Answer: Uniformly continuous.
1 . .
f(x)=e€cos—,0<x < 1. Answer: Is not uniformly continu-
X
ous.

In problems (65)—(70), determine whether the functions are uniformly convergent or not.

(65)
(66)

(67)
(68)
(69)

(70)

1
fa(x)=x",0<x< Answer: Uniformly convergent.

5.
Jao(x) =x"— o<y <l. Answer: Uniformly convergent.
falx) = o 0 < x < Foo. Answer: Uniformly convergent.
x+n
sinnx .
falx) = , —00 < x < oo, Answer: Uniformly convergent.
n
.X .
Ju(x) =sin=, —o0 < x < o0 Answer: Not uniformly convergent.
L
—— ,—1<x<1. Answer: Uniformly convergent.
=1\ n n+1
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In problems (71)—(74) use the Weierstrass test to determine whether the convergence of

series is uniform or not.

(71 z<2+n2 —oo <X < oo,
i cosnx

o E(55)

(73) g(x+2n),72<x<+°°.

(74) zx ) ) < x < oo,

1



Chapter 4

Differential Calculus

In this chapter, important conceptions of mathematical analysis such as derivatives and dif-
ferentials, and their mechanical and geometrical meanings, are given. Then the concept of
the derivative is applied to study the free fall of a mass, linear motion at velocities near
the speed of light, and applications in numerical analysis. There are important formulas
for derivatives, such as Leibniz’s formula for the derivatives of products of functions. The
concept of the derivative is also applied to curvature, conics, and evolvents. These topics
are treated both in Cartesian and in polar coordinates. We apply these techniques to geo-
metric objects given explicitly or implicitly, or by parametric equations in either coordinate
system.

4.1 Derivatives: Their Definition and Their Meaning for Geometry and Me-
chanics

Let f: A — R be a function defined on A C R. For a given x € A, taking x + Ax € A, we
denote

Ay = f(x+Ax) — f(x), (4.1)
where Ax is an increment of the independent variable and Ay = Af (y = f(x)) is the resulting

increment defined by (4.1) and corresponding to Ax. For example, let f(x) = sinx. Then

Ax Ax
Af = sin(x + Ax) — sinx = 2cos (x+ 7) -sin - 4.2)
It follows from the definition of continuity that at a point x the given function f is

continuous if and only if
lim Ay=1i Ax) — =0. 4.3
Aim Ay = lim [f(x+Ax) — f(x)] (4.3)
Ax
Since lim sin — = 0, we have, from (4.2), that lim Ay =0.
Ax—0 2 Ax—0

Definition 4.1. The derivative of the function f at a point x (x € A) is the following limit
(if exists) as Ax — 0 and denoted f’(x) (Lagrange form) or Ir (Leibniz form):
X

d Ax) —
o W) A ()
dx Ax—0 Ax
E. Mahmudov, Single Variable Differential and Integral Calculus, 107
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If the function f has a derivative at every point x € A, then we say that this function is
differentiable on A. The process of finding a derivative is called differentiation. Clearly,

is itself a function of x.

Definition 4.2. The function f has a derivative from the right (left) at x if there exists the
following limit from the right (left):

iy JEEBIS)

Ax—0+0 Ax

S+ Ax) — fx)
1 A
Av0-0 Ax

The derivatives from the right and left at a point x are denoted by f’(x+0) and f'(x —
0), respectively. By the properties of one-sided limits, if at x both one-sided derivatives

f'(x+0), f'(x—0) exist and are equal, then the derivative f” at x exists:
f'@)=f(x+0)=f'(x-0).

Example 4.1. Find the derivative of f(x) = ax+ b. By Definition 4.1,

f/(x):Aliglof(x—i_AZi_f(x) :Aligloa(x—i_M)_'_Ai_(ax—‘rb) —a.

Consequently,
"(x) =a.

In particular, if f(x) = b (a = 0), then f'(x) = 0.

Example 4.2. Find the derivative of f(x) = |x| at x = 0. By Definition 4.2,

, . fO+Ax)—f(O) . Ax
F(0+0)= Ax1—1>I(IJl+() Ax N Ax1—1>r(IJl+0 Ax L

, . fO+A)—-f(O) —Ax
f (0 0) o Axli{(l)lfo Ax o Ax1~I>I(I)170 Ax o 17

and so f'(040) # f'(0—0). This means that the derivative f7(0) does not exist.
Let a particle move along a straight line with position at time ¢ given by the function
s = f(r). The particle moves from f(¢) to f(r + Ar) in the interval of time [r,r + Ar]. Its

displacement is then the increment

As = f(r+Ar) — f(1).
The average velocity of the particle during the time interval [r,7 + Az] is

As _ fle+80) = (1)

Ar At
We define the instantaneous velocity of the particle at the time ¢ to be the limit of this

average velocity as At — 0:
. t+At)— f(1)
"(t)=1 fledn) = f0)
F) A0 At
Thus, velocity is the instantaneous rate of change of position.
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Example 4.3. The case of vertical motion under the influence of gravity is of special in-
terest. By the mechanics of Galilei', the particle’s height s above the ground at time ¢ is
2
t
s = % during free fall. Here g denotes the acceleration due to gravity. Near the surface of

the earth g ~ —9.8m-s~2. We find the velocity v of the particle at time ,

2 2 2 2
g(t*+2tAt+ Ar”) gt At
As=2— 72 —otAt+g—.
s 2 y T 8AITET
Then we have

fim 25 = tim (or+ L oar ¢
Yy = — = — = of.
A—0 At Ar—0 & 2 & &

We next find the geometric meaning of the derivative f’(x) at a point x. First we write the

equation of the line which passes through the two points (x, f(x)) and (x + Ax, f(x + Ax),

flx+A) — /()
Ax

where (X,Y) denotes the points of line. Passing to the limit as Ax — 0 gives

Y=f()+ (X —x),

Y = f(x)+ f(x)(X —x). (4.4)

Thus, the derivative has an important geometric interpretation: f’(x) = tano is the
slope of the line tangent to the curve y = f(x) at the point (x, f(x)), where « is its angle of

inclination.

Remark 4.1. If x is a point of continuity of y = f(x) and f’(x) = oo, then it follows from

(4.4) that X = x. Indeed, if we rewrite the previous equation as follows,

Ax
X:x+m(Y—f(x))a

then by passing to the limit as Ax — 0, we have X = x.

4.2 Differentials

Definition 4.3. Let f be a function on (a,b) and let Ax be an increment of the independent
variable x with x+ Ax € (a,b). Then f is said to be differentiable at x if there exists a
number A such that the increment Ay of f can be represented as
Ay = AAx+ o(Ax). 4.5)
IG. Galilei (1564—1642), Italian mathematician and physicist.
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Here, the number A does not depend on Ax and o(Ax) has a higher order of smallness
than Ax.

Theorem 4.1. In order that a function f be differentiable at the point x it is necessary and

sufficient that there exists a finite derivative f'(x).

U Suppose that f is differentiable at a point x. Let Ay be the increment of f corresponding
to Ax # 0 and suppose that (4.5) is true. Dividing both sides of (4.5) by Ax and passing to

the limit as Ax — 0, we have

A
Conversely, suppose f’(x) exists, that is, lim g f'(x). Let o(Ax) be given by
Ax—0 Ax
o(Ax) = Ay — f'(x)Ax. (4.6)

Obviously, it follows from (4.6) that o(Ax) has a higher order of smallness than Ax.
Then (4.6) and (4.5) agree provided that A = f'(x). |

Theorem 4.2. If f has a differential at x, then f is continuous at x.

U In fact, the existence of the differential of f at x implies the representation (4.5). And

hence that A1)%m0 Ay = 0, that is, that f is continuous at x. |
—

Remark 4.2. The converse assertion is not true, that is, the continuity of a function at
some point x need not imply its differentiability at that point. For example, the function
f(x) = |x| is continuous everywhere (including x = 0). But, as we have seen (Example 4.2),
this function has no derivative at x = 0.

On the other hand one of the important historical achievments of Mathematical Analy-
sis was to investigate the Weierstrass function. This function is an everywhere continuous

but nowhere differentiable function and is defined as follows:

£0) = Y b cos(a ).
n=0

3r
Here a is an odd integer satisfying ab > 1+ > where 0 < b < 1.
At once we see that by using Theorems 3.18 and 3.20, this series is majorized by the

convergent series Y, b", and so f(x) is continuous at every point x € R.
n=0
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1
xsin—, ifx #0,
Example 4.4. Let f(x) = x
0, ifx=0.
This function is continuous everywhere. We show that this function is not differentiable

at x = 0. By the definition of derivative, we have that

£(0) = lim w = lim {sin L] .

Ax—0 Ax Ax—0

2
But this limit does not exist, because if k is positive and odd, and if Ax = o then the

values of sin i are equal to —1 and +1.

Let us return to Definition 4.3 of the differentiability. By (4.5), the increment, Ay, of
a differentiable function f at a point x consists of two summands. The first is its linear
homogeneous part AAx = f’(x)Ax (linear in Ax). The second part has a higher order of
smallness than Ax. In Definition 4.1, we have been viewing the expression g as a single
symbol for the derivative. We shall now show how to interpret the symbols d f and dx so

d
that d_f can be regarded as the ratio of d f and dx.
X

Definition 4.4. The first summand in the right hand side of (4.5), f (x)Ax, is called the
differential of f at x and is denoted by

dy = f'(x)Ax. 4.7

If f'(x) = O then the differential of the function is zero. The distinction between the
increment Ay and the differential dy for the same Ax is pictured in Figure 4.1. Think of xas
fixed. Then (4.7) shows that the differential dy is a linear function of the increment Ax.

A special case is if f(x) =x: then df = dx = 1 - Ax = Ax, that is, the differential of the

independent variable is equal to its increment. Then (4.7) can be rewritten as
dy = f'(x)dx
/ dy /
and f'(x) = o Whenever f'(x) # 0, we have
x

& + lim o(Ax) _
A0 dy A0 f/(x)Ax
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Fig. 4.1 The differential and increment of f with respect to Ax.

This observation motivates the tentative approximation Ay ~ dy or
flx+Ax) & f(x) + f' (x)Ax. 4.8)

For this reason, dy is called the linear approximation to the exact increment Ay.

Example 4.5. Use the linear approximation formula, (4.8), to estimate v/1.1.
Let f(x) = v/x. Then we must compute f(1.1).
By the definition of the derivative,

Vx+Ax \/_ — i Ax 1
Ax

m - .
a0 Mr(Vr T Art V) | 2VR
Setting x = 1, x+ Ax = 1, 1 it follows from (4.8) that

L) = f(1)+£/(1)(0.1)

VIie VIt 1)=1.05

1
——(0.
5 ﬂ( )
Consequently, v/ 1.1 ~ 1.05.
More generally, if x = 1, Ax = « then for f(x) = /x, Formula (4.8) gives us that

1
\/1+a%1+§a.
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Example 4.6. We can compute d f and Af for f(x) = x* if x = 10 and Ax = 0.1.

2_ 2
f'(x) = lim g: lim (rtAv)”— 27

=1 2 =2
Av—0 Ax A0 Ax Axlglo( X Ax) =2x,

df = f'(x)Ax = 2xAx,
and
Af = (x4 Ax)? — x* = 2xAx + Ax>.

Taking x = 10 and Ax = 0.1, we have df =2-10-(0.1) =2 and Ay=2-10-(0.1) +
(0.1)2=2.01.

Example 4.7. Let f(x) = sinx. Then by using (4.2), we can write

Ax Ax
2cos <x+ 7) sin7 Ax sin%
/ — — K JR— . —
700 fim, =g = timos (x5 tim 2 = oosx
2
On the other hand, by the linear approximation formula (4.8),
sin(x + Ax) & sinx + cosxAx. 4.9)
T T T
Lnet’s estimate the value of sin46°. Since x + Ax = 1 + 130 (1° = 130 radians) and
= —, by (4.9),
x=.by(4.9)
s'n46°—s'n(ﬂ+ 71: )Ns'nﬂ:+ T cosﬂ
M T T80/ T T T80 1
or
2 2
sin46° ~ g + %% —0.7071 +0.7071-0.0175 = 0.7194,

4.3 Derivatives of Composite and Inverse Functions

Theorem 4.3 (The Chain rule). Suppose that ¢ is differentiable at t and f is differen-
tiable at x = @(t). Then the composition f(@) is differentiable at t and its derivative is

Q)] =£'(x)-¢'(t) = f'(9(1)) - ¢ (1). (4.10)

O Let At # 0 be the increment of the independent variable at t. Then Ax = @ (t +Ar) — ¢(7)
is the corresponding increment of the function @ atz. The increment of f corresponding to
Ax is, in turn, Ay = f(x+ Ax) — f(x). On the other hand, by Theorem 4.1,

Ay = f'(x)Ax + o(Ax). @.11)
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and o(Ax) has a higher order of smallness than Ax. Obviously, (4.11) is valid for Ax = 0.
Dividing both sides of (4.11) by Ar £ 0, we have

Ay, Ax  o(Ax) Ax
= - - 4.12
v TR T A o *-12)
where Ax # 0. By Theorem 4.2, the function ¢ is continuous at ¢ and AlimOAx =0.
[—
Furthermore, the following limits exist:
. Ax . o(Ax)
lim — = ¢'(¢ lim —— =0.
atonr —? ), Avso Ax

A
Then by passing to the limit in (4.12) as Ar — 0, we see that the Altim0 A_)t) = [f(@(1))] exists,
—
and the required formula, (4.10), is true. | |

Remark 4.3. It is not hard to see that by adding a new differentiable function F at the point

y = f(x), by analogy we can write:
[F(r(o))] = F'(£(9(1))) - f'(9(1)) - ' (1)-

Example 4.8. Compute the derivatives of the composite functions y = sin/¢t and x = sin’ 7.

For the first example, let f(x) = sinx, x = ¢(¢) = v/t. By Formula (4.10),
t
VR — (sin) - (V7Y SOSX _ cos
(siny/1)" = (sinx)"- (V1) NN

For the second composite, let y = f(x) = x*> and x = ¢(¢) = sint.

(see Examples 4.5 and 4.7).

Then [sin®¢]’ = (x?)" - (sinz)’ = 2x - cost = 2sinzcost = sin2r (see Examples 4.6
and 4.7.).

Remark 4.4. If f is a function of the independent variable x, then for a differentiable
function at x,

dy = f'(x)dx. (4.13)
It can easily be seen that if the function ¢ is differentiable at #, then the differential of the
composite function y = f(¢@) has the form (4.13). Indeed, for the function f(¢),

dy = [f(@(t))]'dr. (4.14)

But by Theorem 4.3, (4.14) has the form dy = f’(x) ¢’ (¢)dt, and so, taking into account
dx = @'(t)dt, we see that dy = f’(x)dx. This property is called the invariance of first order

differentials.

Theorem 4.4. If the function f is an increasing (decreasing) monotone function and con-
tinuous in a neighborhood of x and if f is differentiable at x, with f'(x) # 0, then there

exists a differentiable inverse function f~' defined in a neighborhood of y = f(x) such that
/ 1

—1 _
o)) = 0 (4.15)
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O By Theorem 3.16, there exists a strictly monotone inverse function f~! defined in
a neighborhood of y = f(x). Then for sufficiently small Ay # 0, there exists a nonzero
Av=f~!(y+Ay) — f~'(y) and

Ax_ 1

Ay Ay’

Ax

Since the function f~! is continuous, then Ay — 0 implies Ax — 0. It can be seen easily
that in the right hand side of (4.16), the limit exists as Ax — 0. Since x = f~!(y), it
follows from the formula for Ax that x +Ax = f~!(y+ Ay), or, y+ Ay = f(x + Ax). Then
Ay = f(x+Ax) —y = f(x+ Ax) — f(x), and by hypothesis, the limit of the quotient

Ay _ flx+AY) - f()

Ax Ax

(4.16)

1
exists as Ax — 0. Then, since f’(x) # 0, the left hand side of (4.16) has the limit m
X
| |

A J

Fig. 4.2 The geometric interpretation of Formula (4.15): tanc -tan 3 = 1.

Remark 4.5. The geometric interpretation of Formula (4.15) is shown in Figure 4.2. If
f'(x0) = tana is the slope of the tangent line to the curve y = f(x) at (xg,yo0), then since
y = f(x) and x = f~!(y) have the same curve, we can write [f~!(y)]’ = tan 8. In this case

a+p= g and it follows from (4.15) that tan o - tan f = 1.

Example 4.9. If y = f(x) = /x (x > 0), use (4.15) to compute the derivative of the inverse
function. The inverse function is x = f~!(y) = y? (y < 0). Then, by (4.15),

Y = g = 2vE =2y
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4.4 Derivatives of Sums, Products, and Quotients

Theorem 4.5. Let u and v be functions, differentiable at x. Then their sum, product, and

quotient are differentiable at x, and

[u+v]'(x) = ' (x) +V'(x),

(u-v)'(x) = u' (x) - v(x) +-u(x) - V'(x), and (4.17)
i W) - u(Y ()
(v) () v2(x) ’

provided in the last case that v(x) # 0.

O (1)Lety(x) = (u+v)(x) and Au, Av, Ay be the increments at x corresponding to Ax, of

the functions u, v, y, respectively. Then we can write
Ay = y(x+Ax) — y(x) = [u(x+ Ax) + v(x + Ax] — [u(x) 4+ v(x)]
= [u(x+Ax) —u(x)] + [v(x+ Ax) —v(x)] = Au+ Av.
Dividing both sides of this relation by Ax, we have
by Mu Ay
Ax  Ax Ax’
Moreover, since the sum in the right hand side of (4.18) has a limit as Ax — 0, the left

(4.18)

hand side has the same limit, and so y'(x) = «/(x) +V/(x).
(2) Let y(x) = u(x) - v(x). By adding and subtracting to Aythe same quantity, u(x + Ax) -

v(x), we obtain
Ay = y(x-+ A) — 3(3) = u(x+ Ax) v(x+ Av) —u(x) - v(x)
— o Ax) (o Ax) — (o Ax) ()] + [+ A2) - v(x) — ) ()]
= u(x+ Ax)[v(x+ Ax) — v(x)] + v(x) [u(x + Ax) — u(x)]
= u(x+ Ax)Av +v(x)Au.

Again, dividing both sides of this equation by Ax and passing to the limit as Ax — 0,

we have

. Ay . Av Ay
lim — =1 Ax) — — . 4.1
Ay A = A, |1 An) ) R @.19)
By Theorem 4.2, lima,—,0 #(x + Ax) = u(x), and so the right hand side of (4.19) exists.
Then the indicated limit on the left hand side exists, and so the second line of (4.17) is

proved.
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(3) Let now y(x) = % The value of v is nonzero at x and so for sufficiently small
v(x
Ax # 0, we have v(x + Ax) # 0 (see Theorem 3.8). Then

u(x+Ax)  u(x)
Ay —y(X+AX) y('x) - V(X+AX) V(X)
_ [+ Av(x) — u(x)v(x)] — [v(r+ Axju(x) — u(x)v(x)]
v(x)v(x+ Ax)
V() [u(x+Ax) —u(x)] —u(x)[v(x + Ax) —v(x)]
v(x)v(x+ Ax) '

Expressing Au = u(x + Ax) — u(x), Av = v(x + Ax) — v(x), and dividing both sides of

this equality by Ax,we have

Au Av
& - v(x) Ax *M(X)A—x

A vt AY) (420)
The right hand side of (4.20) has the limit
() u' (x) —u(x) v'(x)
v?(x)
as Ax — 0. The/n the limit, as Ax — 0, of the left hand side of (4.20) exists and is equal to

Corollary 4.1. If for functions u and v at a point x the hypotheses of Theorem 4.5 are
satisfied, then the following formulas for differentials are true:
d(u+v)=du+dv,
d(u-v)=vdu+ udv, 4.21)

d<z>:vdu;udv.
v v

0 In order to prove (4.21) it is sufficient to multiply both sides of (4.17) by dx and take

into account the formulas du = u’(x)dx and dv = V' (x)dx. |

Newton’s Second Law of Motion? states that when an object with constant mass m is

subjected to a force F, it undergoes an acceleration a satisfying
ma=F. (4.22)

The concept of acceleration is that a is the derivative of the velocity with respect to time

t,i.e.,a="(tr). The gravitational force, i.e., weight W, is given by

mg=W.

21. Newton (1643-1727), English mathematician and physicist.
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The gravitational constant g (see Example 4.3) is independent of the particular object.
At the beginning of the twentieth century Einstein® showed that, for large velocities,
Newton’s law is not applicable.

In Einstein’s Theory of Relativity, this law becomes instead:
d %

i 2
1— (=
()

Here my is the rest-mass of the object and c is the velocity of light in vacuum, (¢ =

3-10%cm-s7h).

=F. (4.23)

2

If Y is negligible, it follows from (4.23) that  / 1 — <V—2) ~ 1 and instead of (4.23), we
c c

have (4.22) as a useful, practical, approximation.

By using Theorems 4.3 and 4.5, it is easy to see that

[

a

l_ﬁ 3/2°
2

=a 5
1—

ﬁN| <

Then (4.23) has the form:
moa

(-5)
C

F
Clearly, in (4.24), — depends on both the mass and the velocity v of the object. If the
a

=F. (4.24)

velocity increases, then a given acceleration requires more and more force.

4.5 Derivatives of Basic Elementary Functions

In this section we will compute the derivatives of the elementary functions considered in

Section 3.6.
3A. Einstein (1879-1955), German physicist.




Differential Calculus 119

1. The Exponential and Logarithmic Functions. The exponential, y = a* (0 < a # 1),
and logarithmic, x = log,y (0 < y < 4-o0), functions are inverses of each other. By the

definition of the derivative:

o ) ax+Ax —a . an
(@) =1lm —— =a" lim ——— =a
Ax—0 Ax A0 Ax

Here we use (3) of Section 3.6.

“Ina.

In particular, if a = e,
() =e'Ine=¢".

For the logarithmic function y = log,x, 0 < a # 1, consider a point x > 0. By the definition

of the derivative,

log <1+—>
log, (x+ Ax) —log, x 1 i a x)

(log,)" = lim

Ax X Ax—0 Ax
X
1 141 Ax
Since lin(} M = log, e, by substituting = —, it follows from the last relation that
- X
1
(log, x) = —2a®. (4.25)
X
Note that (4.25) can be deduced by using Theorem 4.4:
1 1 1 log, e
1 g = = = _—°a
(log,) (@) a‘lna  ylna y
By setting a = e in (4.25), we find
1
(Inx) = - (x>0). (4.26)
X

For the case x < 0 in (4.26) we derive, by substituting u = —x, for y = Inu thaty, = y/, - v/}, =

! 1
—. Consequently, (In|x])’ = —.
X X

2. Power Function. By using Theorem 4.3, we compute the derivative of the power

function. y =x% (x > 0, o are any real number):

1
(x(x)/ _ (e(xlnx)/ — Oy~ gL (4.27)
X
Generally, let f(x) = u(x)"™ (u(x) > 0). As before, suppose that the functions u, v are

differentiable at x. By the corresponding laws of logarithms,

Inf(x) =v(x) - Inu(x).
By Theorem 4.5,
u'(x)
u(x)’

[Inf(x))" =V (x)Inu(x) +v(x)
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f) =/ (x)Inu(x) +v(x i)
Therefore,
[u(x)v(x)]/ = u(x)'® [v’(x) Inu(x) +v(x) L;/((;)) . (4.28)

In particular, if u(x) = x and v(x) = o (@ is a constant), then v/(x) = 0 and (4.28) im-
plies (4.27).

3. Derivatives of Hyperbolic and Inverse Hyperbolic Functions.

eerex),_ ef—e

(coshx) = < > 7= sinh.x.

Similarly,
(sinhx)" = coshux.

By the third formula of (4.17), we can compute the derivative of tanhx:

sinhx]’  cosh®x —sinh®x 1
tanhx) = = = = sech’x.
( ) Loshx} cosh® x cosh? x
Likewise,
(cothx)' = —csch?x.

Now we compute the derivatives of the inverse hyperbolic functions of Section 3.6:

VX2 —1+x 1
(x+\/x2—l>\/x2—1 VaZ—1’

/
[cosh™'x] = [ln (x+ X% — 1)} = x> 1,

1
241

[sinh ! x]' = {ln ()H— X2+ 1)} '

’

T2

1 I—O—x}/ 1{1—x 2

1
tanh~'x)' = [ 1 : — 1
[tanh ™" {2 T Tx (1—x)2} a2 P<b

and

[coth™1x] =

T x| > 1.
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4.6 Derivatives of Trigonometric and Inverse Trigonometric functions

In Example 4.7 we proved that (sinx)’ = cosx. By using Theorem 4.3, we can obtain the

formula for the derivative of cosx:

(cosx)' = [sin (g —x)}/ = cos (g —x) (gx)/ = sinx.

By using Theorem 4.5 and these formulas for (sinx)’ and (cosx)’ it is easy to see that

. ! . / ] .
sin sinx)’ cosx — (cosx)’sin 1
x] = (sinx)’cosx — (cosx)'sinx _ =sec’x (cosx#0)

(tanx)’ = {

COSX cos2x cos2x

(x#g+%n,k:QiLiL“).

In the same way,

(cotx) = (

cosx\’ (cosx) sinx— (sinx) cosx 1 .
) :( ) - 2( ) =—— = —csc?x  (sinx #0)
sin” x sin”x

(x#mk, k=0,+1,42,...).

sinx

Now, consider the inverse trigonometric function y = sin"!'x (=1 < x < 1). This function

T b4
is the inverse of x = siny (75 <y< 5). By Theorem 4.4, we have

L, 1 1 L oo
=== = — X .
(siny)  cosy \/1—sin®y VI—x?

The functions y = cos ' x (—1 <x < 1) and x = cosy (0 < y < 1) are inverses of each other

(sin™

and so,
1 1 1
(cos 1x) = = =— (—l<x<1).

(cosy)!  —siny o V1—22

. . . T T
The function y = tan~! x (—eo < x < +o0) is the inverse of x = tany, — 5 <y< 7 Hence,

PPIRS SR
(tany) = 1+tan2y  14x2°

(tan~'x)' =

The functions y = cot™!x (—eo < x < 4o0) and x = coty (0 < y < m) are inverses of each
other. Then,

1 1

—1_\/

cot = =——
( %) (coty)’ 1+x?
Thus, we can give the following derivative table:

1 (% =oax* .

In particul 1\ I(JT 1
nparticular, | — | = ——; (Vx) = =—=.
P X x? 2\/x

2. (a") =a'Ina (0 <a#1). In particular, (¢*) = ¢*.
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1
3. (log,x)' = —log,e (0O <a#1,x>0).
x

1
If a = e, then (Inx)' = —.
x

4. (sinx)’ =cosx.

(sinx)" = —sinax.
T
tanx) = =sec’x,x# = +km k=0,+1,£2,....
(tanx) oszlx sec”x, x # > +
7. (cotx) = ——5— = —(1+cotx), x £ km, k=0,+1,42,....
sin”x
8. (sin'x) = ,—l<x<1.
1 —x2
1
9. cos y) = ———, —1l<x< I
( ) 1*1 —
1
10. (tan~'x) = o
1
11. ) =——.
(cot™1x) e
12.  (sinhx)’ = coshx.
13.  (coshx)’ =sinhx.
14.  (tanhx) = sech’x.
15.  (cothx)’ = —csch’x.
1
16.  (sinh 'x)' =
1+ x2
1
17. (cosh™lx)' = ,x> 1
P
18.  (tanh™'x)' = —— x| < L.

1
1 o
19. (COth X)/ = m, |X| > 1.

Example 4.10. Compute the derivative of f(x) = T j»uclc):sx
, (I 4+ cosx)cosx — sinx(—sinx) 1
_ _ Th 45).
F ) (14 cosx)? 1+ cosx (see Theorem 4.5)

Example 4.11. Let f(x) = sin <%> Then f”(x) is given by
x

flx)= {sin <$>] =cos <x—)&i2) <X-)ii2> = (x—f2)2 cos <xi2> (see Theorem 4.3).

Example 4.12. Find the derivative of the function f(x) = x* (x < 0).
By Formula (4.28),

f(x) =x"(Inx+1).
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Example 4.13. Find the derivative of f(x) = x*"*. Setting u = x and v = sinx, it follows
from (4.28) that

f(x) = etin* <cosxlnx—|— %) .

4
X 5

(

Example 4.15. The function

Example 4.14. Let f

derivative is f/(x) =

= (1+x)
1 +x3)75 - 3x2. The derivative function is defined if x # 1.

"

. Obviously, this function is defined everywhere. Its

SR

1
x% cos—, if x#£0,
X
0, ifx=0,
given on (—1,+1), is differentiable on (—1,+1).

fx) =

Indeed, for points x # 0,
1 1
f/(x) = 2xcos— +sin—.
X X
And, by the definition of the derivative, at we can write
0+ Ax)— f(0 1
im LOFA=SO) o Avcos - —o.
Ax—0 Ax Ax—0 Ax
1
Note that f’(x) has no one-sided limits at x = 0. This is because the function sin < has

no such limits at x = 0, which is a discontinuity of the second type (Example 3.15).

4.7 Higher Order Derivatives and Differentials

If the derivative f” of a function f defined on (a,b) is itself differentiable at x, then its

derivative is called the second derivative of f at this point and is denoted by y"(x), f”(x),
3

d? . . d
r d];(zx) . The third order derivative is denoted by y"”, f", or d_x]: As long as the
result is still differentiable, we can continue the process of taking derivatives, to obtain still

higher derivatives of f. In general, the n-th derivative of f with respect to x is denoted by

n _ n— ! 2(n dnf('x)
YW (x) = [y V()] £™ (x), or R

Example 4.16. We compute the n-th derivative of f(x) =x% (x > 0, o a real number):
Y=ax"1, Y =a(a—1)x*2 y'=ala—1)(a—2)x*3, ...
By mathematical induction, it is easy to see that
(x) " = oo — 1)+ (00— 1 +n)x*".
In particular, if o = k (k natural number), then

OO =k, (=0, n>k
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Example 4.17. Find the n-th derivative of f(x) = a*.
y =d'Ina, y'=da‘In’a,...
Then by mathematical induction,
(@)™ = a*In"a.

In the case of a = e, it follows that (¢*)") = ¢*.

Example 4.18. For the function y = cosx,

. T P
y' = —sinx = cos (x+ 5) and y” = —cosx = cos (erZE) )

Consequently,
(cosx)™ = cos (x—ﬁ—ng) .
Now, by mathematical induction, we will prove that for the function y = tan~!x,
T
y'=(n—1)!cos" ysin [n (y+ 5)} . (4.29)

Indeed, if n = 1, then Formula 4.29 signifies that
/I : ( 71') _ 2
y =cosysin(y-+ 5) = cos™y.

On the other hand, since

r_ -
1+x2
the formula is true for n = 1. Suppose the formula holds for n. We prove that it also holds

y = (tan"'x) = cos’y,

for n+ 1, as follows:

y(n+1) =(n—1) !% {cos”ysin [y—i— g] }
:(nfl)!diy{cos”ysm n(y+g>}}yl
. 1)!%} {cos”ysm [n (y+§)} +cos”ydiy [sin (y+g)} }y/
:n!cos"“y{*SinySin [n (y+g)} +cosycos [” (y+g)”
=n!lcos" ! ycos [(”+1)y+hg}
:n!cos”‘Hysin [(n+1)(Y+g)}'

Now, suppose that the n-th order derivatives of the functions u and v exist. Then it is

clear that

[cu(x)]™ = cu™ (x), u®(x)=u(x), cbeinga constant,
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and

() +v(@)] ") = ) () +) ().
By mathematical induction, we prove the Leibniz formula for the n-th derivative of a prod-
uct of two functions:

(1) — )y 4 Ly 2Dy, ok
(uv) u'"v+Cuu Vi+Cou"m W s G RIEEIE

For n = 1 the formula holds. We must prove that if (4.30) holds for n, it holds for n+ 1:

(4.30)

(uv)(thl) :u(n+1)v+ [C,(,)u(")v/—i-c,l,u(”)v/] + [C’lu(nfl)v//_i_C’Zlu(nfl)v//

+ [C,%W*Z)v’“ + C2u<”’2)v’”} oD, 4.31)
‘We show that, for n > k,
ckyctt=ct, . (4.32)
Indeed,
ch, — k= (n+1)! n! _(n+l)!fn!k: n! _ k.

Kn+1-k)! (k—D!n+1-k)! kl(n+1—k)! kl(n—k)! "
Then, with the use of (4.32), from (4.31) we have that

(uv)(n+l) _ u(nJrl)v + Cnlﬂu(”)v' + Cﬁﬂu("*l)v" 4t uv(nJrl).
This ends the proof of (4.30).
Example 4.19. Find the n-th order derivative of f(x) = x*¢*. Denoting u = ¢*, v = x> for

every n, we have u™ = ¢* and v/ = 3x2,V = 6x, V" = 6,V =105 = ... = 0.
Then, by Leibniz’s formula (4.30),
(B =3 +Cle" 322+ C2e" - 6x+Cle* -6
=¢ [x3 +3nx® +3n(n—1)x+n(n— 1)(n—2)].
Now, by using the n-th derivative, we introduce the concept of the n-th differential.

Recall that if the function f is differentiable at x, then there is the following connection

between differentials dx and dy,
dy = f'(x)dx. (4.33)
For higher order differentials, we will consider the case where x is the independent
variable. In this case we consider that dx does not depend on x, and that dx = Ax for all x

and d(dx) = 0. Then by using Leibniz’s formula for the differential of a product function
(4.33),

d*y = d[f'(x)]dx + f(x)d(dx) = f" (x)(dx)*. (4.34)
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Denoting (dx)? = dx?, we can write

d(dy) =d’y = f"(x)dx’

In an analogous way, the n-th order differential, denoted as d"y, is the differential of the

(n — 1)-th order differential, and is:

d"y = d(d"y) = [f" D )dx" ) dx, d"y = ™ (x)dx". (4.35)
Thus we can write:
/ a d"y
== o () = R

Remark 4.6. When x is n-th order (n > 2) differentiable function of some independent
variable ¢, the formula (4.35) is not true.

Indeed, consider the composition y = f(x) where x : A — R and f : x(A) — R are
functions differentiable to n-th order.

It follows from Leibniz’s formula that y(z) is an n-times differentiable function, and

YO (e) = (/' ()" = (f (x)d) Y

n—1 k—1 k
d d” d
- k) Z_ ¢
Z il dtn a7 Z dtkf(x)'
Therefore
d"y 1dt" = Z _yd f(x)d"Fx

In particular, for a twice-differentiable (n = 2) function, it follows that

d*y = f"(x)(dx)* + f'(x)d*x (4.36)
As we see from (4.36), for higher order differentials, the invariance property is not true.
Example 4.20. Let y = f(x) = cosx and x = /7. Compute d>y.

1
dy = —sinx- ——=dt = —sinxdx.

2Vt
By Formula (4.36),
d*y = —cosxdx® — sinxd*x = — cosxdx® — sinx-x" dt*
1\, . 1 5
= —COSx (2—\/;) dt” —sinx <*W) dt 5
1
20w 2 2
d“y =sinx- yPeTE dt” —cosx- Edt .
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4.8 Derivatives of Functions Given by Parametric Equations

Suppose the function f with y = f(x)is given by parametric equations x = ¢(¢) and y =
y(z). Here ¢ and y have the necessary order of differentiability with respect to ¢ on the
interval where these functions are defined. In order to obtain an explicit equation y = f(x),
suppose that an inverse function r = ¢! (x) exists. Conversely, any explicit curve y = f(x)
can be viewed as a parametric curve by writing x = ¢, y = f(¢), with 7 running through the
values in the original domain of f.

Now, we try to compute the derivative of y = y(x) with respect to x. By invariance of

first order differentials,

dy=vy'(t)dt, dx= ¢ (t)dt. 4.37)
Hence,
oy dy Y1)
(x) = T IR (4.38)
Then, from formulas (4.37) and (4.38), we have
V()] Jr
ney _dY®)] L' v () — 9" () y'(t)
YO S e T o 4
By the definition of third order derivatives,
meoN dly" (x)]
y (‘x) - dx .

Then, taking into account (4.39) and the second formula in (4.37), we can define y”’ (x). By

continuing this process, the higher order derivatives can be found.

Example 4.21. A function is given by parametric equations

X =t—sint,
=1 cost. —o0 <t < oo,
Find the derivatives y'(x) and y” (x).

This curve is known as a cycloid. The curve traced by some point (say M) on the edge
of a rolling circle is called a cycloid. The circle is to roll along a straight line without
slipping. As parameter ¢, we take the angle through which the circle has turned since it
began with M at the origin. We remind the reader that the solution of the brachistochrone
problem proposed by J. Bernoulli in 1696 is a cycloid curve.

With the use of (4.38) and (4.39), we obtain

sint t

!
= =cot—,
V() 1 —cost o 2’
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t !
(COt E) - 1

1
yix) = l—cost g4l
2
Example 4.22. For the function given parametrically by x = acost and y = bsint, find
d’y
dx*’
, bcost b
Y = “asint g oth
!
(—é cott) é csct
V' (x) = a ' —_a _ b .
—asint —asint a%sin’t

Example 4.23. Suppose that a mass is thrown out from an airplane which is flying with
velocity vg at altitude yo. Determine the trajectory of the mass and the place where it will

fall to earth (the force of air resistance is to be neglected).

As is seen in Figure 4.3, the point from which the mass is thrown is (0, yp).

The velocity of the airplane is constant, and so x = vot.

On the other hand, by the free fall formula,

_ gt
2

S = (g~9,8m-s2).

v A
(0, m0)

Fig. 4.3 The trajectory of the mass and the place where the mass falls to earth.

Therefore, for any given time ¢, the distance between the mass and the earth’s surface is
2
t

y=w-%-. (4.40)
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The pair of free fall formula’s function (4.40) is a parametric description of our trajectory.
Then,

8 2
—5x°.
2\%

The equation (4.41) is an explicit equation for a parabola. Let the abscissa of a point K

y=Yo— (4.41)

be xp. Then since at K the ordinate y = 0, from formula (4.41) we then have

0— g o _ 2yo
=Y0o— 55X O X0 ="Voy|——.
2v; g

4.9 Curvature and Evolvents

1. Equations of Tangent and Normal Lines. Consider a point M(xy,y) on a curve
y = f(x). We determine the tangent line to the curve y = f(x) at M(xo,yo), supposing the
function f is differentiable at xo. An equation for the straight line through the point M with

slope o is
y—y0 = 0t(x—xp). (4.42)
If, in (4.42), o = f'(x), then the equation of the tangent line to the curve y = f(x) at M is
y=yo = f"(x0)(x —x0). (4.43)

The line through the point M(xg,yo) on the curve y = f(x) that is perpendicular to the

tangent line (4.43) is called the normal line at M. Since the slope of a perpendicular line is

the negative reciprocal of the slope of the other, the slope of the normal is § = — z Then
— (v x)
y=yo=—F— (x—x0
J'(x0)

is the required equation.

Example 4.24. Determine the tangent and normal lines to the parabola y = x> at M(1.1).
We have y =2xand y'(1) =2. Theny—1=2(x— 1) or y = 2x— 1 is the equation of

tangent line. Thus, the equation of the normal line has the form

1 1 3
yflzfi(xfl) or y:f§x+§.

Definition 4.5. The length of the segment 7 between M and the point of intersection of the
tangent line with the x-axis, is called the fangent length and is denoted by |T'|.
The length of the projection of T on Ox is called the subtangent and is denoted by St.
The normal length |N| and the length of its projection Sy are defined similarly. The Sy

is called the subnormal.
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It follows from the definition that
Yo
= 00=Y(x0)),
Yo

St =

AV

y= f(x)

tangent line

Fig. 4.4 The subnormal and the subtangent at a point M (xg, o).

Yo 2

yz
T =/ +=% =
Yo M

)

VYot
0
and

Sn = yoyol,

yo\/l —l—y()2 .

Example 4.25. Consider the ellipse given by the parametric equations x = acost and y =

NI = /3 + Goyp)? =

T
bsint. If t = 1 define the tangent and normal lines at point M(xg,yo) and compute the
values of subtangent S, |T'|, subnormal Sy, and |N|. By formula (4.38),

d b d b
—y:——cott, and so, 4y = ——.
dx a dx ),z

Since the coordinates of M are
a b
E and yo = 57
it follows that the equation of the tangent line has the form
b b

X0 =

a
——=——=|x——, or bx+a —ab\V2 =0.
T2 ( ﬁ) '
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It is easy to see that this equation can be rewritten as

XXo | YYo
et =t
Now, we can write the equation of the normal line as
b a a
——=—-(x——%=, or (ax—> V2—d®+b*=0.
Y= 5T ( ﬁ) ( y)
On the other hand, it is not hard to see that
b/\V2 b b b?
51— |22 - 2 50— |2 (1) - 2
~bjal 2 V2 \ a a2

Further, the tangent and normal lengths are given by

1 b
T|=—=+va?+b? and |N| = ——=+/a?+b2.
1= 5V ¥ = 2=/

Fig. 4.5 The curvature of curve AB.

2. Circle of Curvature and Evolvents. Suppose we have a curve that does not intersect
itself, and that has a unique tangent line at every point. Let A and B be two points on this
curve. The angle o formed by the tangent lines at these points is called the curvature of the

arc AB. (Figure 4.5)

Definition 4.6. The ratio of the curvature « to the length of the arc AB is called the average

curvature of the arc.

Kaver. = (4-44)

_*
|AB|~
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Definition 4.7. The curvature of the arc AB at A is the limit of the average curvature as the

length |AB| approaches zero (B approaches A) and is denoted by Kj:

Ky (4.45)

= lim ——-.
AB 20 |AB|

Fig. 4.6 The slopes of the curve y = f(x) at the points A and A;.

For example, since the length of the arc AB corresponding to central angle ¢ of a circle

. . . o 1 .o 1
with radius R is aR, the average curvature Kyyer = R =% Therefore, K = il_r)r(l) P =%

that is, the curvature at each point of a circle of radius R is 113 The curve y = f(x) is shown
in Figure 4.5. Suppose the function f is a twice differentiable function. Let @ and o + Ao
be the slopes of the tangent lines to the curve y = f(x) at A and A1, respectively.

By formula (4.44),

Ao
Kaver‘ = A_S (AS = ‘AA1|)
Then, by formula (4.45), the curvature at A is
K= lim |—].
As—0| As

Since the values o and s depend on x, we consider ¢ as a function of s.
Then

A
a—d—a and K = d—a

im — =
As—0 As ds ds

Thus K is the absolute value of the rate of change of the angle o with respect to arc length s.
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If we think the variable x as a parameter, then

da do/dx
— = . 4.46
ds  ds/dx (4.46)
On the other hand, tanx = d_y or ot = tan~! Q, and so

dx dx
dOt y//
—_— = 4.47
dx 1 +y’2 ( )

. . . d
We will show later (see Remark 10.4), that there is the following formula for d—s:
X

ds
=1 y2 4.48
dx Y ( )

By substituting (4.47) and (4.48) into formula (4.46), we have

/!

_r
da  14+y> '
ds /14y? (14373
or
1
k=1 (4.49)
[1+y7)2

Alternatively, we could have used (4.49) for calculating the curvature K of a circle of
radius R: our point of departure would have been the equation x> + y> = R? of the circle,

and we would have computed y" and y” by implicit differentiation.

Example 4.26. Find the curvature of the parabola y> = 2x at the point A(x,y).

We compute the derivatives of first and second order:

1 1
/ 1
y=——and y' = ———.
V2x (2x)2
Then, by substituting the expressions y’ and y” into (4.49), we have
1
(2x+1)2

1 1
In particular, at the points x =0, y=0andx= -, y=1,weobtain K =1 and K = ——,
p p Yy 7Y Vo
respectively.
Remark 4.7. If we need to derive a formula that is effective in computing the curvature of
a smooth parametric curve x = @(¢) and y = y/(¢), we should use the formulae for y’ and
y”, (4.38) and (4.39). We easily obtain
1wl vif !
Ko Vo —ve

4.50
[+ v -
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Example 4.27. Determine the curvature of the cycloid

X =1—sint,
— o0 < + < oo,
y=1—cost,
at the point (x,y). Clearly,
X()=¢'(t)=1—cost, x"(t)=¢"(r) =sint,
Y()=y'(t) = sint, Y'(1) =" () = cost.
By substituting these expressions for the derivatives into (4.50), we see that
|cost—1] 1 1

- 3 37 .3 3 :
22(1—cost)2  22(1—cost)?2 4‘51115‘
Definition 4.8. Consider the circle tangent to a curve at A which has the same curvature
there, the center of the circle lying on the concave side of the curve. This circle is called
circle of curvature of the curve at the given point A. Correspondingly, its radius is called

the radius of curvature.

It follows from the example above that the radius of curvature of the circle with radius
1
Ris — = R, that is,
K

1 1+ y’z)%
R=—=—"—" 4.51
X T (4.51)
and in parametric form (see (4.50)),
12 2\ 3
+ 2
R— 75/",’, . 7";//()/),, . (4.52)

Note that if the slope of the tangent line to the curve y = f(x) at A is y’, then the equation

of the normal line at the same point is
1
Y—y=—(X—x).
y/

Here (X,Y) denotes a point of the curve. Now, if we denote by C(&,n) the center of the

circle of curvature with radius R (Figure 4.6), then it is clear that

1
M-y=-5 (- (53

On the other hand, the distance between the points A(x,y) and C(&,n) is R, and so
(E=x) + -y =R (4.54)

Then we derive, from (4.53) and (4.54), that

/

y

1
—=——R, N=yF—=R,
Vit T

E=x=+
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U

Alz,y)

n/ ,’

Fig. 4.7 The circle of curvature at a given point A.

Then (4.51) gives that
/ 2 2
Y14y I+y
ézx:l:¥ and N =yF ———.
" "]
Here, if y” > 0 (y/ < 0) then 1 >y (1 < ), and consequently
(1 + 2 1+ 2
g:xfw and n=y+ y,,y . (4.55)

It follows from (4.55) that to each point A;(x,y) with nonzero curvature of the curve,
there is assigned some center of curvature Cy (&, 7). The locus of the centers of curvature
is called the evolvent of the given curve. By eliminating x in (4.55) we obtain the equation
of the evolvent in cartesian coordinates.

For a smooth parametric curve x = ¢(¢), y = y(z), by substituting (4.38) and (4.39)
into (4.55), we have the equation of the evolvent in parametric equations:

Y242

§=x— m7
x’(x’2+y’2) (4.56)
==y

Theorem 4.6. The normal line to a curve is the tangent line to its evolvent.

[J Obviously, we can write

dn
dn _ _dx
g ds

dx
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On the other hand, by (4.55),

12

2
d_Tl: 372y — " — /%y

T y//2 and
A& 3y oy Ry
ax 2 '
Thus
an __1
dé§ Vo

Here y’ is the slope of the tangent line to the given curve. Consequently, the normal line to

the curve and the tangent line to the evolvent are perpendicular. |

Example 4.28. Determine the evolvent of the parabola y? = 2x.

1 1
By substituting y/ = — and y/ = ———— into (4.55), we obtain

V2x (2x)*/2
E=3x+1, n=—(2)"2

Then, by eliminating the variable x, we have the equation of the evolvent

e e

Example 4.29. Find the evolvent of the cycloid:

X =1—sint,
— oo < < Hoo,
y=1—cost,
We calculate the derivatives x’, x” and y/, y”:
X =1—cost, X" = sint,
y =sint, and y" = cost.
Then it follows from (4.56) that
& =1t +sint,
n =cost—1.

By substituting & = &' — 7,1 =1’ —2, and t = T — 7, we verify that the evolvent
E'=1—sint,
N’ =1-—cosTt,

is a cycloid.
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3. Conic sections in polar coordinates. The phrase conic sections stems from the fact
that these are the curves in which a plane intersects a cone. If the cutting plane is parallel
to some generator of the cone, then the curve of intersection is a parabola. Otherwise, it
is either an ellipse or a hyperbola with two branches. In order to investigate the orbits of
planets or comets around the sun, or moons orbiting a planet, we need the equations of the
conic sections in polar coordinates. From elementary geometry, the equation of any conic

section in Cartesian coordinates has the form
Ax* +Bxy+Cy*+Dx+Ey+F =0, (4.57)

where A, B, C, D, E, F are real numbers.
Clearly, if A = B = C =0, then (4.57) is the equation of a straight line. If B = 0 and
A = C =1, then we get a circle’s equation.
In general, the nature of the conic section described by (4.57) depends on the sign of
B2 — 4AC, that is, (4.57) describes a:
(1) parabola if B> —4AC =0,
(2) ellipse if B> —4AC < 0,
(3) hyperbola if B> —4AC > 0.
Between Cartesian (x,y) and polar (r, 6) coordinates there exist the connections x = rcos 6

and y = rsin 6. Then we get the equation in polar coordinates of the straight line:
r(Dcos®+Esin@)+F = 0.
It follows from the more general equation in Cartesian coordinates of a circle, x> +y” +
Dx+ Ey+ F = 0, that its equation in polar coordinates has the form
r?+r(Dcos6+Esin®)+F =0.
Note that the equation in polar coordinates of a conic section,
(A cos? 0 +Bsinfcos 0+ Csin®0) +r(Dcos@+Esin@)+F =0,

is not very useful for applications.

To derive the polar equation of a conic section, suppose that its focus is at the pole and
that its directrix is the vertical line x = p(p > 0). In the notation of Figure 4.7, the fact that
|OP| = e|PQ| means that

r=e(p+rcosf),

so that

pe

T T ecose
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v A
Q

Wic

Fig. 4.8 Conic section: |OP| = ¢|PQ|.

If the directrix is the line x = +p, then a similar calculation gives the same formula
except that the denominator 1 — e cos 0 is replaced by 1 + e cos 6.
Thus the polar equation of the conic section with eccentricity e, focus O, and directrix
x==4p,is

pe
= 4.58
g 1+ecosf ( )

This equation is an ellipse if e < 1, a parabola if e = 1, and a hyperbola if ¢ > 1. Note that
since cos 6 = cos(—0), its graph is symmetric about the polar axis.

Itis easy to see that if the directrix of the conic section is the line y = 4-p, then a similar
calculation yields its equation in polar coordinates,

pe
=
1 +esin

Example 4.30. The hyperbola xy = 1 is rotated counterclockwise through an angle of o0 =
T . . . . .
7 about the origin. In the rotated system with new Cartesian coordinates (x',y"), determine
its equation.
By using the connection between the old and new coordinates,

x=+xcos —y’sinE
4 4
and
y:x’sinE —l—y’cosz,
4 4
we can write
X +y

V2

and y =
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The original equation xy = 1 thus becomes

x/Z y/2
(V2? (V22
So, in the x'y’-coordinate system, we have a hyperbola with a = b = v/2, ¢ = Va2 + b2 =2,

and foci (£2,0).

4.10 Problems

Consider the secant line to the parabola y = x” passing through A(2,4) and B(2 + Ax, 4 +

Ay). Determine its slope for the given values of the increment.

(1) Ax=1. Answer: 5.
2) Ax=0.1. Answer: 4.1.
3) Ax=0.01. Answer: 4.01.

In problems (4)—(6) use the definition to find the derivatives.

@ flx)= X Answer: 3x2.
1 1
5 flx)= ; Answer: -z
6)  flx)=/x Answer: ﬁ (x #0).

(7) If afunction f is differentiable and » is a natural number, prove that
. 1 y
timn |7 (342 ) =100 =70

Conversely, if this limit exists, determine whether the function is differentiable or

not. Investigate functions similar to the Dirichlet function of Example 3.2.
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x? if x is rational,

(8)  Show that f(x) =
0, if x is irrational,

is differentiable only at the point x = 0.
(9) (a) Show that the derivative of

1
2 . .
x“sin—, ifx#0,
flo) = x
0, ifx=0,
is discontinuous at x = 0. )
o x*sin—, ifx#0,
(b) Show that the derivative of f(x) = X
0, ifx=0,

is unbounded on [—1,+1].
1
xsin—, ifx#0,
X
0, if x=0.
has an n-th order derivative and does not have an (n+ 1)-st order derivative.

(c) Prove that f(x) =

In problems (10)—(12), determine the positive integer n such that the function

1
x'sin—, ifx#0,
X

fx) =
0, if x=0.
(10) is continuous at x = 0; Answer: n > 0;
(11) is differentiable at x = 0; Answer: n > 1;
(12) has a continuous derivative at x = 0; Answer: n > 2.

(13) Let n(x) be continuous at x = a. Find the Answer: f'(a) = n(a).
derivative of f(x) = (x — a)n(x) at the point

X =d.

(14) If fi;(x) (i, j=1,...,n) are differentiable functions, show that

Sii(x) .. Sin(x) Sii(x) ... S (%)
d S S o :
x| g Fen() k)::l /. fl(x)
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(15) Find the derivative f(x) of Answer: 3x* +15.
x—1 1 2
f)={ -3 «x 3
-2 =3 x+1

1
- 0
(16) Prove that f(x) = e % x70,
0, x=0,

is a function possessing derivatives of all orders at x = 0.

(17) Determine conditions on a and b so that Answer: a = 2xy, b = —x(z)
2 .
X7, if x < xp,
fx) = .
ax+b, if x> xop,
will be differentiable at the point x = xo.

In (18) and (19) can we say that a function F(x) = f(x) + g(x) necessarily is nondifferen-
tiable at x = xp:
(18) if f(x) is differentiable at x = xo, but g(x) is nondifferentiable ~Answer: Yes.
at x = xp?
(19) Ifboth f(x) and g(x) are nondifferentiable at x = x¢? Answer: No.

In problems (20) and (21), determine whether the functions are differentiable or not.

(20) f(x) =]|cosx|. Answer: At points x =

7 (k an integer).

Q1) f(x)=|n>—x*|sin’x. Answer: Differentiable everywhere.

In problems (22) and (23), find the one-sided derivatives f’(x+0) and f'(x—0).

(22) f(x) = [x]sinmx. Answer: f'(x+0) = f/(x — 0) = 7[x] cos Tx
(if x is non-integral);
f'k=0) = m(k—1) (=D,
f'(k+0) = mk(—1)k

(if k is an integer).

(B)f@:mkmghmﬂmﬂm:QAmwnf&+®:fo®

T T, T T 2
= — 4 —sin— — ), if —— (kanint ;
(cosx+xsmx)sgn(cosx)7 1 x7é2k+1 (k an integer)

X 2 T, 2 - z
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a b
ax+b\’ ¢ d
(24) Prove that (cx—i—d) = (ot dR
In problems (25)—(39), find the derivatives.
2x
25 f&)=1—0
(1 =x)?
X
@7 fix)= N7
(28) f(x) =+/x+/x+/x

(29) f(x) = (2 —x?)cosx + 2xsinx.
(30) f(x) =sin[sin(sinx)].
1 x2—1
(32) f(x)=In(x+vx*+1).
1
— cos—l =
(33) f(x) =cos e
2
(34) f(x)=tan"! —
o 1—x2
(35) f(x)=sin e
(36) f(x) =tan!(tan’x).

(B7) f(x) =x+x>+x" (x> 0).

(38)
(39)

fx) = xlx|.

f(x) = |sin®x].

2
Answer: % (x| # 1).
(1 =x)""[(p+q) +(p—q)]
(I +x)at!

Answer: —

(x| # —1).

2
Answer: = (]x] <a).
a?—x%)2

Answer: L+ 2yx+4yxyx v
8Vx\/x+ /x4 \/x+/x+ /X

(x>0).

2

Answer: x~sinx.

Answer: cosx - cos(sinx) - cos[sin(sinx)].
x

A R

nswer: ——

Answer: L

VAT

1
CxVaZ—1

. 2ax
"t a?’

2sgnx
- 0).
T4 (x #0)

sin2x

(x| > 1.

Answer (Ix| > 1).

Answer

Answer:

Answer:
2k

sin® x + cos* x

; 7, k an integer).

Answer:
1

14 x5(1 + Inx) + 1% (— +lnx+ln2x)
X

(x> 0).

(x#

Answer: 2|x|.

3
Answer: 3 sin 2| sinx|.

In problems (40)—(43), determine the inverse f ~1 of the given function f.
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(40) f(x) =13x-5. Answer: f_](x) _ X+
x—1\'3
41) f(x) :3x3+1. Answer: fﬁl(x):< ; ) ’
domf~! =R
@) fx)=F-n"0<x<1. Answer: £~ (x) = (1+x1)'"%, —1 <x <0,
V2
(43) f(x) =sechx. Answer: sech™'x =In <¥>
0<x<1.

In problems (44)—(47), find the derivatives.

N 2
(44) f(x) = sinh™" 2x5. Answer: T
(45) f(x) =tanh~ ! /x. Answer: 5\/)_((1 —X).
(46) f(x) = sech™! (%) Answer: lei 1
(47) f(x) =In(tanh™ x) Answer: !

[(1—x2)tanh~!x]"

d
In problems (48)—(50), find the derivative d—y.
X

(48) x=sin’t;y = cost. Answer: —1(0 < x < 1).
b
(49) x=acost;y = bsint. Answer: ——cott(0 < |t] < 7).
1
(50) x=acos’t; y= asin’r. Answer: —tant (t + 7, k an integer).

In problems (51)—(53), find the indicated higher order derivatives.
(51) If f(x) = Inx find, £ (x). Answer: f0O)(x) = 7)‘64 (x>0).
(52) If f(x) = e“cosx, find £1)(x). Answer: f)(x) = —4e*cosx.
(53) If f(x) = x*sinx, find £ (x).
Answer: f00)(x) =250 (fx sin2x + 50xcos2x + % sin Zx) .
In problems (54)—(56), find the indicated higher order differentials.
(54) If f(x) = *Inx, find d*f. Answer: e* <1nx+ % - 2 + E - x—) dx*.
(55) If f(x) = xcos2x, find d'°f. Answer: — 1024(x0052x +5 sm2x)a’x
(56) If f(x) =x"e* find d"f.

2(, 1 2
Answer: d"f = & |x"+n>x" 1 4 ni(n )

5 xﬂ—2+~-+n!} dx"
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In problems (57)—(59), use the linear approximation formula to estimate.

(57
(58)
(59

(60)

(61)

(62)

(63)

(64)

(65)

V1.02. Answer: 1.007.
cos 151°. Answer: —0.8747.
sin29°. Answer: 0.4849.

Prove that for the function y = a* (a > 0), the subtangent St (see Definition 4.5)
is constant.

Suppose L is tangent to the curve y> = 2px at (xo, o). Prove that

(a) the subtangent S = 2xy,

(b) the subnormal Sy (see Definition 4.5) is constant.

Find the tangent and normal lines to the curve given by the parametric equations
x=2r—12, y=73t— 13 at the indicated value of 7.

(a) t =0. Answer: 3x — 2y = 0 — tangent line, 2x + 3y = 0— normal line.

(b)t = 1. Answer: 3x —y— 1 = 0 — tangent line, x + 3y — 7 = 0 — normal line.
Find the equation of the evolvent to the ellipse given in parametric form x = acos?,

y = bsint.

(& 2/3 23 22—\
Answer: (b + (a) = b .
16

Sketch the graph of the equation r =

5—3cosf’

Find the equation in polar coordinates of the circle that ~ Answer:r =2pcos(6 — o).

passes through the origin and is centered at the point

(p, ).



Chapter 5

Some Basic Properties of Differentiable
Functions

Rolle’s theorem and the mean value theorems of Lagrange and Cauchy are proved for dif-
ferentiable functions. Next, Fermat’s theorem concerning relative extreme values is given.
Then Taylor’s formula is investigated, and in particular, its remainder term is given in the
different forms due to Lagrange, Cauchy, and Peano. Furthermore, it is indicated why
sometimes the Taylor series of a function does not converge to that fuction. The Maclau-
rin series for elementary functions is derived and power series in both real and complex
variables are studied. Finally, Euler’s formulas are proved.

5.1 Relative Extrema and Rolle’s Theorem

Definition 5.1. Suppose the function fis defined on an open interval Q and xo € Q. If for

some & > 0,

f(x) < flxo) (f(x) = f(x0)), x€(x0—8,x+05)CQ,
we say that the value f(xo) is a local, or relative, maximum (minimum) value of the func-
tion f.

A local extremum is a value of f that is either a local maximum or a local minimum.

Theorem 5.1. If a function f is differentiable at xo and f'(xp) > 0 (f'(xo) < 0), then the

function f is increasing (decreasing) at xg.

O Suppose, for instance, that f’(xp) > 0. By the definition of derivative,

7 = i TE 0

Then by Cauchy’s definition of limits, for € = f'(xo) > 0, there exists § > 0 such that

x)— f(x
SO ZI00) o] < fxo), xe (xo— 830+ ),
X — X0
or
x)— f(x
o< fW =SB0 21 (x0), x € (x0— 8,x0+ ).
X —Xo
E. Mahmudov, Single Variable Differential and Integral Calculus, 145
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Hence, the numerator and denominator must be positive or negative at the same time,

and so, either
f(x) < flxo), x<xo,
or
f(x) > f(xo), x> xp.
This means that the function f is increasing at xo. |

Theorem 5.2 (Fermat'). If f is differentiable at xo € Q and if f (x0) is either a local max-

imum value or a local minimum value of f, then f'(xy) = 0.

O Suppose, for instance, that f(xo) is a local maximum value. The fact that f/(xq) exists

means that both of the one-sided limits

LS S f)
x—x0+0 X — X0 x—x9—0 X — X0
exist and equal f”(xp). If x € (xg,x0 + &), then
f(X)*f(xo) <0, and so f/()C()): lim f( )*f()C()) <0
X — X0 x—xp+0 X — X0

Similarly, if x € (xg — 0,x0),

f(x) _f(xo) > 0 and f/(-xO) — lim f(x) —f(.XO) 2 0.
X — X0 x—xp—0 X — X0
Since both f”(xp) < 0 and f’(xg) = 0, we may conclude that f”(xg) = 0. |

Remark 5.1. The converse of Theorem 5.2 is false. Thatis, f”(xg) = 0 does not necessarily
imply that f(xo) is a local extremum. For example, consider the function f(x) = x>. Its

derivative f'(xo) = 3x0> = 0 at xo = 0, but f(xo) = 0 is not a local extremum of x°.

Theorem 5.3 (Rolle?). Suppose that the function f is continuous on the closed interval
[a,b] and is differentiable on the open interval (a,b). If f(a) = f(b), then f'(c) =0 at least

for some point ¢ in (a,b).

O Since f is continuous on [a,b], it must, by Theorem 3.12, attain both a maximum, say
M, and a minimum, say m, value on [a, b]. Now, either M > m or M = m. If M = m, then the
function f is constant and so f'(x) = 0,x € (a,b). If M > m, then since f(a) = f(b), there

IP. Fermat (1601-1665), French mathematician.
2M. Rolle (1652-1719), French mathematician.
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is at least one point ¢ € (a,b) such that f(c) = M, i.e., f(c) is a local extremum. Then, by
Theorem 5.2, f'(¢) = 0. |

Remark 5.2. The assumption of continuity and differentiability in Theorem 5.3 is neces-

sary, for consider the following examples:

x, ifa<x<b,

(1)f(x)_{

This function is discontinuous at x = a and differentiable on (a,b). In spite of the fact
that f(a) = f(b) = b, the derivative f'(x) = 1, x € (a,b).

b, ifx=a.

(2) f(x) = |x|, x € [-1,1] is continuous at x # 0 and f(—1) = f(1) = 1.
Since f’(x) = —1, —1 <x <0, and f'(x) = +1,0 < x < 1, there is no point x satisfying
the equation f’(x) = 0.

5.2 The Mean Value Theorem and its Applications

Theorem 5.4 (Lagrange’s’, Mean Value Theorem). Suppose that the function f is con-

tinuous on [a,b] and differentiable on (a,b). Then there exists at least one point ¢ € (a,b)

such that
f(b)=fla)=f'(c)(b—a). (5.1)
O Define F on [a,b] as follows:
P = 1)~ fla) - LT )

It is not hard to see that this is a continuous function, that F(a) = F(b) = 0, and that on the

open interval (a,b),

F'(x) = f/(x) - f(b;:z:(a) .

Thus, F satisfies the hypotheses of Theorem 5.3. Then for some point ¢ € (a,b),
f(b) — fa)
b—

a

F'(c)=f(c)= =0.

This ends the proof of Formula 5.1. |

The conclusion of the theorem of Lagrange is that there must be at least one point

(¢, f(c)) on the curve y = f(x) at which the tangent line is parallel to the line joining the

end points (a, f(a)) and (b, f(b)).
3J.-L. Lagrange (1736-1813), French mathematician.
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Remark 5.3. Observe that in the special case where f(a) = f(b), Theorem 5.4 coincides

with Rolle’s Theorem.

Remark 5.4. Take a point xg € [a,b]. If xo + Ax € [a,b], then by Formula 5.1, there is a
point ¢ € (xg,x0 + Ax) such that

f(x0 4 Ax) — f(x0) = Axf'(c),

f(xo+Ax) = f(x0) = Axf'(xo +6Ax) (0< 6 <1), (5.2)

(¢ =x0+ 0Ax).

As is seen from (5.2), the name, “finite increment formula,” is justified.

Corollary 5.1. If f is differentiable on the interval Q and f'(x) =0 on Q, then f(x) is

constant on Q.

O Let x be an arbitrary point of Q. Then since f'(x) = 0 on €, for arbitrary Ax it follows
from (5.2) that f(x+ Ax) = f(xo) = const. |

Corollary 5.2. Let f be a function that is differentiable on (a,b). Then f is nondecreasing
(nonincreasing) if and only if f'(x) =0 (f'(x) < 0) for all x € (a,b).

O (1) Suppose, for definiteness, that f'(x) > 0 for all x in (a,b). If x; and x, are points
in (a,b), then we must show that f(x;) < f(x2) (the nonincreasing case would be similar).

We apply Theorem 5.1 to f, but on the interval [xj,x;]. This gives

() = flxr) = (a—x1)f'(c), c€ (x1,%). (5:3)

Since x; > x; and f'(c) = 0, it follows that f(x2) — f(x1) = 0 or f(x2) = f(x1), as we
wanted to show.

(2) Let f be differentiable on (a,b) and nondecreasing (nonincreasing) on this interval.

We show that f'(x) > 0 (f'(x) <0), x € (a,b). Indeed, since f is nondecreasing (nonin-

creasing) on (a,b), f is nondecreasing (resp., nonincreasing) at every point in (a, ). Then,
by Theorem 5.1, we have f/(x) >0 (f(x) < 0), x € (a,b). |

Corollary 5.3. Suppose f is differentiable on (a,b). Then for f to be increasing (decreas-
ing), it is sufficient that f'(x) > 0 (f'(x) < 0) on this interval.
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O Letx, x2 € (a,b) be points such that x; < x,. Then since f'(x) > 0, it follows from
(5.3) that f(x1) < f(x2) (f'(c) > 0). u

Remark 5.5. The condition f’(x) > 0 (f'(x) < 0) on (a, b) is not necessary for the function

3

to be increasing (decreasing). For example, the function given by f(x) = x° is increasing

on (—1,1), but its derivative f’(x) = 3x* at x = 0 is zero.

Corollary 5.4. Let f be a function that is continuous on |a,b| and differentiable on (a,b).
Then every point xg in [a,b] is either a point of continuity of f'(x) or a discontinuity of the
second kind. In other words, xy can not be either a removable discontinuity or a disconti-
nuity of the first kind of the derivative function.

O Ifthe limit lim Of’(x) (xo € [a, b)) exists, then since xo+ 0 (x —xp) = xpas (0 < 6 < 1)
x—xp+

the limit

lim  f(xo+0(x—xp)) = lim f(x) (5.4

x—x0+0 x—x0+0

exists.

On the other hand, setting xo + Ax = x, we have, from (5.2), that

F(x) = f(x0) = f(x0+ 6(x — x0)) (x — x0)-
Then it follows from (5.4) that

lim f'(x) = limof’(x0+9(x—xo)): lim M:f’(xo).

x—x0+0 x—xo+ x—x0+0 X — X0
This means that f/(x) is continuous from the right at xo.
Similarly, it can be shown thatif lim f/(x) exists, then lim f’(x) = f’(xo) and so
x—x9—0 x—x0—0
f'(x) is continuous from the left at point x = xo. Consequently, f’(x) is continuous at xq. If
at least one of these limits does not exists, then x is a point of discontinuity of the second

kind. |
Example 5.1. The function given by

1
x2sin—, ifx#0,

X

0, ifx=0,

fx) =

is differentiable on (—oo, 4-0). Indeed,

1 1
f/(x) =2xsin— —cos—, x#0, and
x x

1
2 .
fa-po) &S
Ax—0 Ax A0 Ax ST
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Thus, f/(x) is defined on (—eo, 4-o0) and is continuous at any point x # 0. But as is easily
seen from the expression of f7(x), its limit does not exists a x — 0. Therefore, the point

x = 0 is a discontinuity of the second kind.

Example 5.2. Prove that |sinx; — sinx;| < [x; —x2|. We apply the mean value theorem

(Theorem 5.4) to f(x) = sinx on the interval [x;,x,]. Then
sinxy — sinxy = (x; —x2)f'(¢), f'(x)=cosx, c€ (x1,%2).

Since |cosc| < 1 for every c, the desired inequality follows immediately from this.

Example 5.3. Prove that |cot~!x; —cot™' x| < |x; —x2|. As in the previous example, by
Theorem 5.4,

cot™ ' xy —cot 'y = (x1 —x2) f'(c),

fx)=cot™'x, cé€ (x,x)

. . . 1
It only remains to apply the inequality f’(c) = T+c2 <L
c

5.3 Cauchy’s Mean Value Theorem

Theorem 5.5 (Cauchy). Suppose that f and g are continuous on the closed interval [a,b]

and differentiable on the open interval (a,b). Moreover; suppose that g'(x) # 0 for all x in

(a,b). Then there exists at least one point ¢ in (a,b) such that
)= f@) _ f(e)
g(b)—gla) g'(c)”

O We first show that g(a) — g(b) # 0. Indeed, if g(a) — g(b) = 0 or g(a) = g(b), then by

Rolle’s theorem (Theorem 5.3), there exists ¢ € (a,b) such that g’(c) = 0. But by hypoth-

(5.5)

esis, g'(x) # 0, x € (a,b). This contradiction proves that g(a) — g(b) # 0. Hence we can
define the following function

f(b) — f(a)

F(x)=f(x)—fla) - —FFF——=

() = f(x) = f(a) <(b)—g(@)

It is clear that F is continuous on [a,b] and differentiable on (a,b). Since, by Rolle’s

lg(x) — g(a)]. (5.6)

theorem there exists a point ¢ in (a,b) with

F’(c) =0. (5.7
Then we have, from (5.6) and (5.7),
/ f(b) — f(a> N
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If we divide this relation by g’(c) # 0, we obtain (5.5). |

Remark 5.6. To see that (5.5) is a generalization of Lagrange’s mean value theorem, we

take g(x) = x. Then g’(x) = 1 and (5.5) reduces to (5.1).

Theorem 5.6 (Darboux*). Let f be differentiable on the closed interval [a,b] and

flla)<&<fb) (fa)>E>fb).

Then there exists at least one point ¢ € (a,b) such that
fle)=¢.

O Consider the function g defined by g(x) = f(x) — &x.

Obviously, g(x) is differentiable on [, b] and so continuous on it.

We show that there exists 6 > 0 such that g(x) < g(a) for all x satisfying a < x < a+ 9.
Indeed, since

¢/(a) = lim 8(x) —g(a)

x—a XxX—a

I

the function defined as
x)—gla) .
h(x) = . i,i( L ifeta (5.8)
g'(a), ifx=a,

is continuous at the point x = a. By Theorem 3.8, there exists a § > 0 such that z(x) <0
(g'(a) < 0),a <x<a+4d. Then, by (5.8), g(x) < g(a), a < x <a+ 5. Similarly, we
can show that g(x) < g(b), b— 01 < x < b for some §; > 0. Hence, by Theorem 3.12,
there exists ¢ € (a,b) such that g(c¢) < g(x). Thus, according to Theorem 5.2, g’(¢) = 0, or,

fe)=¢. u

Remark 5.7. Tt follows from the theorem that the derivative f/(x) attains every interme-
diate value between any two of its values. In other words, the set of values f/(x) is an

interval.

5.4 Taylor’s Formula

In Chapter 2 we concentrated on infinite series of constant terms. But much of the practical
importance of infinite series derives from the fact that many functions have useful repre-
sentations as infinite series with variable terms. Many such series representations can be

deduced from Taylor’s formula.

4G. Darboux (1842-1917), French mathematician.
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Theorem 5.7 (Taylor>). Suppose that n is an arbitrary positive integer and the (n+1)-st
derivative of the function f exists throughout some neighborhood of a. Suppose further
that x is any point of this neighborhood, and that p is an arbitrary positive number. Then

there exists a point & between a and x such that

"(a ae (n) a
70 = @)+ B -+ E e vt D R, 69)
where
x—a\? (x_é)n-H .
R (x) = (xfé) ). (5.10)

Formula (5.9) is called Taylor’s formula and R, (x) is called the remainder term in
general form.

O Let F(x,a) be the n-th degree polynomial of the right hand side of (5.9):

/ (n)
F(x,a):f(a)+f](f)(xfa)+~-«+fn—!(a)(xfa)". 5.11)
Denote by R, (x) the difference
Ryt1(x) = f(x) — F(x,a). (5.12)

We must show that R, ;(x) defined as in (5.12) can be represented in the form (5.10).
Let x be a fixed point in the neighborhood of @ and for definiteness, suppose x > a. Denote

by ¢ the function defined on [a, x] as follows:

o(t) = f(x) = F(x,t) = (x—1)PQ(x), (5.13)
Ryi1(x)
Ox) = = ila)p , 1€ la,x], (5.14)
or, in more detail:
/ )
o) = 1)~ 1)~ LD oy - LDy emipro. 615)

1!
It follows from (5.15) that ¢ is continuous on [a,x] and differentiable on (a,x). Setting

n!

t = ain (5.13), and taking into account (5.14), we have
¢(a) = f(x) = F(x,a) = Ryt (x).

Then, by (5.12), ¢(a) = 0. On the other hand, at once from (5.15) we have ¢(x) = 0.
Thus ¢ satisfies all the hypotheses of Rolle’s theorem (Theorem 5.3) on [a,x]. Conse-
quently, for some ¢ € (a,x),

¢'(c) =0. (5.16)
SB. Taylor (1685-1731), English mathematician.




Some Basic Properties of Differentiable Functions 153

By differentiation of (5.15), we have

o) =0+ T L0 T ey
(n) (n+1)
+ f n!(t)}’l(x—[)’Hl _ f ;' (t) (x_t)n +p(x—t)"71Q(x),
or, after simplification,
(n+1)
o) =~ L0 (it pla—r)o-g(x). (5.17)

n!

Taking t = ¢ in (5.17) and using (5.16), we see that
(x _ §>n7p+l
n!'p
Comparing (5.14) and (5.18), we have the required formula, (5.10), for R, 1 (x).

O(x) = e E). (5.18)

The case x < a is proved analogously. |

Example 5.4. To an n-th degree polynomial

flx)=Apx" +AXT A X+ Ay,

with known coefficients Ag, Aq,...,A,, we can apply Taylor’s formula (5.9). Since
FU D (x) =0, (5.10) implies R, (x) = 0. So (5.10) has the form:
/ /! (n)
10 =@+ L)+ D (e g L (g

5.5 Lagrange’s, Cauchy’s, and Peano’s Forms for the Remainder Term;
Maclaurin’s formula

First of all we investigate the remainder R, 1 (x) given by formula (5.10). Since & is a point

between a and x, there exists 0 < 6 < 1 such that § = a+ 6(x —a). It should be pointed

out that &, and hence 6, depend on p. Then it is evident that x — & = (x —a)(1 — 6), and

(5.10) can be rewritten as:

(x—a)(”ﬂ)(l _ 9)(n7p+l)
nlp

Consider the formula (5.19) with p =n+1 and p = 1. In the case of p =n+ 1, we have

f(n-H)(aJr 0(x—a)). (5.19)

Rn+1 (X) =

formulas of Lagrange and Cauchy, respectively, for the remainder:

_ \n+l
Rou1(x) = %ﬁ””(awu—a)), (5.20)

Rua() = EZD 20" i (g, (5.21)

n!
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In general, (5.20) and (5.21) can be used to obtain approximate values for f(x) at some
fixed point x (x # a). Sometimes in numerical analysis it is very important to determine the
order of the error with respect to small (x —a). To this end, the so-called Peano® form of
the remainder term is used.

Suppose that f (”“)(x) is continuous at the point x = a. Since & depends on x, the

composite, £ (& (x)), is continuous at a. Moreover, & (x) — a as x — a, and s0

lim (f"V(E () - f" (@) = 0.

X—a

Using this last equality in (5.20), we can write

D) (a) FtD () — flrtD)(g) ( !

— _ \n+l
Rn+1(x)_ (n—i—l)' (X a) - + (n—i—l)‘
(n+1)
_ f(nJr l()a‘) (xfa)”ﬂ JrO((xia)nH).
Thus, Taylor’s formula has the form:
! (n+1)
769 =@+ L ey o L o ().
Here,
Ryi1(x) = o((x—a)""") (5.22)

is Peano’s form of the remainder.

If we take, in (5.9), a = 0, then we have the Maclaurin’ formula:

(0 (0
f(x):f(0)+%x+~--+fn—|()x"+Rn+1(x). (5.23)
The Lagrange, Cauchy, and Peano forms of the remainder are, respectively:
xn+l (n1)
R, = (e 0<6<1l),
x(1—-0
Rucr (1) = =8 gy (o< g < 1), (5:24)

n!
Rug1(x) = o(x"1).

Remark 5.8. By Taylor’s formula for an (n+ 1)-times differentiable function, we may use

an easily computable polynomial F(x,a), see (5.11), and different remainder formulas, to

approximate f'(x) to any desired degree of accuracy simply by choosing n sufficiently large.

G. Peano (1858-1932), Italian mathematician.
7C. Maclaurin (1698-1746), Scottish mathematician.



Some Basic Properties of Differentiable Functions 155

5.6 Taylor Series; Maclaurin Series Expansion of Some Elementary Functions

1. Taylor and Maclaurin series. Suppose that f is a function with continuous derivatives
of all orders in a neighborhood of a point a of an interval Q. Then for every n > 0, we can

write Taylor’s formula, (5.9), as follows:

/ (n)
10 =@+ L a4 LD g ), (5.25)
Definition 5.2. The infinite series .
f(a)+f1(,a)( a)+-- 4 ,( )( "+~-~—nZOfn!(a)(x—a)” (5.26)

is called the Taylor series of the function f at the point x = a of the interval Q. By (5.25),
the Taylor series (5.26) converges to f(x) for a fixed value of x € Q if and only if

lim R,1(x) =0. (5.27)
n—o0

In particular, if a = 0, the series (5.26) is called the Maclaurin series.

We give necessary and sufficient conditions for the convergence of the series (5.26) to
the value f(x).

Theorem 5.8. Suppose that the function f has derivatives of all orders on an interval Q
and there exists a number M > 0 such that |f<”) (x)| <M" foralln > 0 and arbitrary x € Q.

Then the Taylor series converges to the value f(x) throughout the interval Q.

[0 By hypothesis, it is sufficient to show the validity of (5.27). We use Lagrange’s form of

the remainder for Taylor’s formula:

x—a)" (n+1)
Ryo1 (x) = (x—a)™ D)

(n+1)!
Since |f(">(§)‘ < M", it follows that
(M\xfa|)”+1
|Rn+1(x)| < W (5.28)
As was shown before (see Example 2.8),
_ n+1
L M=yt
n—e (n41)!
and so, by (5.28), lim R,+(x) =0. [ |
n—oo

Corollary 5.5. Suppose that f and its derivatives of all orders are bounded on the interval
Q, that is, there exists a number M > 0 such that

A <m
foralln=0,1,2,... and arbitrary x € Q. Then the series (5.26) converges to the value
f(x) throughout Q.
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Remark 5.9. Sometimes it occurs that the Taylor series of a function does not converge to

the function. For example, consider

e 2, ifx#0,
f(x)z{ 7
0, if x =0.

fol—

This function has derivatives of every order. Indeed, for x # 0, this is clear: the derivatives

of f at x # 0 consist of
_ﬂ@u):i;(l)e*ﬁ (n=0,1,2,...) (5.29)

where P,(r) (r =1 /x) is a polynomial. Thus the derivatives f*) (x) are linear combinations

of expressions —e 2 (k=0,1,2,...). We will show that

1
)lgr(l) Ee 2 =0. (5.30)

By substituting £ = 1/x?,

1 1
e 2

k
o —]1m—[—0 (k=0,1,2,...),

1—oo ¢

lim
x—0

and so we have (5.30). By using the definition, we next compute the derivatives at x = 0.

We have, by the above,

1\ _
lim P, (—) e x
x—0 X

By mathematical induction, it is easy to see that f<") (0)=0m=0,1,2,...). Indeed, for
n =0 we have f(0) = 0. Suppose, then, that. Then
(=D (x) = fl=D(0 1 1\ -
LSO L (1),
X

x—>0 X x—0 X

o=

=0 (n=0,1,2,...).

-

) (0) = —0.

Consequently, the Taylor series of f at the point @ = 0 is equal to zero. But this implies

that the series does not converge to f(x) on any interval.

(1) Consider the exponential function, f(x) = ¢*. Now, f"(x) =¢* (n =0,1,2,...).
Hence, at a = 0, we have that the Maclaurin series for the function e* is
= X"
1 + =+ - + + —. (5.31)
1! = n!
Clearly, for any r and any, the inequality | g (x)| <" (n=0,1,2,...)is satisfied. Then by
Theorem 5.8, the sum of the series (5.31) on the interval (—r,r) is €*. Since r is arbitrary,
the Maclaurin series of the exponential function,

X! o X
=l i — (oo <x < o),
1! = n!



Some Basic Properties of Differentiable Functions 157

converges everywhere.

(2) The function f(x) = sinx is defined everywhere and has derivatives of all order:

£ (x) = sin (x—i—ng) 0y =0, FRED0) = (—1)k.

Putting a = 0, we have the Maclaurin series,
3.5 2%—1

XX X X

-= B D — L — 5.32

Since | (x)| < 1 (n>0),x € (—oo,+00), the series (5.32) converges to the function sinx
by Theorem 5.8:

2k—1

I
il ygk

) 2k—1

S S o oo
Slnx—k:Z‘l(—l) m (— <x <+ )

Similarly, for the function f(x) = cosx, the Maclaurin series converges to the function,

=

ol )j2k
COSXx kE 0( ) I , lor X +

(3) Considering the function f(x) = In(1+x) (x > —1), we have:

00 = UL =120,

In particular, £ (0) = (—1)"*!(n— 1)! at x = 0 and so the Maclaurin series is
2
X x" x"
T L -1 n+1 ] n+172 .
X—Z 4t (=) ( ) Z( (5.33)

On the other hand, it follows from Lagrange’s form of the remainder that

(n+1) P Xl 1
R (1)) = ) 1 <
(n+1)! (I+&)*n+1) " n+1
Therefore liﬁm Ry11(x) =0 when 0 <x < 1. Now, forany x € (—1,0), we choose a number
n—so0

0<é<).

r (0 < r < 1) satisfying —r < x < 0. By using Cauchy’s form for the remainder, it follows
that

e = EE )
because
x—&|=&—x<-—x<rand 1+&>14+x>1—r
Thus,

lgn Rit1(x)=0 (-1<x<0),

and, finally, this gives us the convergence:

©o n
In(1+x) = Z(—l)”“% (—1<x<1). (5.34)
n=1
At x = 1, we obtain the remarkable formula,
11 1 —1)r+!
ln2:1——+———+-~-+( ) +---

2 3 4 n
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Remark 5.10. By D’Alembert’s test (see Corollary 2.2), we see that the series (5.34)
diverges for points satisfying the inequality |x| > 1. On the other hand, at x = —1 we
have the harmonic series, which is divergent. Thus, in spite of the fact that the function
f(x) =In(1+x) is defined on the interval (—1,+eo), the representation (5.34) is true only

on the interval (—1,1].

4) Let f(x) = (1+x)% (x > —1, & areal number).
Since ) (x) = (ot —1)--- (&t —n+ 1)(1 4+ x%"), it follows that ) (0) = ot(a —
1)--- (¢ —n+1). For this reason, the Maclaurin series is

—1 D (a— 1
(1+ma=1+ax+gE%—l£+~n+a“x )’fa ntl)

If, here, @ = m is a positive integer, then the coefficient of x” in (5.35) vanishes for n > mand

X (5.35)

this series reduces to Newton’s binomial formula:

— 1) (m— 1
(LMW:1Hm+W+mW )nyin+)ﬂ+m+w

(in order to write the binomial formula of (a + x)" we use the formula (a +x)" = a" (1 +

X\ . . . . .
—) ). To determine the interval of convergence of the binomial series, we let
a

ola—1)(—=2)---(a—n+1)

U, = x".
n!
Then it is easy to see that
. |u . o —n)x
lim |2 = lim (@ —n) = |x].
n—soo U, n—soo n+1

Hence the D’ Alembert ratio test shows that the series (5.35) converges absolutely if |x| < 1
and diverges if |x| > 1. Its convergence at the points x = £1 depends upon the value of o;
we shall not pursue this.

In particular, if in (5.35) we take @ = —1, the series simplifies to the geometric series,
1
[—— 1_x_|_x2_x3+.,.+(_1)”x”_|_... .
1+x

(5) Let f(x) = tan~! x It is not hard to establish that (see (4.29))
") (x) = u -sin [n (tanflx—}— z)} .
Then

(n) 0, if nis even,
f (O): n—1 JPR
(=) 2z (n—1)!, ifnisodd.

And so the Maclaurin series is
PSSR n—1 x"
n

X ()T

375 7 R
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Here n is an odd number.

By Lagrange’s form for the remainder,

2 sin {(n +2) (‘[an’1 Ox+ g)]

Ryia(x) = — (0<6<1).
(n+2) [14 (6027
Thus for every x € [—r, 7] (r > 0),
},n+2
R . 5.36
[Rusa)] < (536)
If, in (5.36), we take r < 1, then lgn Ry2(x) =0, and so
Prareed
3 5 7
- x X X a1 X"
t et 1 .
an ' (x) =x 3+5 7+ (=17 +
If we substitute x = 1 into this series, we obtain Leibniz’s series
LN SR N U
4 3 5 7 '

(6) In order to find the Maclaurin series for sinhx and coshx, we should use the Maclaurin

series for the exponential functions ¢* and e~*. Thus,

o 2k+1 3 0 K21
inh —_ 4, o< x < Foo
sinhx = Z(Zk—l—l)' +3+5+ +(2k+1)!+ , X < oo,
and
2k 2 2k
COth_ZZk‘ +2 +4‘+ +(2k)'+ "-, — o0 < x < oo,

2. Computations Using Maclaurin Series. As is shown in Section 2.3, the sequence
1 n
{ (1 + —) } is monotone and its limit is e. On the other hand, if we take x = 1 in (5.31),
n
1 ! : ! 5.37
e= +1‘+2’+ + + (5.37)
Since k! > 281 for k > 2, it follows from (5.37) that

11
e<2t gttt gyt =2+1=3.

on—1
Thus2 < e < 3.
By the first formula of (5.24),

anrl 0
R,,H(x):mex (0<6<1),
and so the inequality
e 3
[Rap1(1)] < (5.38)

! )
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is satisfied. On the other hand, by Maclaurin’s formula,

11 1
e=1+ﬂ+5+~--+E+RH+1(1). (5.39)

Therefore, it follows from (5.38) and (5.39) that the larger we choose n, the more accurate
the approximation. An appropriate value for n may be found by trial and error. For example,

using a hand-held calculator or computer, one can evalute forn=0,1,2,... until

(n+1)!
a value of n satisfying (5.38) is obtained. Now, using (5.39), we show that the number e is
irrational. 0
From (5.38) and the expression R,41(1) = ﬁ (0< 6 < 1), we have
n .
1 3
— <Ry () < —— (5.40)

(n+1)! (n4+ 1)1

Suppose that e is rational and has the form e = = (where m and n are positive integers).
n

Without loss of generality, we may take n > 2. Let us choose n as the denumerator of the

1 1
quotient e = n and multiply both sides (5.39) by n!. Then n'e and n! (1 + T 4+ —'>
n ! n!

are integers, but at the same time, n!R, (1) satisfies the inequality (5.40), so I <
n

3
n'Ry1(1) < 1 is not an integer. Thus, by multiplying the Maclaurin series (5.39) by
n

n!, we have the inequality

1 1
nle—n! (1 +F+m+ m) =n!R,1(1),
where the left hand side is an integer, but the right hand side is not integral. This contradic-
tion proves that the number e is irrational.
Next we show how the Maclaurin series can be used to obtain approximate values for
trigonometric functions. Since the values of the trigonometric functions sinx and cosx at

T
any point x can be expressed through their values on [O, Z} , without loss of generality we
T
may assume x € [07 Z} . For example, for four decimal place accuracy, we choose n =5,

T .
r= 1 Lagrange’s form for the remainder term has the form

xn+2 ) T
Rn+1(x):ms1n(9x+n§+ﬂ?) (0<9<])7

and so, throughout the interval [—r, 7] (r > 0),

},n+2
[Rns1(x)] < Ik (5.41)

Thus, for given values of n and r, we have, from (5.41),
(5)
IR7(x)] < 4T <1074,
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T o
Consequently, for |x| < T we have, to within an accuracy of 104,
. 3 . e
sinx ~ x— — 4+ —.
6 120

.. . . ., . .
Similarly, taking n = 6 and r = 7 in Maclaurin’s series for cos.x, we obtain

(5)

5 < 1073,

IRot2(x)] = |Rs| <

[P . . T s
and so, for x satisfying the inequality |x| < 7 Ve have, to within an accuracy of 107,

2 X4 )C6

O A
cosx 2 724 720

5.7 Power Series

1. Series with Real Terms. Definition 5.3. If a; (k =0, 1,2,...) are constants and x is a

real variable, then a series of the form
aptaix+a +-t a4 = Zakxk (5.42)
k=0
is called a power series in x.
The following theorem is the fundamental result on the convergence of power series.

Theorem 5.9 (Abel®). For any power series (5.42) in x,
(1) if the series converges for some xy # 0, then, for all x satisfying the inequality |x| < |xol,
the series converges absolutely;

(2) if the series diverges at x1, then the series diverges for all x satisfying |x| > |x1|.

[J (1) By hypothesis, the numerical series
ag+aixo + ag + -+ apxy+ - (5.43)

converges, and hence liﬁm anxy = 0. Then there exists a number C > 0 such that |a,x;| < C
n—oo
n=0,1,2,...).
At first we rewrite (5.42) as follows:
x x\? x\"
ap+ayxo (*>+a2x(2) (—) +--Fanxg (*) +- (5.44)
X0 X0 X

0

SH. Abel (1802-1829), Norwegian mathematician.
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and consider the series
2

Fo4 C

n

il oo (5.45)

X X

c+C +C

X0
At once, we see that for |x| < |xo|, the series (5.45) is a geometric series, and converges. It

X0 X0

follows that the series (5.44), and so (5.42), converges absolutely.

(2) Suppose that for some x; the series (5.42) diverges. Then (5.42) diverges for all x satis-
fying |x| > |x1|. Indeed, if for some x such that |x| > |x;| the series (5.42) converges, then
case (1) of the theorem shows that for all |x; | < |x|, the series converges. This contradiction
ends the proof of theorem.

Thus, by Abel’s theorem, the series (5.42) converges absolutely for all x in the open
interval (—|xo|, |xo|) if it converges at xo, and diverges for all x in the set R~ [—|x1], |x|] if

it diverges at some x;. |

Definition 5.4. If there exists a number R > 0 such that the power series (5.42) converges
absolutely for |x| < R and diverges for |x| > R, then R is called the radius of convergence

of the power series (5.42).

In order to determine R, we use D’ Alembert’s test (Proposition 2.2) for a series with

the terms |ay,||x|". We find that in order to have
+1

n
. Ap41X . Ap+1
lim |- = lim |2 )] <1,
n—o0 apX n—ee | ay
we must have
|x| < lim =R.
n—ee | dpt

" converges for —R < x < R, the series ), a,x" converges absolutely.

o
Then, since Y. |an||x
n= n=0

Similarly, by Cauchy’s test (Proposition 2.3), the radius of convergence is
1
 lim {/Jan]
n—oo

In particular, R may be 0 or +-eo. From the last two formulas, we see that

. n+1| .. "

L s ‘—,}5‘; Vianl.

Indeed, the validity of this formula is implied by problems (13) and (15) of Section 2.7,
taking x,, = In|ay,|, y, = n and x, = Gntl , respectively.

n
We formulate this result as the following theorem.
Theorem 5.10. The interval of convergence of a power series is (—R,R). At the points
Xx = =£R, the series may converge absolutely, converge conditionally, or diverge, depending

on the particular series.
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Example 5.5. Find the interval of convergence and radius of convergence of the series
= X"

n=on!’

By applying the ratio test, we have
1)!
Retim || = gim CED i 1) = oo
n— |y n—oo n! n—yoo

Thus, the radius of convergence is R = 4o and the interval of convergence is (—eo, +oo).

Example 5.6. Find the interval of convergence and radius of convergence of Z X"

n=0

. . dp
In this case, R = lim
n=ee | dp+1

at the points x = +-1, the series converges.

’ =1, and so the radius of convergence is (—1,1). Clearly,

oo 2 n
Example 5.7. For the series Y (—1)"“&, the radius of convergence is R =
n

n=1
. 2"m+1) 1 . . 11 .
r}gg i, — 3 and the interval of convergence is <_§’ E) It is easy to see that

at x = 7 the series is the alternating harmonic series and so converges conditionally. At

1 . .. . .
x=— oh the series diverges, as it is the harmonic series.

Corollary 5.6. For r < R, the power series (5.42) converges uniformly on [—r,r], and the

sum of the series is a continuous function.

O In fact, for [x| < r, the series Z |a, | majorizes the power series (5.42). Then (Theo-
rems 3.18 and 3.20) the series converges uniformly on the indicated interval and its sum is
continuous. |

We formulate the next theorem without proof.

Theorem 5.11. (1) Let {f,(x)} be a sequence of differentiable functions defined on an in-
terval, [a,b]. Suppose that { f,(xo)} converges for some x € |a, b, and { f' (x)} is uniformly
convergent on [a,b]. Then { f,(x)} converges uniformly to f(x) on [a,b] and

fl(x) 2,1121;10 f}’/l(‘x)7 RS [avb]'

(2) Let 'Y, un(x) be a series with terms which are differentiable on [a,b] and suppose that

n=1

the series Y, uy(xo) converges for some xo € [a,b), and that 'Y, ul,(x) converges uniformly
n=0 n=0

=

on [a,b]. Then the series Y, un(x) converges uniformly onla,b] to a function s(x) and

s'(x) = iu;(x), X € [a,b].
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Theorem 5.12. The power series (5.42) is termwise differentiable to all orders on an open

interval (—R,R), where R is a nonzero radius of convergence.

[0 We will show that the series (5.42) and the series obtained from it by termwise differ-
entiation have the same radius of convergence. Indeed, if R’ is the radius of convergence of

=

the series ¥ na,x"!, then
1

;L 1 _ 1 _
- . n - . n . . n -
A, Yl iy Y-l Sl

On the other hand, by Corollary 5.6, for any x € [—r,r] (r < R), the termwise differen-

tiated series converges uniformly on [—r,r] and the series (5.42) is termwise differentiable
on [—r,r] (Theorem 5.11). For higher order derivatives, the proof is analogous (by mathe-

matical induction). |

Remark 5.11. The termwise integration of a power series will be considered in Chapter 9.

Example 5.8. Find a power series representation for the function I

5
We write the power series for the arctangent function
3 2k+1
1 X k X
t — X — — e —1 e < 1).
an_ x=ux 3+ +( )2k+1+ (]x| < 1)
1
Since (tan’1 x)! = ——, it follows from Theorem 5.12 that
14+x2
1 2 k. 2k
sinnx

Example 5.9. Let {f,} be the sequence on [0, 1] given by f,(x) = n=1,2,...).

Obviously, f(x) = lim f,(x) = 0. On the other hand, since f,(0) = \/n — +o0, n — oo, the
n—soo

sequence f;(x) = y/ncosnx is not uniformly convergent on [0, 1]. Moreover, the sequence

f1(x) does not converge pointwise to f'(x) (since f(x) = 0).

Corollary 5.7. The power series (5.42) is the Taylor series for its sum on the interval of

convergence.
O Lets(x) =ap+ajx+---+ax"+---. Then, by differentiating n-times,

s (x) = nlay+ (n+1)n-- -2, 15+ -+ .

(n)
Now, by substituting x = 0, we obtain that a, = il E ) . | ]
n!
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Remark 5.12. In order to investigate the power series of the form Y a,(x —xp)", we
n=0

use the substitution x —xp = X. Then the power series obtained, Z a,X", has the form
(5.42). All the above properties for such power serles hold in the 1nterval of convergence

(xo — R,xp+ R). For example, consider the series 2 (x—3)". By substituting x —3 = X,

n=1
we get a new power series of the form Y X". This series converges absolutely on the
n=1
interval (—1,1). Consequently, the given power series has the interval of convergence

—l<x—-3<l,or,2<x<4.

2. Power Series with Complex Terms. Let {z,} = {x, +iy,} be a sequence of complex

numbers (see Section 3.9). Consider the series
a+a++amt Z Zn (5.46)

with complex terms z,,. The limit (provided that this limit exists) of the n-th partial sums

n
Z, = Y, z; of the series (5.46) is the sum of the series. If the series of absolute values
k=1

Y |zn| converges, then the series (5.46) is said to converge absolutely.
n=1

Letw = f(z), z € D, be a complex valued function defined on a domain D.

The basic definitions and conceptions for real-valued functions (for example, the limit
of functions, continuity, derivative, differential, etc.) can be generalized to the case of
complex valued functions. For example, by mathematical induction it is not hard to see
that the derivative of the function f(z) = 7" is (") = nz"~!. In particular, for a sequence
of complex valued functions {f,(z)} (or series i un(z)), the usual results (as above) are

n=1

true.

Definition 5.5. If {a,} is a sequence of complex numbers then the series ¥ a,(z—z0)" is
n=0
said to be a series with complex terms. If its radius of convergence R = 0, then this series

converges only at the point zy. Note that for finite R > 0 the series converges on the circle

|z—z0| < R. And R = +o0 means that the series converges on the entire complex plane.

Definition 5.6. For a complex number z, the exponential functon is defined as the sum of

the series e* = 2 —‘
n=01:

By D’ Alembert’s ratio test, this series converges for each z, because

n+1,
£ im ‘Z‘1=o<1.

lim | ————
o= (n+1)1"| noe n+4

n—soo
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It is easy to see that, for arbitrary z; and z», we have €% - ¢ = %1722, By substituting z = iy

(for y on the real axis) in the expression of ¢°, we can write

: 2 3 4 T
g oy » Yy o Y
TR T T TR
2 4 2k 3 2k—1
Yoy kY (Y Y k+1_Y
— (1= () Ll (—1 = ...
( 2!+4!+ +( )(Zk)!Jr )Jrl(l! 3!+ +(=1) (2k—1)!+ >
=cosy+isiny.
Finally,
e = cosy+ isiny. (5.47)
In particular, e™ = —1, &> = 1, and ¥ 727 = ¢?. 2™ = ¢7,
From (5.47) follow the famous formulas of Euler,
eVt e d si eV —e W
cosy=———— and siny=—0-—.
Let us introduce the hyperbolic functions defined on the complex plane:
eZ _ e*Z eZ + e*Z
inhz = hz = .
sinhz 5 coshz 2
By comparing with Euler’s formula, we derive
cosz = coshiz, coshz=cosiz, sinz= —isinhiz, and sinhz= —isiniz.

Let z = |z|(cos O +isin0) (6 = argz) be the polar form of the complex number z. Note
that the polar form is expressed in terms of the magnitude r = |z|. Then, by (5.47), we have

the exponential form z = |z|ei9 of the complex number z. On the other hand, for z = x + iy,
&Y =% e = ¢"(cosy+ isiny),

and so this formula can be accepted as an alternative definition of e*.
In summary, since a power series is differentiable to every order in the circle of conver-

gence, from Definition 5.6 it follows that

% ne” + (R A + <
2! n! 1! (n—1)! ’

or

(€%) =&,
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5.8 Problems

In problems (1)—(5), show that the given function satisfies the hypotheses of Rolle’s theo-
rem on the indicated interval [a, b], and find all numbers ¢ in [a, b] that satisfy the conclusion

of the theorem.

() f(x)z(x—l)(x—Z)(x—3), €[1,3].
) fx)=x>—3x+2, €[1,2].
(3) f(x) =sin’x, €[0,7].
@) f(x)=x>+5x2—6x, €[0,1].

T T
(5) f(x) =cos’x, xe {—Z,Z}

(6) Suppose that the function f, defined on the interval (a,b), has a finite derivative f,
and that xgﬂof(x) = xiiilzof(x)' Prove that f’(c) = 0 for some ¢ € (a,b).

(7) Show that between the roots of the function f defined by f(x) = v/x2 — 5x + 6, there
exists one root of the equation f”(x) = 0.

(8) Show that the function f(x) =1— V/xZ defined on the interval [—1,1] does not satisfy
the conclusion of Rolle’s theorem on the indicated interval.

(9) Suppose a secant line passes through the two points, (—1,1) and (2,8), of the curve
f(x) = x*. Determine the tangent line to the curve which is parallel to this secant.
Answer: A(—1,—1); B(1,1).

(10) At which point is the tangent line to the curve f(x) = Inx parallel to the secant passing
through the points A(1,0) and B(e, 1)? Answer: (e —1,In(e — 1)).

(11) Suppose the function f is differentiable everywhere, and for all x and Ax f(x+ Ax) —
f(x) = Axf’(x). Show that f(x) = kx+ b (with k and b constants).

(12) If all roots of the polynomial B, (x) = cox” +c 1"~ 4 +¢, (co # 0) with real coeffi-
cients are real, then show that the roots of the polynomials P, (x), P} (x),... P (x)
are real.

(13) Suppose the function f is differentiable on (a,b) and its derivative f” is continuous

on this interval. Then, for arbitrary ¢ € (a,b), do there exist points xj, x, such that

flx2) = flx) = f'(c) (2 —x1)?
Answer: Such points do not always exist.
(14) If0<b<a,provethata; nb a;b
(15) If the function f is differentiable on the interval (a,+0) and XETDQ f'(x) =0, then

prove that, as x — +oo, f(x) = 0(x).
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(16) Suppose that the function f is differentiable on [a,b] and ab > 0. Prove that
1 a b
a=b|f(a) f(b)

=fle)—cf'(e),

where a < ¢ <b.

(17) Determine whether each of the functions f(x) = x> and g(x) = x> defined on [—1, 1]
satisfies or does not satisfy the conclusion of the mean value theorem.

(18) Suppose that a function f defined on (a,b) has a bounded derivative f’. Prove that
this function is uniformly continuous on this interval.

(19) If for all x, f'(x) = k (k a constant), then show that f(x) = kx + b.

(20) Suppose for a function f the following conditions are satisfied:
(a) The second derivative, f”(x), exists on [a, D).
(b) f'(a) = f'(b) =0.

Then prove that at least for one point ¢ € (a,b), we have the inequality |f”(c)| >
4

mﬁ(b)—ﬂa)\-

(21) Suppose that the function f is differentiable on [a,b], f(a) = 0, and that there exists
a real number A such that | f’(x)| < A|f(x)| for all x in [a,b]. Prove that f(x) =0,

x € [a,b].

Suggestion: Take My = sup |f(x)| andM; = sup |f’(x)| for some fixed xy € [a,b].
a<x<xg a<x<xo

Then | f(x)| < M;(xo —a) < A(xg—a)My for all x in [a,x0]. And A(xg—a) < 1 implies

that My, = 0.

(22) Express the polynomial x* — 5x* + 5x% + x + 2 in a power series in (x —2).
Answer: —T(x—2) — (x—2)>+3(x—2)>+ (x—2)*

(23) Express the polynomial 1+ 3x + 5x> — 2x> in a power series in (x4 1).
Answer: 5 —13(x+ 1)+ 11(x+1)2—2(x+ 1)3.

(24) Write the Taylor formula for the function f(x) = /x whena =1 and n = 3.
x=1 1 @=1*1 (=173

A : =1 - .z
mwer: Yx =1+ =3 r2, 3717233
x—1* 15 3
ST -1—6[1+6(x—1)} 2,0< 0 <1.
(25) Write the Maclaurin formula of f(x) = /1 +x when n = 2.
11 }
Answer: \/l+x:1+5xf—x2+x75,0<9<1.

8  16(1+6x)3
In problems (26)—(28), estimate the error.
2

X"
(26) exz1+x+x—+-~-+—,0<x<l.Answer:< .
2! n! (n+1)!
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3
(27) tanx ~x+ % Answer: <2-107°,
x3 1
(28) sinx ~ x— 5 Answer: < < 3%40°
(29) (a) Determine the number of decimal places of accuracy the given approximation
formula yields for |x| < 0.1

1 1 1
In(1+4x) ~x— Exz—l— §x3 - Zx4,

Answer: Five-place accuracy.
3

(b) For what range of values of x can sinx be aproximated by x — % with three decimal

place accuracy? Answer: |x| < 0.569.

In problems (30)—(34), determine for which values of x the series converges.

x2

x"
(30)1+2—|—4—|— +2n+ L Answer: =2 < x < 2.

1
(1) 3x4+3%4 4+3%0 4+ 370 ... Answer: x| < 3

2 3 4 n
XX X x
(32) x———i—?—ﬂ—i— (= 1)"+1n—2+---.Answer:—lgxgl.

(33) smx+2sm3+4sm9+ +2”sm3—+m.Answer: —o0 < x < oo,

2! 3!
(34) x+—x + =+ +—x + ... Answer: —e < x < e.

33
(35) x—|—2x +- —|—nx"+ Answer |x] < 1.
X"
(36) * ek ——— - Answeri—1 <x < 1.

1+ f 1va T
In each of the problems (37)—(39), determine whether the series is majorized or not.

2 X

(37) 1+§+%+~-~+—+-~-, (0 <x < 1). Answer: No.
n
) .
(38) —- sinx sm_x Lo -, [0,27x]. Answer: Yes.
72 2
2 n
39) 1+ ]2 +T 22 +- + 5+, (0<x < 1). Answer: Yes.
X"
(40) If S(x) = ): - then prove that S(x) - S(y) = S(x+y).
—on!
" I x2ntl o x2n
41) Using the series sinx = —1)"———— and cosx = —1)" , prove that
(41) Using L' LGP

. 1.
(a) sinxcosx = = sin2x and

(b) sin?x +cos?x = 1.
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(42) Suppose that Ry, R, are the radii of convergences of the series Y, a,x" and Y} b,x",
n= n=0
respectively. Determine the radius of convergence R for the following series.

(@) Y (an+by)x". Answer: R > min(Ry,R3).
n=0

(b) ¥ apnb,x". Answer: R > R; - R;.
n=0

In problems (43)—(45), using termwise differentiation, find the sum of the series.

3000 1. 1+

x X
(43) x+?+g+~-~. Answer: Elnlfx (|x] < 1.
Xt
44) 1+ 21 + 2 + -+, Answer: coshx (x| < ).
oA -
(45) %+Zx—3+;—4+~-. Answer: 1+ xln(l—x)(|x|<1).
. ; } x
(46) Find the n-th degree Taylor polynomial of f(x) =1Inx ata = 1. Answer: P,(x) =
1 ] n—1
(xfl)fi(x71)2+m+%(xf 1)".

. . . . T
(47) Find the Taylor series representation for the function tanx around a = T Answer:

2
11225
(48) Find the inverse functions of the following functions.
(@ w=sinz. Answer: sin”'z=—iln (iz+V1-22).
(b) w =cosz. Answer: cos” 'z = —iln (z+ \/zle)
(49) Use Euler’s formula to prove that cos®y = %(1 + cos2y).

(50) Find the exponential representation of the complex number —i. Answer: e 7l



Chapter 6

Polynomials and Interpolations

If selected values of a function are given in a tabular representation, it is often desirable to
obtain an easily computable formula which yields both those given values and approxima-
tions for in-between points, not included in the table. This procedure is called interpola-
tion. In this chapter, we obtain formulas of Lagrange and Newton for polynomials which
accomplish this interpolation. This necessitates the study of the factorization of polynomi-
als. Finally, we study the approximation by polynomials of a function defined on a closed
interval.

6.1 Factorization of Polynomials

If n is a positive integer, then a function P(x)of the form
P(x) =apX"+a X" '+ +a, 6.1)

is called a polynomial function of degree n. Here, the coefficients a; (i =0, 1,...,n) may be
real or complex numbers. The number ag is called the leading coefficient. The independent
variable x may be real or complex. A value of x satisfying the equation P(x) = 0 is called

a root of the polynomial.

Theorem 6.1. If o is any number, then P(x) = (x — )P (x) + R, where P;(x) is the poly-

nomial of degree n — 1 and R = P(«) is the remainder.

O If we divide the polynomial P(x) by x — &, we have the polynomial P;(x) of degree

n — 1 and the remainder R, which is constant. Thus we can write
P(x) = (x—a)Pi(x) +R. (6.2)

This equality is true for all x such that x # a. Then by passing to the limit in (6.2) as x — a,
we have R = P(«). |

E. Mahmudov, Single Variable Differential and Integral Calculus, 171
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Corollary 6.1. If o is a root of the polynomial (6.1), that is, P(a) = 0, then in (6.2) the
remainder is zero, i.e., R =0, and so x — o is a factor of P(x):

P(x) = (x— )P (x),
where Py (x) is a polynomial of degree (n— 1).

The Fundamental Theorem of Algebra is easy to state but difficult to prove. That is

why the proof of theorem is omitted.

Theorem 6.2 (The Fundamental Theorem of Algebra). The equation P(x) = 0 has at

least one (real or complex) root.

Example 6.1. We give an example that shows that if P is not a polynomial, the conclu-
sion might not be true. Consider the nonalgebraic equation ¢* = 0. This equation has
no roots. On the contrary, suppose xo = a + bi is a root, that is, e’ = 0. By Euler’s
formula (Section 5.7), we have e“(cosb + isinb) = 0. Since for any b the square root
v/ cos2b+ sinfbh = 1, it follows that cosb + isinb # 0. On the other hand, ¢ # 0 for any
real number a. Thus e***" #£ 0, and xo = a + bi is not a root. The obtained contradiction

ends the proof.
Using Theorem 6.2, we can prove the following theorem.
Theorem 6.3. Every polynomial (6.1) of degree n > 1 can be represented as a product of
n linear factors of the form x — o (i = 1,2,...,n) and the leading coefficient ay,
P(x)=ap(x—ay)(x—0p) - (x—ay).
0 By Theorem 6.2 the polynomial P(x) = aogx" +a;x"~' 4 -- -+ a, of degree n has at least
one root ¢¢;. Then by Corollary 6.1
P(x) = (x—ap)Pi(x).
Here, P (x) is a polynomial of degree n — 1. We denote the root of P; (x) by . Then
Pi(x) = (x— ) Pa(x)
and P»(x) is a polynomial of degree n — 2. Similarly,
Py(x) = (x— 053)P3(x).

The process evidently can be continued until we arrive at a polynomial P, of degree zero.

Thus, we have

P1(x) = (x— o) Py.



Polynomials and Interpolations 173

It is clear that P, = ay.

Therefore, it follows from these equalities that

P(x)=ap(x—oy)(x— ) - (x— o). (6.3)
As can be seen from (6.3), the &; (i = 1,...,n) are roots of the polynomial P(x). [ |
Furthermore, no o # @; (i = 1,...,n) can be a root of the polynomial P(x), because in

such a case the right hand side of (6.3) at the point x = ¢ is not zero.
Corollary 6.2. A polynomial of degree n > 1 has at most n distinct roots.

Example 6.2. (a) The polynomial P(x) = x*> — 6x> + 11x — 6 of degree three is equal to
zero at x = 1, thatis, P(1) = 0. Then R = 0 and

-6+ 1lx—6=(x—1)(x* —5x+6).

(b) The roots of the same polynomial are ¢} = 1, 0y = 2, oz = 3. Since in this polynomial

aop = 1, by Theorem 6.2 we have the following factorization:
P62+ 1lx—6=(x—1)(x—2)(x—3).

Theorem 6.4. If the values of two polynomials Pi(x) and P>(x) of degree n > 1 are equal
at n+ 1 distinct points, 0y, Q1 ..., Oy, then they are identical.

0 Denote the difference Pj(x) and P»(x) by P(x):
P(x) = Pi(x) — Py(x). (6.4)
Obviously, the degree of P(x) is not more than n, and Py (o) = P2(a;) (i=1,...,n).
Then,
P(x) =ao(x—au)(x— o)+~ (x — o). (6.5)

On the other hand, by hypothesis, P(og) = 0, and at g all the factors in (6.5) are
nonzero. Therefore ag = 0, and so P(x) = 0. Then (6.4) gives the desired result, P (x) =

P2 (X)

Theorem 6.5. If a polynomial P(x) = apx" +a X"V -4 a, is identically equal to zero,

then all its coefficients are equal to zero, i.e., a;=0,i=0,...,n.

O Since P(x) = 0 identically, then by Theorem 6.3,

ap(x—oy)(x— ) (x— o) =0. (6.6)
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On the other hand, P(x) = 0 implies that the equality (6.6) is true at any point x # o
(i=1,...,n). Since the factors in (6.6) are nonzero for such an x, it follows that ay = 0.

Similarly, we can prove that a; = 0, a, = 0, etc. |

Theorem 6.6. If two polynomials are equal identically, then the corresponding coefficients

of these polynomials are equal to each other.

[0 Indeed since the difference of those polynomials is zero identically, it follows from

Theorem 6.5 that the differences of the corresponding coefficients are equal to zero. |

Example 6.3. If the polynomial agx® 4+ a1x* + axx + a3 is identically equal to x> — 5, then

a0:0,a1:l,a2:75,a3:0.

6.2 Repeated Roots of Polynomials

In the factorization of a polynomial (6.5) of degree n, some of the factors can be repeated.

Therefore, a polynomial (6.5) in general has the form
P(x) = ag(x— o) (x — )2 - (x — 04)*", 6.7
where
ki+ky+-+ky=n.

According to (6.7), a; (i =1,...,m) is a repeated root of multiplicity k; (i = 1,...,m). In
other words, the existence of a repeated root o of multiplicity k£ means that the number of
equal roots & of the polynomial P(x) is k.

The definition of repeated root and Theorem 6.3 imply the following result.

Theorem 6.7. The number of roots of a polynomial (6.1) of degree n is equal to exactly n

(not necessarily real or distinct).

Theorem 6.8. If oy is a root of multiplicity ky > 1 of a polynomial P(x), then for the
derivative P'(x), the number @ is a root of multiplicity ky — 1.
[J By hypothesis, a; is a repeated root of multiplicity k;. Hence, by (6.7),

P(x) = (x— o) (x), (6.8)

where @(x) = (x — ap)¥2 -+ (x — 04, )* is nonzero at x = o, that is, (o) # 0. By differ-

entiating (6.7), we have

P'(x) = ki(x—a1) 1 @) + (x — an) 19" (x) = (x— o)1 (ki @(x) + (x — 01) 9" (x)] -
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Writing w(x) = k1 ¢(x) + (x — a;) @’ (x), we have
P'(x) = (x—an)1 'y (x).
Here, y(ay) =kio(ay) + (o) — ay)@' (o) = ki @(0y) # 0. This means that the number
x = oy is a repeated root of multiplicity k; — 1 of the polynomial P’(x). At the same time,
from the proof we see that if @ is a simple root of P(x), then o can not be a root of P'(x).
|
Also, it is not hard to see that

P(ay) =0, P'(oy)=0, P'(a;)=0,..., P~ V(a)=0, P*¥)(0y)+#0.

The definition of repeated root and Theorem 6.3 imply the following result.

6.3 Complex Roots of Polynomials

As can be seen from Formula (6.5), the roots o, o, ..., &, may be real or complex.

Theorem 6.9. If the polynomial P(x) has real coefficients, then if a+ ib is a complex root
of P(x), the conjugate a — ib is also a root of P(x).

O TItis not hard to see that if we substitute a + ib in polynomial P(x), then after necessary

transformations we see that P(a + ib) is a complex number having the form
P(a+ib) =A+iB, (6.9)

where the expressions A and B do not involve the imaginary unit i.
By hypothesis, a +ib is a root, that is, P(a+ib) = 0. Hence, A +iB = 0, which implies that
A=0and B=0.

On the other hand it is easy to see that by substitution x = a — ib in P(x) as a result of
arithmetic operations with complex numbers (see Section 1.5) it follows from (6.9) that we

obtain simply its conjugate number, that is,
P(a—ib)=A—iB. (6.10)

But since A = B = 0, then (6.9) implies that P(a — ib) = 0. Consequently, a — ib is also a

root of the real algebraic equation P(x) = 0. Thus, if in the factorization

P(x)=ap(x—oq)-- (x— o)
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there exists a complex root a + ib, then its conjugate a — ib is a root, too.
Now, take @ = a + ib, @ = a — ib and compute (x — o¢)(x — @):
(x—o)(x—)=[x—(a+ib)] - [x— (a—ib)]
=[(x—a) —ib] - [(x—a) +ib]
=(x—a)’ 4+ =x>+pxtgq
with and ¢ = a® + b2
Here, if o = a+ bi is a repeated root of multiplicity &, then & = a — bi is a repeated root
of the same multiplicity k. Therefore, in the factorization of P(x) there appear the factors
(x— )% and (x — @)*. Thus, the factorization of a polynomial P(x) with real coefficients

has the form
P(x) = ag(x — o) (x — )2 -+ (x — 0u)*" (P + pra+ q1)" -+ (P + prxt 0",
where
ki +ky+-+kn+20 4420, =n.
|
Example 6.4. (a) The polynomial P(x) = x°> — 9x* 4+ 31x3 — 51x> +40x — 12 of degree five
has the factorization
Px) = (x=2)(x=2)(x—=1)(x=1)(x—3),
or
P(x) = (x =2 (x = 1)*(x=3),

where ) =2 and o, = 1 are repeated roots of multiplicity two and a3 = 3 is a simple root.

(b) The polynomial P(x) = x> —2x+ 5 of degree two has the factorization P(x) =
x? —2x+5=(x—1+2i)(x—1—2i) and & = 1 —2i and its conjugate & = 1+ 2i are complex
roots. On the other hand, since x* — 4x® 4 14x? — 20x 425 = (x*> — 2x+5)? it is obvious that

o =1—2iand @ = 1+ 2i are repeated roots of the polynomial x* — 4x> + 14x> —20x 425
of multiplicity k = 2.

6.4 Polynomials and Interpolations

In Section 3.1 we discussed that a function can be given by values in tabular form. In such
cases we will try to construct a sufficiently simple computable function approximating the

given function y = f(x). As arule, we construct a polynomial function. Among the various
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types of polynomial approximation that are in use, the one that is most flexible and most

often constructed is the interpolating polynomial. This procedure is called interpolation.
Suppose that a real function f is defined on an interval [a,b], and let x,x1,...,x, be

n+ 1 distinct points of [a,b]. Then we wish to find the interpolating polynomial L, (x) of

degree not exceeding n, such that
Ly(xi) = f(x;), i=0,1,2,...,n. (6.11)

In order to show the uniqueness of the interpolating polynomial, assume there exist two
interpolating polynomials L! (x)and L2(x). Then their difference, L,(x) = L}(x) — L2(x)
being the difference of two polynomials of degree not exceeding n, is again a polynomial

of degree not exceeding n. Moreover, by (6.10),
L) =L2(x) = f(x), i=0,1,....n.

Their difference thus has n+ 1 roots and hence, being a polynomial of degree not exceeding
n, must vanish identically. By Theorem 6.4, it follows that L} (x) = L2(x). Next, we con-
struct the polynomial L, (x). At first, note that the polynomial L, ;(x) of degree n satisfying

the condition

Lyj(xj) =1, Lyj(xx)=0, k#j,

is equal to zero at all points x = x; (k # j), n in number, and so divides the polynomial

H(x—xk) =(x—x0)(x—x1) - (r—xjm)(x—xjp1) - (X —x).

k#j
Therefore,
Lyj(x) = ¢; [ Jx—x0). (6.12)
k#j
Here, the constant c; is defined by the condition that L, j(x;) = 1.
Then,
1
cj=———, j=0,1,...,n (6.13)
T TG — )

ey
Let us take the sum of products f(xj)L, ;(x) over j to construct L,(x) =

n
Y. f(x;)Ly j(x). Finally, by substituting (6.12) and (6.13) into this expression we have
j=0

0 kgj(x—xk)
Ly(x) = j;of(xj)m. (6.14)

k#j
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The L, j(x) are called Lagrange’s interpolation coefficients. By construction, the values
of the polynomial given by (6.14), at the points x = xp, X1, ..., X, are equal to the corre-
sponding values of the given function. This polynomial is called Lagrange’s interpolation
polynomial.

Let f(x), defined on [a,b], be an n+ 1-times differentiable function. Consider its ap-

proximating polynomial L, (x), and let us now estimate the error R, (x):
J(x) = Ln(x) + Ru(x).

Take the points X, x; € [a,b], k=0, 1,...,n, where X # x;, and estimate the error at x = X.
From the values of f(x) at the given points xg, x1,..., X,, X, we compute the interpolating

polynomial L, (x) of degree n+ 1 satisfying the following conditions:

Ln+1(xi):f(xi)7 i:()vl""vn; LnJrl()_C):f(x)'

By (6.14), the polynomial sought, L, 1(x), has the form

n

[Tr—x) (x—%) T (x —xi)

— f(x)k=0 - k#j .
Lu1(x) = f8) 11 (E—x) +,§bf( j)(xjﬂ‘c) I (xj —xi)

=0 k#j

The function @(x) = f(x) — L,+1(x) has n+ 2 distinct roots xo, xp, ..., X, X in the interval
(a,b). By Rolle’s theorem (Theorem 5.3), the derivative ¢’ must have at least n+ 1 roots
AV (k=0,1,....n), that is, ¢/(c")) = 0 in the smallest interval containing x and x;, the
second derivative must have no less than n roots, that is ¢” (c,({z)) = 0 for points c,iz) € (a,b)
(k=0,1,...,n—1), and, finally, the (n+ 1)st derivative must have at least one root, i.e.,
there exists a point ¢ € (a,b) such that ¢"*1)(¢c) = 0.

Next, we compute the n+ 1% order derivative, [L,(x)]"*!). It is easy to see that

=0 #J
coefficient of ¥+ is one. Hence the n+ 1% order derivatives of these polynomials are equal

n
the products [T (x —xx) and (x —X) [] (x — x;) are polynomials of degree n + 1, where the
k k

ton-+1!. Thus,

— k#j
. TE-w)
[T (% —xx) =0 kAj S
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because
klilo(f*xk) Sy i
et (R ) ()
Consequently,
Lo @] = D! ey g () = (E DR,
kI;IO()_C—Xk) k];IO()_C—xk)

Note that ¢**1)(¢) = 0 implies the relationship

Mﬁ(%—xk) (c € (a,b)). (6.15)

R(x) = (nt+ 1) L4

Thus, if we take Lagrange’s interpolating polynomial L, (x) calculated by using the

points xg, k =0, 1,...,n in place of f(x), the error which arises has the form (6.15).

Example 6.5. Use Lagrange’s interpolation formula for the function f(x) = sinx, with
given points x = 0, x = 7/6, and x = /2, to approximate sin(7/4).

For n = 2, we have

Ly(x) = £(0)

(x—7m/6)(x—m2) f(z) (x—0)(x—m/2)
(—=7/6)(=7/2) 6/ (1/6—0)(n/6—17/2)

+f(§) (x—0)(x—m/6) 1 (/2 —x)x 1.x(x—yr/6).

(m/2-0)(x/2—m/6) 2 7®2/18 + 72/18
T 11 V2 m
— ) = — &~ — —=gi — 1 () R— <
4) g~ 5 —sin (4 ) On the other hand, (sinx) cosx, and so

R =-GGE0G-6)G2) =(03)

This means that

Then L, (

3

Ra| < 1’1% < 0.03.

Example 6.6. Use the values f(1) =3, f(2) = —5, and f(—4) =4, of y = f(x) to deter-

mine Lagrange’s interpolation formula of degree two.

If n = 2, it follows from (6.14) that

x—2)(x+4

(=2rd) o

(1=2)(1+4)

9, 123 2%
30 30 30 °

(x=1)(x+4)

La(x) =3 @-DE+4  (4-1)(-4-2)
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Next, suppose we have n+ 1 points x; (i =0, 1,...,n), and a function y = f(x) defined
at these points with values y; = f(x;). Suppose further thatx;;; —x; =h(i=0,1,...,n—1)
is constant. Then

yi=f(xo+ih) (i=0,1,...,n).

In order to determine an interpolation polynomial of degree not more than n, we denote the

higher order differences as follows:
Ayo=y1—y0, Ay =y2=y1, An=y3—)y2, ...,
Nyo=y2=2y14y0=Ay1 —Ayo, A’y =Ay,—Ayy, ...,
Alyo = y3 = 3y2+3y1 —yo = A’y — Ay, ...,
Alyg = A"y — A"y

For the polynomial of first degree, we put

X — X
Li(x) = yo+ Ay —. (6.16)

It is obvious that

h
Li(x0) =yo, Li(x1) =y0+Ay0E =yo+ (y1 —y0) =»1-

For the polynomial L, (x) of degree two,

_ X — X0 Azyox—xo X — X0
La(x) = yo +Ayo PRI TR ( ; 1) (6.17)

Lo(x0) =yo, La(x1)=y1,

A%y 2h ([ 2h
Lo (x2) = yo + Ayo2 + T (7 - 1) =2

In turn, for the polynomial of degree three,

—xp Ay x—xg (x—xoil)

X
L3(x) = yo+Ayo +

h 2! h h
A3yoxfxo X — X0 X — X0
—1 —-2]. 6.18
i 31 h h h ( )
Finally, we have Newton’s polynomial of degree n satisfying L, (x;) = y; i =0, 1,...,n):

_ X — X0 Azyoxfxo X — X0
Lu(xi) = yo+Ayo —t ST ( ; —1>

A'yo x—xp [ Xx— X0 X — Xo
N - ; ( 5 —1)---|: ; —(n—l)]. (6.19)




Polynomials and Interpolations 181

By Theorem 6.4, Lagrange’s and Newton’s polynomials are equal. In general, from
a practical point of view, Newton’s interpolation formula (6.19) is convenient, because in
passing from the polynomial of degree & to the polynomial of degree (k+ 1), the first (k+ 1)
terms remain unchanged. The new term added is zero at all previous values of x.

As before, suppose given a function y = f(x) by means of table of values,
yvi=flxo+ih), i=0,1,....n, xir1 =xi+h.

We can compute numerical estimates for the values of the derivative of f. We can use
either Lagrange’s or Newton’s polynomials. For example, let us use Newton’s polynomial.
Suppose we have values given at three points: y; = f(x;),i =0, 1, 2.

By differentiating (6.17) in the interval xo < x < x», we obtain the approximation,

Ayo A%y [ x—xo
! ~ L =4+ —(2 —-1). 2
f(x) = Ly(x) 7 T h (6.20)
At x = xp,
Ayy A%y
f(x0) = Ly(x0) = == = 3= (6.21)

If we use the polynomial of degree three, then

2 _ 3 N2 B
f/(x)ng(x):% ﬂ(zx X0_1)+Ay0 [3()6 xo) 76x hx0+2 .

h 2h h 2-3h h
(6.22)
In particular, at x = xo,
Ayo  Ayo Ay
! ~ L == —. 6.23
f'(x0) 3(x0) h h + 3 ( )

In general for such numerical differentiation, if we take (6.19), then at x = xo,

! Ayo A%y Ny Ay
/ ~ / — ..

Remark 6.1. For a differentiable function, the difference A'yq, i = 1, 2, 3 is infinitely small
to i-th order with respect to /.

This study of Lagrange’s and Newton’s interpolation polynomials suggests the natural
question: is there a polynomial L(x) approximating a function f defined on the interval
[a,b] with any desired degree of accuracy? In other words, given an arbitrary € > 0, can we

choose a polynomial L(x) such that |f(x) — L(x)| < €?

The following theorem, formulated without proof, is the answer to this question.
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Theorem 6.10 (Weierstrass). If the function f defined on [a,b] is continuous on this in-

terval, then for every € > 0 there exists a polynomial L(x) such that
If(x) = L(x)| <.
Bernstein' constructed the following polynomials to explicitly solve this problem. For
simplicity we take in place of [a,b] the interval [0, 1]. He defined

= (e

m=!
which is now called the Bernstein polynomial of degree n. Here, C}' is the binomial coef-

ficient. For any € > 0 there exists an n such that

|B(x) — ()] <

Earlier, Chebyshev? had found in the set of polynomials with a fixed degree, that polyno-
mial, the absolute value of which is the best approximation to zero. Such polynomials are

called Chebyshev polynomials.

6.5 Problems

(1) Find P(x) = x> —4x> + 8x — 1 divided by x + 4.
Answer: P(x) = (x +4)(x> — 8x+40) — 161.

(2) Find P(x) = x* + 12x 4+ 54x> + 108x + 81 divided by x + 3.
Answer: P(x) = (x+3)(x> +9x% +27x +27).

(3) Find P(x) = x” — 1 divided by x— 1.
Answer: P(x) = (x — 1) (a0 +° +x* + 2+ 2 +x+1).

In each of problems (4)—(7), use the factor theorem to find the factorization.

(4) P(x) = 2x® — 10x7 + 8x0 + 8x° + 6x* + 18x°.

Answer: P(x) = 2x3(x+ 1)(x — 3)?(x> + 1).
(5) P(x)=x*—1.

Answer: P(x) = (x—1)(x+ 1)(x>+1).
(6) P(x) =x*>—x—2.

Answer: P(x) = (x—2)(x+1).

IS. Bernstein, (1880—1968), Russian mathematician.
2p, Chebyshev (1821-1894), Russian mathematician.
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(7 P(x)=x>+1.
Answer: P(x) = (x+ 1)(x> —x+1).
(8) Suppose y = f(x) has the following tabular representation:

yi=4atx; =0,
yy=6atx; =1,
y3=10atxz =2.
Find Lagrange’s polynomial of degree two for its interpolation.
Answer: Ly(x) = x> + x4 4.
(9) At the points x = 1,2, 3,4, and 5, the values of a function are 2, 1, —1, 5, and 0,
respectively. Find Lagrange’s polynomial Ly (x).
Answer: —%x4+ %)ﬁ - %J@—é— %x—%.
(10) At the points x =2, 4, 5, and 10, the values of a function are 3, 7, 9, and 10, respec-
tively. Find Lagrange’s polynomial.
Answer: 2x — 1.
(11) Find the Bernstein polynomials B,(x) for the function y = sinzx defined on [0, 1],
wheren =1, 2, 3,4.
Answer: By(x) = 0; By(x) = 2x(1 — x); B3(x) = %x(l —X);

Ba(x) =2x(1 —x)[(2v2 = 3)x? — (2v2 - 3)x +V2].



Chapter 7

Applications of Differential Calculus to Limit
Calculations and Extremum Problems

Certain kinds of limit computations, those involving the so-called indeterminate forms, can
be accomplished using two rules explained in this chapter, L’'Hopital’s rule and a rule based
on the Taylor—-Maclaurin series. Again, studying the Taylor series around critical points
gives sufficient conditions for the presence of a local (relative) extremum. Furthermore,
whether the curve is bending (upward or downward) depends on the sign of higher order
derivatives. Necessary and sufficient conditions for existence of an asymptote to a curve
are proved. Finally, such investigations are used in curve sketching.

0
7.1 [D’Hopital’s Rule for the Indeterminate Form 0

Definition 7.1. If, for given functions f and g, liﬁm flx)= 1i31 g(x) =0, then we say that
X—a X—a
0
the quotient @ has the indeterminate form 0 as x — a. Similarly, for the indeterminate

g(x)

form — as x — a0 or x — —oeo.

Theorem 7.1 (L’Hopital’s' First Rule). Suppose that the functions f and g are differen-
tiable in a deleted §-neighborhood (a — 8,a+ 6)~ a (8 > 0) of a point a. Moreover,
suppose that

lim f(x) =lim g(x) =0 (7.1)

Xx—a Xx—a
and g'(x) # 0 in the deleted §-neighborhood of the point a. Then if the finite or infinite

limit

/

X
/' o)

x—a g'(x)

exists, then so does

. X
lim M, (7.3)

x—a g(x)

'Guillaume F.A.L” Hopital(1661-1704), French mathematician.
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and
o f) L (%)
e T

(7.4)

O Extend the definition of the functions f and g to include the point a by setting f(a) =
g(a) = 0. Then f and g are continuous on the interval (a — 8,a+ 8). Let {x,} (x, # a,
n=1,2,...) be an arbitrary sequence that converges to a. Clearly, f and g are continuous
on the closed interval [a,x,]. More precisely, f and g are continuous on the open interval

(a,x,) and g'(x) # 0 on (a,x,). Thus, by Theorem 5.5, there is a point &, € (a,x,) such

that
f(xn) = f(a) _ f/(én)
S —gla) g 7
Since f(a) = g(a) = 0, it follows from (7.5) that
fl) _ 18) .

g(xn) B g'(&) .
On the other hand, x, — a (n — o) implies &, — a. Thus, using Definition 3.2 and

passing to the limit in (7.6), we conclude that

f(x) . ) — lim f'(&) — lim f')

lim —% = lim = = .
oag(x)  woag()  Ersag(&)  voagl(x)

||
/
Remark 7.1. Even if the limit lim f') does not exists, the limit lim @ may exists.
x—a g'(x) x—a g(x)
1
Indeed, if f(x) = x?cos — and g(x) = sinx, then
X
1
tim £~ fim 5 lim xeost =0
=0 g(x)  x=0 sinx x-0 x

while the limit

2xcos ! + sin !
/ XCOS — -
lim M =lim ———X% X
=0 g'(x) 10 COSX

does not exist.

Remark 7.2. If the derivatives f’ and g’ are continuous at a, and g'(a) # 0, then (see
Formula 7.4),

o ) f@

xa g(x)  g'(a)
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U

g'(x)

rule can be applied a second, a third, etc., time.

f@) W)

Remark 7.3. If it turns out that the quotient is again indeterminate, then L’Hopital’s

g R ) e )
. ... cosx—1 . . .

Example 7.1. Compute the limit lim 5— The quotient has the indeterminate form

X—> X
0 and so lim cosx— 1 _ lim —sinx ]
0’ =0 x2 xs0 26 2

— s 1—
Example 7.2. By applying L’Hopital’s rule twice, we have lim Tosmr lim oSt _
x—0 x3 x—0 3x2
sinx 1

o0 6x 6
Example 7.3. In this case we apply L’Hopital’s rule three times, that is,

x 453 12x2 24y

lim = lim —=lm——=lim—— =
x—0x24+2cosx—2  x—02x—2sinx  x—>02—2cosx  x—02sinx

Example 7.4. As in Example 7.3,

. e —et —2x et te =2 oer—et e te ™ 2
lim - = lim = lim - = lim =—=2.
x—=0 X —sinx x—0 1 —cosx x—0  sinx x—0 COSX 1

Remark 7.4. Suppose that f and g are defined on the set R~ [—6,6] and g'(x) # 0, x €
R~ [=8,68] (6 > 0). Assume that the limit

~

(x

X

lim
X—ro0

(7.7)

oQ
—
=

exists. Then the functions g;(7) = g <%) =g(x)and fi(t) = f <;> =f(x) = )1—() are

defined and differentiable on — 5 <t < 5 (r # 0). Besides, the derivative g} (¢) # 0 in the

1
deleted 3 neighborhood of the point # = 0 takes the form

git)=¢ (%) <7t12) =g (x)(—x%) #0.

On the other hand, the existence of the limit (7.7) implies that the following limit exists:

) f<;> )

li =1 =1 . 7.
50 g, (@) 50 ,(1) frad g (x) (7.8)
g (-
1
Therefore, by Theorem 7.1, the limit
lim fl—(t) = lim @ (7.9)
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exists, and

W A0 A0 70
M o) T ) T g0 R )
(see (7.3), (7.8), and (7.9)).

The other limit statements can be investigated similarly.

2

0

Example 7.5. Find lim xi. (Indeterminate form —.)

x—0+0 In(1 4 x) 0
By Theorem 7.11, we have

2
2,
lim — = lim —— = lim 2x(1+x)=0.
=040 In(14+x)  x=0+0 x—0-+0

14+x

1
Example 7.6. Find lim x In <1 + —). Obviously,
X—yoo X

1 1
In(1+- - ( 0
X
fimxln (14— ) = lim — 7 — i 2D ) —1.
X—yo0 X X—ro0 l X—yo0 _l X—r00 x+ 1
X x2
Example 7.7.
1
L 7
Z —tan! (177) x? 1+<1__)
Jim I = lim 11
Sin — ——2COS—
X X
1
1 2
1+(1f_) 1
=lim —————=3.
COS —

7.2 L’Hopital’s Rule for the Indeterminate Form z
oo

Definition 7.2. Suppose two functions, f and g, are defined on a neighborhood of a point

x = a, such that

lim f(x) =co, lim g(x) =00 (7.10)
xX—a xX—a
Then we say that the quotient % has the indeterminate form — at x = a.
8x o0
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Theorem 7.2 (I’Hopital’s Second Rule). Suppose that the functions f and g are differen-
tiable in a deleted neighborhood of a, (a — 8,a+ 8) ~ a (6 > 0), and that condition (7.10)
is satisfied. Suppose also that g'(x) # 0 in that neighborhood and that

exists. Then

also exists, and

. fl(x)

)lc~>a g’(x)

im @

. g(x)
A FW)
M ) T g

(7.11)

(7.12)

(7.13)

[ First assume that the limit (7.11) exists and is equal to c. We show that the limit (7.12)

exists and is equal to ¢. Let {x,} be an arbitrary sequence such that x, — a and either all

x, <aorall x, <a. Since x, € (a—d,a+ ) (n=1,2,...), then for any m and n, by

applying Theorem 5.5 to the closed interval [x;,,x,], we have

1— S (m)
Fl) = ) _ fs0) L) SR
g(xn) —gCom) — glxa) | glwn) —g(my)” Y
g(xn)
Thus,
1— g(xm)
£ _ £ ' gl
glxn)  g'(ny) 1— JGom)
f(xn)

Now, for any fixed € > 0 there exists an integer m such that for all n > m

() £
g'(’f),’,’nZ) =c+o), where |og| < 5
On the other hand, (see Formula 7.10), for fixed m
1— 8(xm)
lim — 80w
n—oo _ f(xm)
f(xn)

2
Hence, for positive L
le|+¢€/2
-~ 8(xm)
g(xn)
| — J(om)

f(xn)

and fixed m, there is an ny > m such that

€/2

=1+, wh nl < 75

(7.14)

(7.15)

(7.16)
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for all n > ny.
Then we derive from (7.14)—(7.16) that

X
TO0) _ (e a) (14 B2 = o (e -+ ) B+ i
g(xn)
Therefore,
f(‘xn) n n n
—c| < (|e|+ o + 10, -
Ll < e+l 5]+
Hence, for all n > ny,
/2
o DB+ |al] < ( ) =e.
(el +leal) Bl + loal < (Il +3) g3 *
Consequently, for any positive € > 0 there is an ng such that
J(xn) _cl<e
g(xn)
for all n > ng. It follows that hm % = ¢, and (7.13) is valid. |
X
/
Remark 7.5. If the limit (7.11) becomes oo, then, since lgn j’;g ; = 0, it follows that
X—a
lim @ = 0. Hence, taking into account (7.10), we have hm @ = oo
x—a f( ) xX= g( )

Remark 7.6. If in Theorem 7.2, instead of (a — 8,a+ 0), we take (a,a+ ), or (a —J,a),
then in the relations (7.11)—(7.13), x — a must be replaced by x — a+0 (or x — a —0).

Moreover, Theorem 7.2 is true for the case x — .

Example 7.8. Find lim /xInx.
x—0+0

Applying Theorem 7.1, we can write

1
lim v/xlnx= lim LA lim x =2 lim +/x=0.
x—0+0 X040 ;=3 x50+0 1 3 T 7040
2
. . Inx
Example 7.9. Find lim —.
X+t X
1
. Z
lim — = lim %= lim - =0.
X—+Foo X x—oo | X—rfoo X
xl‘l
Example 7.10. Find lim —.
X—ro0 ¥
n n—1 |
lim Y —fim ™2 — .. —qim 2 oo

x—oo ¥ x—oeo ¥ x—oo ¥
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Besides the indeterminate forms g and z we often see the indeterminate forms O -
o0, 00 — oo, 1%, 09, and o?. All these indeterminate forms can be converted by algebraic
substitutions into a form of type g or z For example, let us investigate the last three
cases. Suppose that we try to find the limit of y = £(x)8®) (f(x) > 0) where the limits of f
and g as x — a are such that one of the indeterminate forms 1%, 0%, or ool ig produced.
First, we calculate the logarithm:

Iny = g(x)In f(x).

For each of these three cases, Iny = g(x) In f(x) has the form 0-c as x — a. Thus, it is easy

to see that if
z=p(x)-q(x), (7.17)
where
lim p(x) =0, lim g(x) =,
the indeterminate form 0 - oo can be converted by algebraic substitutions into either the form

0 oo
0 or —. Indeed, expressing (7.17) in the form

2= @, (7.18)
q(x)
or
= q(lx) : (7.19)
p(x)

0 oo
we see that (7.18) and (7.19) have the indeterminate forms 0 and —, respectively.

Example 7.11. Find liII(l) x"Inx (indeterminate form 0 - o).
X!

1
X X"
lim ¥"Inx = lim —~ =lim —%_— = _lim = =0,
x—0 x—0 x—0 _ x—0 n
E ytl
Example 7.12. Find lin(l) x* (indeterminate form 0°).
X—
|
Lety=x* Thenlny=xInx = ? and by passing to the limit as x — 0, we have
x
1
. . X X .
lim (xlnx) = lim — =lim —=— = —lim x=0
x—0 x—0 l x—0 _ i x—0
X x2

Therefore Inlimy = 0, and so limx* = 1.
x—0 x—0
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Example 7.13. Find lina(l +x%) == (indeterminate form 1°).
X

Lety=(1+x?) &=, Then

— 2
lny—exilixln(l—l—x)
2x
: o In(14+x%) Ty 2x
lim (Iny) =lim ———= =1 =1
Xlg(l)(ny) x00 & —1—x 130 e —1  x20 (e —1)(1+x2)
2

=2.
<50 (1 4+x2) + (e*—1)2x

Thus limy = €.
x—0

7.3 Taylor-Maclaurin Series and Limit Calculations

In many limit calculations, Taylor-Maclaurin series can be applied successfully. For the
functions e, In(1+x), (1 +x)%, sinx, cosx, and tan~' x, we give the Maclaurin formula

with Peano’s form of the remainder term:
i

X’
T 0@,

X
e _1+1!

3 xS x7 x2n+ 1

nx—x—— X X gy
sinx=x—z+5 -+ +(=1)
2 4 6 2n

X X X
cosx:1———|—————|—---+(—1)"(2n)'

21 41 6!
(04 ala—1 ala—1)---(ax— 1
(1+x)“:1+—x+¥x2+~-~+( Joo(@-ntD),
1! 2! n!
x2 x3 XS

x"
ln(1+x):x—?—}—?—?—i—-n—i—(—l)”;—i—o(x”),

x3 xS x7 x2"+1
t —1 oy - —1)"
T x=x— e oo ()

We will show in the following examples how we can apply these formulae.

_~_0(x2n+2)'

X —sinx

Example 7.14. Use the second formula of (7.20), with n = 1, to compute lin(1) 3
X—> X
Since
3
sin)c:x—g—ﬁ—o(x“)7 (7.21)

we can write

x—0 X x—0

x—sinx ¢ —ol) 1 1
lim 5 — fim ——6—— — 1im [g—l—o(x)} _
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Sh Y

Example 7.15. Find lim ¢ 5 _ cosx
x—0 X< simx
By formulae (7.20) we see that

2 4

X 5
cosx=1 51T a1 +o(x),
sinx = x+o(x), and (7.22)
2 2 4
ez 21—%4-%—#-0()(4)
Then,
2 4 2 4
1
- 42 o) — 145 — 2 —o(x) — o) —o(d)
lim 2 8 2 24 —1im 12 -
x—0 x*+o(x*) x—0 X+ o(x*) 12
1

2N 7~
Example 7.16. Find lim (Cosx+ x_) x(sinx —x)
x—0 2
1
2N T N
Let denote y = (cosx+ % x(sinx —x) .
Because y is positive for small x we can first compute the limit of the natural logarithm,

Iny, as x — 0, where

In 71 In( cosx+ x
= X - | .
Y x(sinx —x) 2

By using (7.21) and (7.22), we have

ol
In(1+ 7 +0(x5)>

x4

% +o(x%)

lim Iny = lim
x—0 x—0

4 4
On the other hand, since In(1 +z) = z+ o(z), it follows that In (1 + % + o(xs)) = % +

o(x*). Hence, e

x 1 o(x*)
St o |
lim Iny = lim 24 —lim 24X
X— x=0 X 5 x—0 71 ( ) 4
3 +o(x 3 +o(x
Consequently,
1
imv=e 4
fim y=e
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7.4 Sufficient Conditions for a Relative Extremum

Problems concerned with finding the “best” solution are called optimization problems. A
wide class of optimization problems can be reduced to finding the extremum (either maxi-
mum or minimum) value of a function and determining the points where this values occurs.
Often, we shall be concerned with the extremum values of f on some interval, rather than
on the entire domain of f.

As we showed in Chapter 5, the monotonicity of a differentiable function depends on
the sign of its first derivative. In particular, in order that f be nondecreasing (nonincreasing)
on the interval (a,b), it is necessary and sufficient that f'(x) > 0 (f’(x) < 0). For increasing
(decreasing) functions f’(x) > 0 (f'(x) < 0). Besides, by Theorem 5.2, if f is differentiable
at xp and f(xo) is a relative extremum of f, then f’(xo) = 0 (Theorem 5.2). Note that the
condition f’(xp) = 0 is necessary but not sufficient for the existence of a relative (or local)
extremum (see Remark 5.1). We shall give sufficient conditions for local maxima and
minima in this chapter. Nevertheless, in the majority of optimization problems, our interest
is the global (or absolute) extremum values attained by a given continuous function.

Note that the largest of the relative values of f is a global maximum value, and the
smallest is a global minimum value. Also, observe that every global extremum is, of course,

relative as well; on the other hand the converse assertion is false.

Definition 7.3. A point x( in the domain of the function f is called a critical point of f if

either f'(xp) = 0 or if f'(xo) does not exist.

Consequently, the extreme values (either relative or global) of a continuous function f
on a closed interval occur either at a critical point of f or at one of the end points of the

interval in question.

Theorem 7.3 (The First Sufficient Condition for a Relative Extremum). Ler a func-
tion f be differentiable in some neighborhood of a critical point xo, so that f'(xp) = 0.
If for the set of points x < xo and x > xo contained in this neighborhood, f'(x) > 0 and
S1(x) <0 (f'(x) <0and f'(x) > 0), respectively, then f(xy) is a relative maximum (mini-
mum) value of f.

Moreover; if in a neighborhood of xo, the derivative f'(x) has the same sign (except

possibly at xg), then f(xy) is neither a relative maximum nor a relative minimum of f.

O (1) Suppose, for definiteness, f7(x) > 0 for x < xo and f’(x) < 0 for x > xq (provided,

of course, that x is contained in the indicated neighborhood). Let’s prove that f(x) is a
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relative maximum. (The alternative case is reduced to this one by considering —f.) It
suffices to prove that for xo # x, f(xo) — f(x) > 0.

By Lagrange’s theorem (Theorem 5.4) we have

fxo) = f(x) = f1(€)(x0 — x), (7.23)

where & is some point between xg and x. Then, because /(&) > 0 forx < xp and /(&) <0
for x > xo, the right hand side of (7.23) is positive.

(2) If, in a neighborhood of the point xo, the sign of the derivative f’(x) does not change,
then the right hand side of (7.23) has opposite signs when xo < x and xo > x. |

Corollary 7.1. Theorem 7.3 says, briefly, that:

(1) If the derivative f'(x) is positive (negative) on the left of xo and negative (positive) on
the right of xo, then f(xo) is a relative maximum (minimum).

(2) If, in some neighborhood of x, the derivative f'(x) does not change sign, then f(xy) is

not a relative extremum.

Example 7.17. Find the relative extrema of f(x) = x> —3x> —4. Observe that the derivative

f'(x) =3x(x—2) is positive on (—ee,0) U (2, 4e0) and negative on the interval 0 < x < 2.
VA f(z)=2*-322-4

0

>
g

et

~8f = = =

Fig. 7.1 The relative extremum of function of Example 7.17
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It follows that the function f is increasing on the intervals (—eoo,0) and (2, +eo), and
decreasing on (0,2). On the other hand the function f has two critical points (x = 0,
x =2). On the left of x = 0, the derivative is positive, and on the right, the derivative
is negative. Moreover, on the left of x = 2, the derivative is negative, and on the right,
positive. Therefore, the value f(0) = —4 is a relative maximum, and f(2) = —8 is a relative

minimum (Figure 7.1).

Example 7.18. Find the extrema of f(x) = (x — 1)3.

Obviously, for all x # 1 the derivative f'(x) = 3(x — 1)? is positive and x = 1 is the unique
point that the derivative is zero. Thus in some neighborhood of the critical point x = 1, the
derivative does not change sign.

It follows that the value f(1) = 0 is neither a relative maximum nor a relative minimum of
f(x) = (x— 1) (the curve is shown in Figure 7.2).

Sometimes, determining the sign of f’(x) in some neighborhood of x is not easy.

v A
fl.."i

N

Fig. 7.2 x=11isa critical point of curve y = f(x).

The following theorem shows that to find the extreme values of a function f which is

twice differentiable, it is enough to determine the sign of f” at the critical points.

Theorem 7.4 (A Second Sufficient Condition for a Relative Extremum).
Suppose a function f has a finite second derivative at a critical point xo. Then f(xo) is

a relative maximum if f" (xo) < 0 and xg is a relative minimum if f" (xo) > 0.
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O By Theorem 5.1, it follows from the hypothesis f”(xo) < 0 (f”(xo) > 0) that the first
derivative f’(x) is decreasing (increasing) at point xo. On the other hand, since f’(xg) =0,
there exists a neighborhood of x( so that for points smaller than xg, the first derivative is
positive, i.e., f'(x) > 0 (f'(x) < 0) and for points bigger than x, the derivative is negative,
ie., f/(x) <0 (f'(x) > 0). Then by Theorem 7.3, xo is a relative maximum (minimum).
|

Remark 7.7. If either f”(xo) = 0 or f”(x) does not exist, then Theorem 7.4 is not applica-

ble. In the first case, higher order derivatives should be investigated.

Theorem 7.5 (A Third Sufficient Condition for a Relative Extremum). Letn > 1 be an
odd number and suppose a function 'y = f(x) has an n-th derivative in a neighborhood of

xo, and an (n+ 1)-th derivative at xo. Moreover, suppose that

Fx0) = f"(x0) == fP(x) =0, f"V(xo) 0. (7.24)

Then the value f(xo) is a relative maximum of f if ") (xo) < 0; and f(xo) is a relative
minimum if {7+ (xq) > 0.

[0 The case n = 1 of Theorem 7.5 is just Theorem 7.4. So let n > 3 and for definiteness,
assume f"*1)(xg) > 0. We show that f(x) is a relative minimum of .

Since f"*1)(xo) > 0, by Theorem 5.1 the n-th derivative f")(x) is increasing at point
x =xo. By hypothesis, £ (x0) = 0, and so there exists a neighborhood of xy such that
" (x) < 0 for x < xp and ) (x) > 0 for x > xo from that neighborhood.

For f/, Taylor’s formula with Lagrange’s form for the remainder gives us:
1" (x0) S (xo) ") (x—x0)™!

1! (n—2)! (n—1)! ’

where & is some point between x and x. Substituting (7.24) in this formula we have

N A () .
f0) = Gy ) L

As seen before, ) (x) < 0 (x < xp) and £ (x) > 0 (x > xo) for x sufficiently close to xo.

J'(x) = f"(xo0)+ (x—x0) +---+ (x—x0)" 2 +

(7.25)

Because & is a point between x and xg it follows that ) (&) <0, if & < xo, and £ (&) >0,
if & > x¢. Therefore, since the number n is odd, by (7.25), f'(x) < 0 for points close to xg
on the left and f(x) > 0 for points close to x( on the right. Thus, by Theorem 7.3, xo is a

relative minimum. Similarly, if £("*1)(xy) < 0, then x; is a relative minimum. |
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lflrl 1 - =4

Yy

Fig. 7.3  f(0) =1 is the maximum value of the function of Example 7.19.

Fig. 7.4 Reflection at C of a light ray by a mirror A|B;.

Example 7.19. Find the relative extrema of f(x) = 1 —x*.

First, find the critical points. Since
flx)=—4x*=0

the critical point is x = 0. Moreover, f/(x) > 0if x < 0 and f'(x) < 0if x > 0. By Theorem
7.3, it follows that f(0) = 1 is a relative maximum (see Figure 7.3). On the other hand,
because f” (x) = —12x2, f"(x) = —24x, f* (x) = =24 <0 and f(0) = f(0) = £ (0) =0

by the use of Theorem 7.5 (n = 3) we have the same result.

Example 7.20. Consider the reflection of a ray of light by a mirror A;B;, as shown in
Figure 7.4, which depicts a ray traveling from point A to point B via reflection in A|B; at
the point C.

Assume that the location of the point of reflection is such as to minimize the total
distance d| + d, traveled by the light ray; this is an application of Fermat’s principle of
least time for the propagation of light.

The problem is to find C.
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Let a, b, m, x,d; and d, denote the lengths of the segments AA|, BB;, A|By, A;C, AC,
and CB, respectively.

By the Pythagorean theorem, the distance to be minimized is

di+dy=f(x) =Vx2+a*++\/(m—x)2+b>, x€[0,m].

1 1
/!
=—+—>0
) dy d2>

B X N x—m X +x—m
Vx2 4+ a2 \/(m—x)z—l—b2 di d>

and so we find that any horizontal tangent to the graph of f must occur over the point x

f'x)

determined by
X m—x
di
At such a point, cos o = cos 3, where « is the angle of the incident light ray and f3 is the

angle of the reflected ray. Thus we find, that o = 3. Hence, the angle of incidence is equal

to the angle of reflection (Figure 7.3).

Theorem 7.6. Suppose that a function f is continuous at xy and differentiable in some
neighborhood of xo, except possibly at xy.

Then f(xo) is a relative maximum (minimum) if f'(x) > 0, x < xp and f'(x) <0, x > xg
(f'(x) <0, x <xq and f'(x) > 0, x > xq) in this neighborhood.

The theorem is proved in a similar way as Theorem 7.3.

Example 7.21. The function f(x) = |x| is continuous at x = 0 and is differentiable every-

where with the exception of x = 0:

1, ifx>0,
f’(X)—{ .
-1, ifx<0,

By Theorem 7.6, the value f(0) = 0 is a relative minimum (Figure 7.5).

v A
f(x) xr

e J

Fig. 7.5 Graph of the function of Example 7.21.
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3

Example 7.22. The function f(x) = (1 —x%) 2 is not differentiable at x = 0, because
1

fx)=-(1 fx%) 24~ 3 becomes infinitely large as x — 0. But £(0) = 1, f(x) < 1, x £ 0,

and so f(0) is a maximum (Figure 7.6).

flx)=(1 r13)'f2

&

Fig. 7.6  Graph of the function of Example 7.22.

Corollary 7.2. Let a function f defined on the interval (a,b) (possibly a = —eo or b = +o0)
be continuous and let its derivative f' be continuous everywhere with the exception of a
finite number of points. On the other hand, suppose that the number of points x in (a,b)
such that f'(x) = 0 is finite. This means that the number of critical points of f is finite, say,

n and may be enumerated as follows:
a<x;<xp<--<x,<b.

By hypothesis, the sign of the derivative f'(x) does not change on the intervals
(a,x1),(x1,%2),...,(xn,b).  Therefore, using Theorem 7.6, we can verify whether

X1,X2,..., Xy is a relative extremum of f.

7.5 Global Extrema of a Function on a Closed Interval

Let a function f be continuous on the closed interval [a,b]. We will investigate
the global (absolute) extreme values of y = f(x) on this interval. By Theorem 3.12
(Weierstrass), such functions have a global maximum and minimum. For simplicity, we
consider the global maximum of f (the global minimum is investigated similarly).
Observe that if xg is a global maximum of f on [a,b], then xy is either a critical point

of for one of the end points x = a or x = b (see Figures 7.7 and 7.8).
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Fig. 7.7 The global maximum f(x() occurs at the interior point of [a, b].

e - -

-
=
o

Fig. 7.8 The global maximum f(b) occurs at the end point b.

In Figure 7.7, the global maximum of f on [a,b] occurs at an interior point of [a,b],
while in Figure 7.8, it occurs at the end point x = b.

As a consequence, we can find the global maximum (minimum) of f on [a,b] by

1. locating all the critical points of f on [a,b],
2. finding the values f(a) and f(b) of f at the two end points of [a,b], and
3. selecting the largest of these values, which must then be the global maximum of f, and

the smallest, which will be the global minimum.

Analogously, one may investigate the global extrema of a function f defined on the

intervals (—eo,b], [a,+o0), or (—oo, 40).
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Example 7.23. Find two positive real numbers such that their sum is 12 and their product
is as large as possible.

If we denote one of these numbers by x, then the other is 12 —x. Obviously, in order to
maximize the product we must find the critical points of x(12 — x). Thus,

4 (12x—x%) =12—2x=0.

dx

Since at the end points of [0, 12] the product is zero, we find that the unique critical point

is x = 6 and the desired global maximum is 36.

Example 7.24. Find the dimensions of that cylinder of the smallest possible surface area,
subject to the constraint that it possesses a given volume, V.

If R is the radius of the base and H is the height of the cylinder, then the surface area is
§=27R*+27RH. (7.26)

%
Note that the given volume V of the cylinder is 7R*2H. Then H = TR By substituting H
into (7.26), we obtain

1% 1%
=27R* + 2TR— =2 | tR*+ = ).
S=2nR"+21 py) (n +R)

In the open interval (0, o), we compute the minimum value of the surface area S. First

ds v
® o (ar- 2 ).
dR <” R2>

A%
Equating the derivative to zero, we find that R| = ; o Now, at the critical point R = Ry,

we find the derivative:

we determine the sign of the second derivative,

d*s 2V
(_2) :2(2n+_3) ~0.
dR R=R, R R=R,

This means that R = R, is the minimum value of S = 27R% + 27RH. On the other hand,
since lim § = o and lim § = oo, the value R = R is the global minimum.

R—0 R—o00
By substituting the value R = R; into the formula for H, we have

%4 %
R? V 2x !

A%
Dimensions of the cylinder are H = 2Ry, R| = N o
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\

D

Fig. 7.9 S(%) is the global maximum value of Example 7.25.

Example 7.25. Suppose that at the origin O a cannon is fired with initial velocity of the
shot v (the air resistance is neglected) (Figure 7.9).
Let S = OD be the distance between the origin and the landing place of the shot fired.

As we saw earlier,

_ vsin2a

= T
Here 0 < g is the angle between the cannon barrel and the x-axis, g is, as before, the
acceleration due to gravity. Find the angle o that makes the distance S maximal. Since

dS  jcos2a  2vjcos2a
do g g

it follows that o0 = g On the other hand,

s 4v0 sin 2a d’s L —0
da? do? ’
T
i.e., the second derivative is negative at @ = T and so the value
2
S z==2 (7.27)
a=— &

is a relative maximum of S (Theorem 7.4). Obviously, at the end points of [O, g}
(S)a:() =0 and (S)a:%_ =0.

Thus, the value (7.27) is the global maximum of S.
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—
X

Fig. 7.10 The maximum area of the inscribed rectangle of Example 7.26.

Example 7.26. A rectangle (with vertical and horizontal sides) is inscribed in the region of
the first quadrant bounded by the parabola y = 4 — x%. Find the dimensions that yield the
rectangle of largest area (Figure 7.10).

Let (x,4 —x?) be the vertex that lies on the parabola. Denoting by A the area of the

rectangle, we have

A=x(4—x%) =dx—x,

dA d*A

where x € [0,2]. Then e 4—3x2, prohe —6x.

A - o 2\? 8 d?A
Then the ordinate of the critical pointisy =4 — | — | = =. Note that — < 0 and so,

V3 3 dx?
. . 2 8 16
by Theorem 7.4, the maximum areaisA = — - - = ——.
V3 3 33

Example 7.27. Suppose that an automobile factory sells 4,500 automobiles monthly, with
a selling price of $95000. But last month the price was reduced to $90 000, and sales went
up to 6 000. What should the selling price be made, in order to maximize profit?

Let x denote the selling price and y, the number of automobiles sold. Then let

x1 =95000—5000= 90000, x, =95000, y; =6000, and y, =4500.
We write an equation of the line that passes through the two points (x;,y;) and (x2,y2)
(assuming that the price function is linear in y). Then

x—90000  y—6000 B 3 B 3
9500090000 — 4500 —6000 and so y = 6000 1O(x 90000) = 33000 IOX'
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3
The profit function is P(x) = x (33 000 — Ex) and so, in order to find its critical point,

6 6
we compute its derivative P'(x) = 33000 — Ex. Thus, from 33000 — Ex =0, we find

that the selling price x = $55000 maximizes the month’s profit.
Example 7.28. Find the dimensions of that rectangle with perimeter 200 ft and area as
large as possible.
Let x and y be the length and width of the rectangle, respectively. Then A = xy is the area
of the rectangle. Since the perimeter of the rectangle is 200 ft, we can write 2x + 2y = 200
or, x+y = 100. Substituting y = 100 — x in A = xy yields

A =x(100—x) = 100x — x*, x € [0,100].
Then we obtain fi—i = 100 — 2x. Setting 100 — 2x = 0, we find a critical point x = 50.
Thus the maximum occurs at one of the points x = 0, x = 50, x = 100. It follows that the

rectangle of perimeter 200 ft with the greatest area is a square with sides of length 50 ft.

'Y
H
h
bl M v
. e dL SR =""3
-
-
R

Fig. 7.11 The maximum possible volume of a cylinder inscribed in a right circular cone.

Example 7.29. Find the radius and height of the right-circular cylinder of largest volume
that can be inscribed in a right-circular cone with radius R and height H. Denote by /& and
r the height and base radius of the cylinder, respectively (Figure 7.11).

Using the triangles OMK and AKN we have
R H
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or

R(H —h)
r=—.

H
Substituting r in the formula for the volume of the inscribed cylinder V = w2k, we can
write 5
TR 243
V= ?(H h—2Hh*>+1).

Now we must find the critical points. Thus, setting

_ TR?

V=" (H*—4Hh+3h*) =0,

we find that
3h* —4Hh+H*=0

and

1
/’l]IH, h2:§H

R?
Furthermore, the second derivative is V" = e (6h—4H), and so
H
V"(h) >0, h=H; V"(h)<0, h= 3
Because 0 < & < H the maximum occurs at one of the points
1
ho=0, hy=H, or hy= §H

But V(hg) = V(h1) = 0, so the height of the right-circular cylinder of largest volume is
R(H —h)

7 we then find that the optimal cylinder has

1
hy = §H. Using the formula r =

2R
dius —.
radius —

B

Fig. 7.12  The kite frame.
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Example 7.30. A kite frame is to be made of six pieces of wood, as shown in Fig. 7.12.
The four outer pieces with the indicated lengths have already been cut. What should be the
lengths of the two diagonal pieces in order to maximize the area of the kite?

Let x and y, as indicated in Fig.7.12, denote the lengths of the two diagonal pieces of
a kite frame. Obviously, the area of the triangle BCD (or DAB) is equal to ; 3 )2]
Apply the Pythagorean theorem to the right triangles OCD and BCO in the figure. This

yields the equation

e O s

where a and b denote the lengths of the segments OD and BO, respectively. Therefore, the

area of the kite is given by

oy 1 1 1 ( 5 5
A=2-T=zxy=zxatb)= V64— 22+ /16 — x)
Here, the derivative is
dA 1 J/ x? x?
= V64— + 16— 22— —
dx 4{ V64 —x2 V16 —x2

L (32-2)VI16 =22+ (8 —x°)V64 — 22
2 V64 =22 \/16—x2 '

This fraction can vanish only when its numerator is zero, that is, when
(32— x*)V16 —x2 + (8 —x*)V/64 —x2 = 0.

After a simple transformation, we have 15x% = 192, and so,

192 8
=ty — =t
! 5 5
8
Hence, the only critical point in [0,4] is x = 7 It follows that

1 1 64 64 10
_ _ 2 2 _ _ —
y=a+b 72(\/64 x+\/16 x) 2(\/64 5 \/16 5) 7

8 .
Now, we evaluate A at x = —= and at the two end points to find

V5
8 1 8 10 1
A0)=0, A(2) =2 =8 A@4)=--4 \/64—42+\/16—42)=4\/§.
=0 a(7z) =37y =% A=34(
Thus, the lengths of the two diagonal pieces that maximize the area of the kite, are
8 and 10
X = —F= = —.
Vi
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7.6 Higher Derivatives and Concavity

Let f be a differentiable function on an open interval, (a,b). As was seen in Chapter 4, at
any point P(x, f(x)) of the curve y = f(x), there exists a tangent line with slope f’(x), not

parallel to the y-axis since f’(x) is finite at x.

Definition 7.4. If, at every point x in (a,b), the curve y = f(x) lies above (below) the
tangent line at (x, f(x)), then we say that the function f (or its graph) is concave upward

(downward).

In Figs. 7.13 and 7.14 are shown concave upward and downward curves, respectively.

Ay Ay

Fig. 7.13  The graph is bending upward. Fig. 7.14 The graph is bending downward.

Theorem 7.7. Suppose that the function f has a second derivative on the interval (a,b),
and f"(x) =0 (f"(x) <0). Then the curve y = f(x) is concave upward (downward).

O Letus investigate the case f”(x) >0, x € (a,b) (the case f”(x) < 0 is proved similarly).
Take any point xg € (a,b) and write the equation of the tangent line at (xo, f(xo))

Y — f(x0) = f'(x0) (x —x0) (7.28)
(Y being the ordinate of a variable point on the tangent line).

For the case n = 1, we write the second degree Taylor’s formula with remainder for f at

X = Xp,

f'(x0)

y=f(x)=f(xo)+ 1

(x —x0) + % (x—x0)?, (7.29)
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where & is some point between x and xq. Equations (7.28) and (7.29) imply
y=Y= @(X—XO)Z. (7.30)
Because f”(x) = 0, x € (a,b), from (7.30) we obtain y > Y. Consequently, the curve
y = f(x) lies above the tangent line at (x, f(x)). |

Remark 7.8. If /”(x) =0, x € (a,b), it is easy to see that f is a linear function, i.e., f(x) =

kx+ b (k, b are constants). This function is concave upward and downward, simultaneously.
Remark 7.9. In general, the definition of concavity for an arbitrary function f can be given
as follows; if, for all 0 < A < 1 and x1, x in (a,b), the inequality

FAx1+(1=2A)x2) < Af(x1) +(1=2)f(x2)

FAxi+ (1= A)x2) = Af(x1) + (1= 4) f(x2)]

holds, then f is concave upward (downward).

Theorem 7.8. Suppose that the second derivative " of a function f is continuous and
positive (negative) at point xy. Then there is a neighborhood of xy such that the function is

concave upward (downward).

[0 Ttis easy to see that the continuity of f” at xy implies the existence of some neighbor-
hood of xg such that for points in this neighborhood, f”(x) > 0 (f”(x) < 0). Consequently,

by Theorem 7.7, for such points x the curve y = f(x) is concave upward (downward). W

AV

S
>

Fig. 7.15  (xo, f(x0)) is the inflection point of curve y = f(x).

Example 7.31. Determine the intervals of concavity of f(x) = x> —3x* — 4.
Clearly, f'(x) = 3x*> — 6x, f”(x) = 6x — 6 = 6(x — 1). Then we have that f”(x) < 0 for all
points x < 1, and so the curve is concave downward; and that f” (x) > 0 for all points x > 1,

and so the curve is concave upward (see Figure 7.1).
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Definition 7.5. Let f be differentiable on the interval (a,b) and xy be a fixed point, a <
xo < b. Suppose that in the intervals (a,xo) and (xo,b) the concavity of the curve y = f(x)
changes. Then we say that the point xq is a point of inflection of the function f. More
precisely, xo is an inflection point of the function f provided that f is concave upward on
one side of xp, concave downward on the other side, and continuous at xop. We may also

refer to (xg, f(xp)) as an inflection point on the graph of f.

In Figure 7.15 the point xq is an inflection point of the curve y = f(x), because f is

concave downward on (a,x() but concave upward on (xo,b).

Theorem 7.9 (A Sufficient Condition for an Inflection Point). Suppose that the func-
tion f has a second order derivative in a neighborhood of xo, such that f"(xo) = 0 and
that f"(x) has opposite signs in that neighborhood, when x < xy and x > xo. Then the point

Xo is an inflection point.

O Indeed, by hypothesis, f'(xo) exists and is finite, so the curve y = f(x) has a tangent
line at (xo, f(x0)). On the other hand, since the sign of f”(x) changes from the left to the
right of xo, by Theorem 7.7 the concavity of the curve y = f(x) changes from x < x to
X > XQ. ||

Example 7.32. Determine the inflection points of the curve f(x) = x> — 3x*> — 4. There is
a unique point where the second derivative f”(x) = 6(x — 1) is zero. Moreover, f”(x) <0

for x < 1 and f”(x) > 0 for x > 1. Thus, x = 1 is the only inflection point.

Remark 7.10. In general, the condition f”(x) = 0 is necessary, but not sufficient for the
existence of an inflection point. For example, the curve f(x) = x* satisfies f”(0) = 0. But

the point x = 0 is not an inflection point of f.

Remark 7.11. For a function f continuous at x = xo, f”'(xp) may or may not be finite. If
f"(xo) is finite, then the tangent line at (xo, f(xo)) to the curve y = f(x) is parallel to the
y-axis. For example, the function f(x) = x'/3 has a finite second order derivative at all
points except x = 0. This function is continuous at x = 0 and has a tangent line at (0,0).
On the other hand, f”(x) = 7%#’ and because f”(x) > 0 for x < 0 and f”(x) < O for
x > 0, the point (0,0) is an inflection point of the graph of f.

Theorem 7.10. Suppose that n > 2 is an even integer, that a function f in some neigh-

borhood of xo has an n-th derivative, and that f has an (n+ 1)-th derivative at xo, such
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that

f"x0) = f"(x0) = -+ = fM (x0) =0, "D (xg) #£0. (7.31)

Then (xo, f(x0)) is an inflection point of the curve y = f(x).

[0 By Theorem 5.1, (") (x) decreases at point x = xo if f"*1)(xo) < 0, and increases if
S (x) > 0.

Besides, it follows from £")(x) = 0 that in any case there exists a neighborhood of xq
such that f () (x) changes sign from the left x < x¢ to the right x > x of xg.

By using Lagrange’s form for the remainder term, we write Taylor’s formula for f”(x)

in a neighborhood of xy:

1" (n—1) (n)
f//(x) _ f//(xO) + f 1(.'96()) (X—XO) 4 f(n — :g))c(‘)) (X—X())n73 + (fn _(25))' (X—X())n727
where € is a point between x and xg. Then, by (7.31), we have
(n)
f(x) = A(Y) (x —x0)" 2. (7.32)

(n—2)!

Since n is even, it follows from (7.32) that the sign of f”(x) depends on the sign of
) (&). But for points sufficiently close to xo, the sign of £ (&) changes as we pass from
the region x < xo to the region x > xo. Then, by Theorem 7.9, the point (xo, f(x0)) is an

inflection point of the curve y = f(x). [ |

Remark 7.12. In Theorem 7.10, the evenness of n is essential for the validity of the con-
clusion. Indeed, consider, for instance, the function defined by f(x) = (x — 1)"*!. Here
f(1) = 0is a minimum value of f, if n is an odd, and (1,0) is an inflection point of f, if n

is even.

Example 7.33. Find an inflection point of the curve f(x) = sinx, x € (— g, g) Here, the
derivatives are f(x) = cosx, f”(x) = —sinx, and f”/(x) = —cosx. Clearly, f”(0) = 0 and
/" (0) = —1+#0. Thus, by Theorem 7.10, the point (0, f(0)) = (0,0) is an inflection point
of the graph of f.

7.7 Asymptotes of Graphs; Sketching Graphs of Functions

In Section 3.2 we mentioned the possibility of possessing finite limits at infinity, in connec-
tion with the behavior of a function as x — 4-co. There is also such a thing as the possession

of an infinite limit at a finite location.
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Definition 7.6. We say that the line x = a is a vertical asymptote for the curve y = f(x)

provided that at least one of the limits lim f(x), lim f(x) or lim f(x), is either 4o or
x—a+0 x—a—0 x—a

—oo. Also, we say that the line y = b is a horizontal asymptote for the curve y = f(x) if

either

lim f(x) =5 or XEIPM f(x)=0b.

X—>too

Definition 7.7. If the function f has a representation

fx) =kx+b+o(x), lim o(x)=0, (7.33)

X—r+o0

then we say that the line
Y=kx+b (7.34)

is an oblique asymptote for the curve y = f(x) as x — 400 (x — —oo).

Theorem 7.11. For the existence of the inclined asymptote (7.34) of the curve y = f(x) as
X — 400 it is necessary and sufficient that, there exist the following limits
M tim £
xobfeo X
@ Jim_[(x) ko =b.
0 Necessity. Suppose that the line (7.34) is an oblique asymptote to the curve y = f(x)
as x — oo, Then we have a representation (7.33) for y = f(x). Then
kx+b b
fim L0 gy BEOHEW) g [k+—+@] =k,
X—Foo X X—>+o00 X X—>+-o0 X X

and

lim [f(x)—kx] = XETW [b—of(x)]=b.

X—>+-o00
Sufficiency. Suppose we have the conditions (1), (2). It follows from (2) that f(x) — kx —
b = o(x), and so EIE o(x) = 0. Consequently, f has the form (7.33).
X oo

Similarly, Theorem 7.11 can be proved when x — —co. |

In the following definition we give the concept of a nonlinear asymptote.
Definition 7.8. If the function f can be represented in the form

fx) =apX" +aix" '+ +a,_1x+a,+ o(x), with 1_1)13 o(x) =0,
X oo

then we say that the curve

Y=apX"+axX" '+ +a,_ix+a,

of degree n is asymptotic to the curve y = f(x) as x — oo,
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It is not hard to see that the existence of all of the following limits, 7+ 1 in number, is

necessary and sufficient for the existence of such an asymptote as x — +-oo:

—agpx”"
lim f_(x) =ap, lim fi(x) do¥ _ ap,
x—foo X X—r+oo x1—1

S(x) = (apx"+---+ an,zxz)

xl_lg_loo X =dap—1,
im0~ (a0 -+ ay 1)) = .

In particular, the case n = 1 implies Theorem 7.11.

1
Example 7.34. Let f(x) = 3 Note that for this curve, the line x = 3 is a vertical
r—

asymptote because lim f(x) = +ecand lim f(x) = —co.
x—34+0 x—3—0

Example 7.35. For the curve f(x) = tanx, there are infinitely many asymptotes, one each

T 3 S5
at x = :I:E, X = :|:7, X = :t7,. .., because tanx — oo as x approaches such points

(Figure 7.16).

7 3 f(z) =tanx

1=
1]

--_--._-------_
1
o B

- - -
-l -
- - -
- - -

L
L L L e e

Fig. 7.16 The vertical asymptotes of y = tanx.

2
Example 7.36. Find the asymptotes of the curve f(x) = %
x
To begin with, we find the limits
k= lim @ = lim =1

x—too  x x—too x4 1
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2
. X . —x
b= x1—1>moo [f ) kx]_xl—lgzloo (x—i—l_x)_xl—l)r:Itloo m__l
Therefore, by Theorem 7.11, the line Y = kx+b = x— 1 is asymptotic to the curve y = f(x).

2 2
Furthermore, lim N +oand lim
x—=—1+0x+1 x—=—1-0x+1
vertical asymptote (Figure 7.17).

— —oo, Thus, the linex = —11isa

P
Remark 7.13. If f(x) = Q((x% is a rational function, with the degree of P(x) greater by 1
x
than that of Q(x ) then by long d1v1510n of P(x) into Q(x) we find that y = f(x) has the form
flx)= A e lim

0x)’ x—eo Q(x)
y = f(x)(the degree of Pj(x) is less than the degree of Q(x)). For example, let P(x) = x*
2

=0, and Y = kx+ b is an asymptote for the curve

andY =x—11is

X
d =x+1 E le 7.34). Then, =——=x—1
and Q(x) =x+ 1 (see Example ). Then, f(x) P +x+1

an oblique asymptote.

: o

<

.
.

|
—ds e -----
~
5
I
-

b
~

1

1

|
Fy

e . Jap—

Fig. 7.17 A function with asymptote the line ¥ = x— 1.

Example 7.37. Find the asymptotes of f(x) = tanhx.

—X

. —e . . .
By definition, tanhx = —, and it is easy to see that there do not exist any vertical or

oblique asymptotes. We investigate whether horizontal asymptotes exist or not. Obviously,
2x

. ef—e* . e — 1 . e
lim = lim = lim — =1.
X0 @X e xteo @2X 41 xteo @2F
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o et —e” . .
Similarly, lim = —1. Thus, the lines y = +£1 are two horizontal asymptotes (see
x——eo gt et

Figure 3.4).
For curve-sketching of a function f, we follow these steps, loosely rather than rigidly,

and should obtain a rather accurate sketch of the graph of a given function:

1) Determine the domain of f.

2) Determine the points of discontinuity of f.

3) Determine the intervals on which f is increasing and those on which it is decreasing.
Find the critical points and extreme values of f.

4) Determine the intervals on which f is concave upward, those on which it is concave
downward, and its inflection points.

5) Find the x-intercepts and the y-intercepts of the graph and determine the asymptotes.

6) Determine the range of f.

2

Example 7.38. Investigate the function defined by f(x) = j_ {
X

Note that the point x = —1 is a point of discontinuity. On the other hand, the curve f(x) =
2

and sketch its graph.

% has a vertical asymptote at x = —1 and an oblique asymptote ¥ =x — 1 as x — Foo
X
H / 'xz + 2x /! ! !
(see Figure 7.17). Moreover, f'(x) = G172 and f'(0) = f'(—2) = 0. Because f’(x) >0
X

on (—eo, —2) and f'(x) < 0on (—2,—1), it follows that f(—2) = —4 is a relative maximum
of f. Similarly, since f’(x) < 0on (—1,0) and f’(x) > 0 on (0,+), we see that £(0) =0

is a minimum of f.

X (—007—2) (_27_1) (_170) (07+°°)
y + - - +
f(x) | increasing | decreasing | decreasing | increasing
An examination of the second derivative shows that f”(x) = GIIp >0ifx > —1,
X
2
and f’(x) = —————= < 0if x < —1. Therefore, the curve y = f(x) is concave down on

(x+1)3
(—oo0,—1) and concave up on (—1,+o0).
Remark 7.14. Suppose that the function f is even (f(x) = f(—x)). Then to sketch the
graph of f, it is enough to take positive values of x, because the graph of an even function
is symmetric about the y-axis. Similarly, if f is an odd function (f(—x) = —f(x)), then,
since the graph of an odd function is symmetric with respect to the origin, we may again

restrict ourselves to investigating the positive values of x.



216 Single Variable Differential and Integral Calculus

7.8 Problems

In problems (1)—(25), use L'Hopital’s rule to find the limits.

t —_
(I) lim anx. x. Answer: 2.
x—0 X — sinx
sinax a
2 . A .
@ I nb W,
V/tanx — 1 1
3)  lim Answer: ~.
=% 2sin"x— 1 3
1
@ lim =X (>0). Answer: 0.
x——4oo x€
1
(5)  lim (tanx)@2, Answer: —.
x—)% e
©  lim 1 —cos’x A 1
—. nswer: —.
x—0 x2sinx? wer- 3
In(cosax) a\?
7t lC0SE), answer: (4
@ 20 In(cos bx) mwer\p
X
@®) limZ (a>0). Answer: a®(Ina—1).
x—a X—da
©) lim x* (k is a constant). Answer: 1.
x—0+0
1 X
(10)  lim <ln—> . Answer: 1.
x—0+0 X
X X
— 1
(11) limw (a>0). Answer: ~.
x—0 X a
1
1 ¥ —
(12) limw. Answer: ¢
x—0 X 2
1
i 2
(13) lim (ﬂ) . Answer: e 5.
x—0 X
LZ
t. x
(14) lim (ﬂ> . Answer: e%.
x—0 X
xlnx
(15) Answer: Q.
x—+oo (Inx)*
1
(16) limxﬁ. Answer: —.
x—1 e
a\ X
(17) lim (1+—) . Answer: e“.
X—o0 X
1
(18) lim(cotx)ﬁ. Answer: —.
t—0 e
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(19)  lim (secx — tanx). Answer: 0.
=%
20) l Insinx A 1
im-——— nswer: —.
2 (m—2x)7 ey
(21) lim w. Answer: cosa.
x—a X—a
* —b*
(22) lima . Answer: lnz.
x—0 X b
. tan 3 1
(23) lim (tan—) . Answer: —.
x—1 e
1 tanx
(24) lim —) . Answer: 1.
x—0
(25) n}[(cosx)%”‘. Answer: 1.
=37

(26) Suppose that f posseses a second derivative f”, and then prove that

f"(x) = lim f(x+h)+f(x_h)_2f(x)_

h—0 h?

In problems (27)—(28), determine whether L'Hopital’s rule is applicable or not.

1
x%sin —
(27) lim . Answer: 0 (not applicable).
x>0 sinx
(28) lim X sinx Answer: 1 (not applicable).

x—o0 X 4 Sinx

In problems (29)—(34) use Taylor’s formula to find the limits.

29) lim —_— . Answer: 1.
x—0 P x-
¢ 2
. 5 1
30) lim|x—x“In{1+-||. Answer: 0.
x—0 X
. 1 cotx 1
31 ;1_1)1(1) (; - T) Answer: 3
2(tanx — sinx) — x° 1
(32) lim (tanx ssmx) ol . Answer: —.
x—0 X 4
. a*+a 2
(33) hmi (a>0). Answer: In“a.
x—0 )C
.1 /1 1
(34) lim—-( ——cotx |. Answer: —.
x—=0 X \ X 3
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In each of the problems (35)—(46), find the relative maximum and minimum values.

(35) flx)=x*—8x>+2.

(36)

(37
(3%)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

%—2x2+3x—|—1.

fx)=2—(x—1

f(x) =cosx+sinx, x € [

f(x) =2x+tan""x.

X) = SINnXCOS” X.

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

£(0) =2 maximum;
f(£2) = —14 minimum.

f
f

(1)== max1mum
(
£(1) = 2 maximum.
(
(

3)= l minimum.

f
f

£1) = 1 maximum;

0) = 0 minimum.

f (\/E) minimum;

£(v/2) maximum.

(g) = /2 maximum.
(2k7r — %) minimum,;
<2k7r+ Zn) maximum.

(1) minimum;

f(—1) maximum.

&>

f< b) maximum;
2

f <aib) minimum.

1 .
f{ — ) minimum.
e
There are no extrema.

f (%) minimum;

f <cos1 (:H/g)) maximum.

In problems (47)—(50), determine the global extreme values.

(47) f(x)=-3x*+6x>—1,x€[-2,2].

Answer:

f(£1) =2 global maximum;
f(£2) = —25 global minimum.
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x—1

3
48) f(x) = X E [0,4]. Answer: f(4) = 5 global maximum;
F0)=-1 global minimum.
(49) f(x)=sin2x—x,x € [—g, g} Answer: ) = — global maximum;

=—= global minimum.

T
(-3
T
7(3)
x 23 .
50) flx)== —2x +3x+ 1, xe[—1,5]. Answer: f(5)= ) global maximum;

f(=1)=- 3 global minimum.

(51) If f > 0, then show that the functions f and F = cf2 (¢ > 0) have the same extremum
values.
(52) A rectangle has a fixed perimeter S. What is the maximum possible area of such a

rectangle?

Answer: The square with side v/S.

(53) Find the dimensions of the rectangle (with vertical and horizontal sides) of maximal

22
area that can be inscribed in the ellipse with equatlon —+ M

b2
Answer: The rectangle’s dimensions are av/2 and b\f .
(54) Find the minimum distance from the point M(p, p) to the parabola y? = 2px.

[24++/2
Answer: p (\3/5— 1) +2\/_.

(55) Find the minimum and maximum distances from the point M(2,0) to the circle x> +

y:=1.

Answer: 1; 3.
(56) A cone is made from a circular sheet of radius R by cutting out a sector and gluing the
cut edges of the remaining piece together. What is the maximum volume attainable

for the cone?

2
Answer: ¢ = Zn\/; (¢ being the central angle of the remaining piece).

(57) If f"(x) = 0, x € [a,b], prove that for every x1, x, € [a,b],

7(552) < 1) + £

In problems (58)—(63), determine whether the curve is bending upward or bending down-

ward and find the inflection points of the curve.
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(58)

(539
(60)

(61)

(62)
(63)

flx) =322 — 2.

fx) =v1+x2

f(x) = x+sinx.

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

a
|x| < —= concave downward,;

V3

x| > 2 concave upward;

V3

a . . .
X = iﬁ are the inflection points.

0 < x < 40 concave upward.

1
|x] < —= concave downward;

V2

|x| > —= concave upward;

V2

1
x = = —— are the inflection points.
V2 P

—oo < x < 1 concave upward,

1 < x < +oo concave downward;

x =1 is the inflection point of f.

concave upward.

2km < x < (2k+ 1)7 concave downward;
(2k+1)m < x < (2k+2)m concave upward;
x=krw(k=0,£1,£2,...)

are the inflection points.

In problems (64)—(68), find the asymptotes of the curve:

(64)

(65)

(66)
(67)

(68)

fx) =

(x+2)3
3

f(x) =c+ m
f(x) =1Inx.

f(x) = e Fsinx.
2

2t
X=—=,y=—>.
—2Y 1=

Answer: x=—-2,y=0.

Answer: x =b,y=c.

Answer: x =0.

Answer: y=0.

1 1
A Cy=f-x—=.
nswer: y 773

Investigate the functions in problems (69)—(74) and sketch their graphs:

(69)
(70)

(71)

4
Fo) =5

2
Fl) =5

f(x) =e *sinx.
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(72)  f(x) =xe™.
(73)  f(x) = xsinx.

(74)  f(x) =Insinx.



Chapter 8

The Indefinite Integral

The theory of indefinite integrals is one of the basic topics of mathematical analysis. In
this chapter, we study the main properties of the indefinite integral and give tables of the
integrals of the main functions of analysis. We will find that sometimes the integrals of the
elementary functions cannot be expressed in terms of finite combinations of the familiar
algebraic and elementary transcendental functions. We shall discuss various basic tech-
niques of integration: integration by substitution and by parts, which can often be used
to transform complicated integration problems into simpler ones. Moreover, we shall dis-
cuss methods for integrating arbitrary rational functions; in particular, we will explain the
method of Ostrogradsky. Finally, the evaluation of integrals involving irrational algebraic
functions, quadratic polynomials, trigonometric functions, etc., will also be considered.

8.1 The Antiderivative and the Indefinite Integral

As we saw in Chapter 4, to a given function f is associated its derivative, f(x) = F'(x). In-
versely, the process of finding a function from its derivative is the opposite of differentiation
and so is called antidifferentiation. If there exists a function f having f as its derivative,
we call f an antiderivative of f.

As in previous chapters, we let Q denote any one of the intervals (a,b), (a,b], |a,b),

[a,b], (—o0,a], [a,+o0), or (—o0, +00).

Definition 8.1. Let the function f be defined on Q. An antiderivative of the function f is
a function f defined on Q, such that

F'(x) = f(x)

for all x € Q. Sometimes instead of antiderivative, we call f a primitive of f.

3
Example 8.1. For f(x) = x?, x € (—oo,+o0), its antiderivative is F(x) = %, because

F'(x) = (%3)/ =’

E. Mahmudov, Single Variable Differential and Integral Calculus, 223
DOI: 10.2991/978-94-91216-86-2_8, © Atlantis Press 2013
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X
Example 8.2. Let f(x) = — ,x € (—1,41). Its antiderivative is F(x) = v/ 1 —x2,
p )= =i xe (1) @)=V
X
because (\/1 —x2) =— .
V1—x2

Example 8.3. Let f(x) = sinx, x € (—eo, 4-0). An antiderivative of this function is. Indeed,

(—cosx)’ = sinx.
Example 8.4. Similarly, the function F(x) = Inx is an antiderivative of the function f(x) =

1 1
- 0,+4oc0), that is, (Inx) = —.
xon(;l— ), that is, (Inx) ;

Observe that if F(x) is an antiderivative of f, then so is F'(x) 4 C for any constant. Con-
versely, if F(x)is one antiderivative of y = f(x) on the interval Q, then every antiderivative
of f(x) on Q is of the form F(x) + C.

Theorem 8.1. If the functions F(x) and f>(x) are two antiderivatives of the function f on

the interval Q, then F\ (x) — F>(x) = C for some constant C.

O Note that the function F (x) = Fj (x) — F»(x) is differentiable on Y. But, F'(x) = F{(x) —
Fj(x) = f(x) — f(x) = 0. Therefore, by Theorem 5.4, the function F (x) is constant on Q:

F(x)=F(x)—F(x)=C.
]

Definition 8.2. The process of finding antiderivatives of the form F(x) + C on the interval

Q is called antidifferentiation or integration. If F'(x) = f(x), we denote this by writing

/f(x)dx:F(x)—l—C (8.1)

Here the symbol [ is called an indefinite integral sign. It is easy to see that f(x)dx =
F'(x)dx = dF. The adjective “indefinite” is used because the right hand side of (8.1) is not
a definite function. The function f(x) and constant C are called the integrand and constant

of integration, respectively.
Using this definition, we can write
—X
————dx=+1—-x2+C or /sinxdx = —cosx+C
/ V1—x2

(see Examples 8.2 and 8.3).
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8.2 Basic Properties of the Indefinite Integral

First, we discuss the properties of indefinite integrals that follow from the definition.

In order to prove (1), it is sufficient take into account dF (x) = F'(x)dx = f(x)dx and
differentiate (8.1). Since dF (x) = f(x)dx, the proof of (2) immediately follows from (8.1).
The following properties are called the linearity of indefinite integrals.
@ [ +sWldr= [ rwds+ [ g
4 /[cf(x)]dx = c/f(x)dx (¢ a constant).

To prove (3), we must show that the left hand side of (3) is an antiderivative of f(x)+
g(x); and to prove (4), we must show that the left hand side of (4) is an antiderivative
of ¢f(x). Indeed, if F(x) and G(x) are antiderivatives of the functions f(x) and g(x),

respectively, then

[F(x)+GW)] = F'(x)+G'(x) = f(x) +g(x)

[cF(x)] = cF'(x) = cf(x).

On the other hand, by using the table of derivatives given in Section 4.6, we may begin
to construct a short table of integrals: each line is equivalent to one of the basic derivative

formulas.

1. /dx:x+C.

R il
2. /xdx:n+]+C(n7é—1).

3. /ﬂzlnm—l—C(x#O).
X
4. /axdx: la—+C(0<a7é 1), [efdx =" +C.
. na

5. /sinxdx: —cosx+C.

6. /cosxdx: sinx+ C.

d
7. / )2 :/SGC2XdX:tanx+C (x # z-I—ﬂ:n,n=0,i1,i2,.,.).
C(c)z’s X 2
8. / )ZC =—cotx+C(x#mn,n=0,+1,42,...).
sin” x
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dx sin’1x+C,
9. — = (—l<x<).
V1—x2 {—coslx—i—C
10 dx —cot lx+C,
. 14+x2 tan~'x + C.
dx
1. :ln’er\/xzil‘JrC(thene ative sign only if [x| > 1).
NEZES g gn only if |x|
dx 1 14+x
12. =1 C 1).
-2 2“‘1x‘Jr (bl #D

13. / sinhxdx = coshx+C.
14. /coshxdx =sinhx+C.

15. /d—x2 = tanhx+C.
J cosh“x

16. /d_xz = —cothx+C (x # 0).
sinh” x

Sometimes a knowledge of elementary derivative formulas will allow us to integrate
a given function. This approach can, however, be inefficacious, especially in view of the
following surprising fact: There exist indefinite integrals that cannot be evaluated in terms
of finite combinations of the familiar elementary functions. We begin with the list of such

integrals.

1. /e_xzdx.

2. /cos(xz)dx.
3. /sin(x2)a'x.
dx
4. / = (O<x# D).
5. / COSX 1y (x #0).
'x
6. / SI0Y .

X

' d
7. /7x(0<k< 0.
1 — k2sin®x
8. /\/1 —k2sin?xdx (0 < k < 1).
The existence of these examples indicates that we cannot in all cases reduce integration

to a routine process like differentiation. Nevertheless, these integrals play an important role

in different physics problems. For example, the so-called Poisson' integrals, 1 and 2, are

ID. Poisson, (1781-1840), French mathematician.



The Indefinite Integral 227

useful in heat and diffusion problems. The Fresnel® integrals, 5 and 6, are used in optics.
The Legendre® integrals, 7 and 8, are also referred to as the elliptic integrals of the first
and second types, respectively. Lacking simple formulas for these antiderivatives, we give

them a proper name, such as

2
o(x) = 7 /efxzdx—l—Co, ¢©(0) =0 (Laplace’s function),

F(k,x):/L'i-Ch F(k,0) =0,

V1 —k2sin%x

and

E(k,x):/\/1—k2sin2xdx+C2, E(k,0) =0,

and calculate tables of their values for different x.

8.3 Integration by Substitution

The basis for this is the differentiation of composite functions. Thus, to evaluate

/ f(x)dx,

we use the substitution x = @(z) (@(¢) is assumed differentiable), a purely mechanical

substitution gives the tentative formula

[ #wax= [ slpene @)ar. 52)

This substitution transforms the given integral into the simpler integral (8.2). The key
to making this simplification lies in observing a composition f[¢(¢)] inside the given inte-
grand. In order to convert this integrand into a function of x alone, we replace f[@(r)] by
the simpler f(x)and also ¢’(¢)dr by dx. In order to prove (8.2), let f be an antiderivative
of f, so that F'(x) = f(x) or, equivalently

4 { / f(x)dx] — ().
Then

1P = F(90)-o/0) = f(9)-¢/1)

2A. Fresnel (1788-1827), French physicist and mathematician.
3A.-M. Legendre (1752-1833), French mathematician.
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by the chain rule (Theorem 4.3), so that
d
[ 1x =)+ = Flo) +c= [ | Ftow))] ar
= [Flo)- ¢t = [ flo)-¢'(t)ar.
This ends the proof of the formula (8.2).

Remark 8.1. With a “good” choice of x = @(1), the integral [ f[@(7)]@’(¢)dt will be easier
to evaluate than the original [ f(x)dx. Sometimes in integration by substitution, a substi-

tution of the form r = y(x) is more useful than the substitution x = ¢(z). For example, in

/ Y’ (x)dx
R CON
the substitution = y(x) is the key. Indeed, since dt = y'(x)dx,

oy o

Example 8.5. Find [ sin3xdx.
If we choose t = 3x, then df = 3dx and so

order to transform the integral

1 1 1
/sin3xdx: / gsintdt: —§c05t+C: —gcos3x+C.

Example 8.6. Find [ ¢“***sinxdx.
We take t = cosx. Since dt = —sinxdx,
/e“’sx sinxdx = — /e’dt =—e' +C=—e"+C.

Example 8.7. Find [ v/sinxcosxdx.

If t = sinx, then df = cosxdx. Hence,

213/2 2
Vsinxcosxdx = | \/tdt = 2 == +C=- sin3/2x+C.
3 3
dx
Example 8.8. Find / _—.
p ViZ_2
X
By substituting = —, we derive

. . X
= arcsint + C = arcsin — + C.
a

/%l/ﬁl/%
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Example 8.9. Find / 1/ atx dx
a—x

If we choose x = acos?2t, then dx = —2asin2tdt. Therefore,

/1/a+xdx——4a cos’tdt = —4a/ — —cosZt dt:—Zat—Za/costht
a—x 2 2

2
= —2at —asin2t+C = —a {coslf—&— 1—(5)
a a

+C.

Example 8.10. Evaluate the integral [ cos?xdx.

1 2 1 1 1
/coszxdxz/ydxz 5/(1+COS2X)dx: E/dx—i—z/cosbcdx

1 1
= Ex—}—zsian—l—C.

o . . " dx
Example 8.11. Use the substitution = sinx to evaluate the integral / —
J cos

/‘ /cosxdx / cosxdx [ dt 11 1+1¢
cosXx cos? —sin?x J 1—=2 2 |1—1t

+C= ln’tan( )’—i—C

We next use the antiderivative to investigate Einstein’s equation of motion along a line.
By Einstein’s relativity theory the linear motion of a body with mass mg in vacuum and

acted on by a constant force F > 0, is governed by the equation, see (4.23),
d v F

E | v2 N mo '
c2

Here, c is the velocity of light in vacuum (¢ = 3-10'% cm-s~!). Suppose the velocity v

. . . . % .
of the body at t = 0 is zero. This equation tells us that the function W is an
—(v?/c
. . F .
antiderivative of a constant function, —. It is zero at t = 0, and so
mo
v Ft
| V2 mo
2
Therefore,
V2 B F212
()
2
or

=t
mjc? + F2?
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The velocity v = v(¢) is positive, and
Ft

\/m3c? + F?12

Here, the denominator of the quotient is greater than its numerator, and so v(¢) < ¢ for arbi-

v(t)=c

trary 7. In other words, the velocity of a body with non-zero rest-mass may draw arbitrarily

close to the velocity of light, but not become equal to it.

8.4 Integration by Parts

The formula for integration by parts is a simple consequence of the product rule for differ-

entials. Thus, for differentiable functions u = u(x) and v = v(x), we can write

d(u-v) =udv+vdu.

udv=uv— [ vdu. (8.3)
Jutv=w= |

This is the formula for integration by parts. We try to choose the part [udv in (8.3)

Then antidifferentiation gives

such a way that the new integral [ vdu is easier to compute than the original integral [ udv.

Example 8.12. Find [ v/x? — a%dx.

Let
Vxt—ar=u, dx=dv.
Then
d
du:L, V=2x,
X2 —a
and
2
dx
X2 —aldx=x xz—az—/ix
/v N
22
B o (x —a)dx_ ) dx
=xVx*—a e a T
Thus,

/\/)c2 —aldx =x\/x2 —a? — / Va2 —a2dx —d*In ‘x—l— VX2 —az) )
Finally, by solving this equation for [ v/x?> — a2, we obtain

2
/\/x2—a2dx: %X\/xZ—az—%ln’x—l- \/xz—az‘—i-C.
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Example 8.13. Find 7 = [x"Inxdx (n # —1).

xn+1

n+1

If we choose u = Inx, dv = x""dx, then du = ﬂ, y =
X
Hence,
anrl 1 xn+1 1
1= lnx——/x"dx: Inx— +C.
n+1 n+1 n+1 n+1

Example 8.14. Evaluate / = [tan~' xdx.

d
Let u = tan~ ! x, dv = dx. Tt follows that du = —x, y = x, and so
14+x2
d 1
[=xtan 'x— % = xtan 'x— Eln(l +x2) +C.

Example 8.15. Find I = [ ¢* cosbxdx (a, b constants).

If we put u = e¢**, dv = cosbxdx in (8.3), then we obtain that

sinbx
du = ae™dx and v = .
b
Thus,
aX o3
esinbx  a .
=——— — — [ “sinbxdx.

b
Now, in order to find the integral on the right hand side of this equation, we take u = e®*,
dv = sinbxdx. Then since du = aedx and, by (8.3),

ax gin b 2
I= %—i—%e‘”cosbx—%[. (8.4)
By solving (8.4) for I, we obtain

__acosbx+Dbsinbx .

B a*+b?
Remark 8.2. As was seen above, in general, integration by parts is successful when applied

to integrals involving integrands which fall into one of these patterns:

1 X, cos™! X,

1. The integrand is a product of functions, one of which has a form Inx, sin™
tan~'x, (tan~'x)2, (cos~'x)%, In@(x), etc., and the other is the derivative of another
function;

2. The integrand is of the form (ax -+ b)" cos(cx), (ax+ b)"sin(cx), (ax+ b)"e™, where a,
b, and c are constants.

In this case, integration by parts is applied n times sequentially.

3. The integrand is of the form ¢**sinbx, e** cosbx, sin(Inx), cos(Inx), etc.
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Here, integration by parts is applied twice (see Example 8.15).

Example 8.16. Evaluate IO / 7)1 ,aaconstant,/ =1,2,....

In order to compute this integral we establish a relation between Ilo and Ilofl. Forl # 1,

0 1/ /[t2+a —*)dt
l (t2+a2 a2 t2+a2

1 / di /t 20dt
- a? ([2+a2)l—1 2a2 (t2 +a2)

1 1 / d(t* +a?)

we can write

T2 282 ) (2t a2)
We evaluate the integral on the right hand side in turn by taking
d(t* +a?)
u=t, dv = m .
Then we have
1
du=dt B —
R VR PR
Thus,
1 t 1
== — I
S R VT B s e L By S R
and
0 t 21-3

. (8.5)

1V =
L7 2a2(1=1) (12 4+ a2) ! i a2(21-2)
Observe that the I,o can be evaluated by using the recurrent sequence (8.5) for every [ =

2,3,.... Indeed, for I?, we derive

B dit/a) 1t
/t2+a2 /(t/a)z—l—l_atan a+c7

and then for [ = 2 we define 12 by (8.5) and this process can be continued.

8.5 Partial Fractions; Integrating Rational Functions

Recall that a rational function R(x) is one that can be expressed as a quotient of two poly-

nomials Q(x) and P(x). That is, R(x) = % Without loss of generality, we consider the

P(x)
case where Q(x) and P(x) have no common roots.
Definition 8.3. If the degree of the numerator Q(x) is less than that of the denominator

P(x), we say that the rational fraction R(x) is a proper fraction.
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It is clear that if R(x) is not proper, then by “long division” of P(x) into Q(x) we find

that
R(x) = g((;f)) = F(x)+ %'(S;) :
01 (x)

where F(x) is a polynomial and is a proper fraction.

P(x)
Lemma 8.1. Let R(x) be a proper fraction with real coefficients Suppose that the real

number o is a repeated root of P(x) of multiplicity k,

P(x) = (x—a)'o(x), @(x)#0. (8.6)
Then R(x) has the representation
R(x) — o(x) A v(x) 8.7)

P~ Gmaf o) te)’

where A =

is a real constant, A (A > 1) is an integer, and y(x) is the polynomial

Q(a)
o
such that the last fraction in (8.7) is proper.

[0 Since, A = 4G

is a finite real number. On the other hand, the number is a repeated

root of the polynomial ¢ (x) = Q(x) — A@(x) with multiplicity A > 1, because

o(c)) = () — Ap(ct) = O(cr) %w(a) 0.

Hence, there exists a representation
o(x) = (x—a)* y(x), w(a)#0,
where y(x) is a polynomial.

Then we can write
0) A _QW-Apk) o) ) 55
P(x) (x—a)f  (x—a)olx) (x-a)elx) (x-—a)ftelx) '

This ends the proof of (8.7). Moreover, as the difference of two proper fractions, the right

hand side of (8.8) is a proper fraction. |

Lemma 8.2. Suppose R(x) is a proper fraction and P(x) has a pair of complex conjugate
roots 0. = a+ib and O = a — ib, of multiplicity l:
P(x) = (¢ +px+q)'px), ¢(a)#0, @) #0,
p=-2a, q=a*+b.

Then there exists a representation:

Q(X) o Mx+ N l/f(x)
P(x) (x2+px+q) + (24 px+q)o(x)’ (8.9)

where M and N are real numbers, A (A > 1) is integral, and y(x) is the polynomial such

that the last fraction in (8.9) is a proper fraction.
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[J Let Re A and Im A be the real and imaginary parts of the complex number A.
Now, let us denote
b Le(a) pl)] b [o(a)

It is not hard to see that M and N are the solutions of the equation

O(a)— (Ma+N)p(a)=0. (8.10)
Indeed, it follows from (8.10) that
Ma+ N =Re [M} , Mb=1Im [M} ,
¢(a) o(a)
where M and N are the numbers defined above.
On the other hand,
0(x) Mx+N O(x) — (Mx+N)o(x) P(x)

Py (@tprtq)l (Prptlex) (Ctpitqek)’ (8.11)

where @(x) = Q(x) — (Mx+ N)@(x). Then it follows from (8.10) that & and @ are a pair
of complex conjugate roots of ¢ (x) of multiplicity A > 1 (see Section 6.3). Consequently,

¢(x) has the representation:

Q(x) = (¥ + px+ ) y(x). (8.12)

Here, o and @ are not roots of y(x), thatis, y(a) # 0 and y(@) # 0. Thus, by substituting
(8.12) into (8.11), we have the representation (8.9). Observe that the last fraction in (8.9),

as a difference of two proper fractions, is proper. |

Mx+ N
Fractions of the forms T and 5 X 7> as in (8.7) and (8.9), are called
(x—a) (> +px+q)
partial fractions of the first and second types, respectively.

By Lemmas 8.1 and 8.2, if we continue this process of decomposition into partial frac-
tions for each of the roots of the polynomial P(x), then we can formulate an important
theorem about the partial-fraction decomposition of a proper fraction R(x).

To obtain such a decomposition, we must first factor the denominator P(x) into a prod-

uct of linear factors of the form (x — &) and irreducible quadratic factors of the form

2
x>+ px+q, % — g < 0. This is always possible in principle but may be quite difficult
in practice.
_ 0 B .
Theorem 8.2. Ler R(x) = m be a proper fraction with real coefficients and
X

Px)=(x— Ocl)kl (x— 052)/‘2 s (x— Otm)k'” (x2 + p1x+ ql)I‘ (x2 —|—p,x—|—qr)l’. (8.13)
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Then the partial-fraction decomposition of R(x) has the form

(1) (1) 1
0(x) _ Akl Akl*1 ...+—Ag )
P(x) (X*OCl)kl ()C7(X1)k171 X — 0
(m) (m)
4.4 Ak"l Ak”ﬁl e A(lm)
(x = o)l (o — 0ty ln ! X — Oy
1 1 1 1
e N N e
(24 pix+q)h (2 +pix4qi)h! X2+ pix+q
MO WP wen?
Tt I 2 s ' (8.14)
(x> + prx+qr) (x> + prx+qy) X2+ px+qr
where Agl), A(21>., - A,(:,:), M;l), Nl(l)7 e M;rr), l<:) are real constants to be determined.

Example 8.17. Find the partial-fraction decomposition of the proper fraction
42
(x+1)P3x-2)"
By formula (8.14),
X242 A A A B
3 - 3+ : 3+ =t ‘
(x+1Px-2) *+1)P  (x+1)? x+1 x-2

To find the constants A, A1, A,, B, we multiply both sides of the equality by (x+1)3(x—2),

to obtain
PAH2=A(x—2)+ A (x+1)(x=2)+Ax(x + 1)>(x —2) + B(x + 1)?,
and hence,
X 4+2=(Ay+B)x* + (A1 +3B)x* + (A—A; —3A,+3B)x+ (—2A — 24, — 2A, + B).
Equating coefficients of like terms gives

0=A;+B,
1=A1+3B,
0=A—A;—3A,+3B,
2= _2A—2A,—24,+B
2 2

Ay=—-=,B=Z.

1
and solving this system yieldsA = —1, A = 3 5 5

Thus,
242 1 1 2 2

GIG-2)  GFIP 3Gr02 9x+D) 9m—2)
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Example 8.18. Find the partial-fraction decomposition of the proper fraction
3t 423 32— 1
(x—2)(x2+1)2
The quadratic polynomial x> 4 1 is irreducible and so, by (8.14),

3+ 283 +3x2— 1 A Mix+N; Myx+N>
(x=2)(x>+1)2 x=2  xX*+1 (x2+1)2°
To find the constants A, M;, N; (i = 1,2), we multiply both sides of this equation by the
left-hand denominator (x —2) (x> + 1)? and find that

3t 423 433 — 1 = A 4+ 2 4+ 1) + (Myx+ Ny ) (6 — 262 +x —2) + (Mox+ Ny (x— 2).

Again we remember that two polynomials are equal only if the coefficients of the corre-

sponding powers of x are the same, and so we may conclude that

A+M, = 3,
Ny —2M; = 2,
2A+M; — 2N, +Mp = 3,
Ny —2M;+ N, —2M, = O,
A—2N; —2N, = —1.
We solve this system and find that A =3, M; =0, N, =2, M, =1, N, =0.
Substituting these values into the previous partial-fraction decomposition, we have

4203 —-1 3 L2
(x—=2)(x2+1)2  x—2 x2+1 (2+1)2°

x+1

Example 8.19. Find the partial-fraction decomposition of ————— .
x(x—1)(x—2)

By Theorem 8.2,

x+1 A Ay Az
+ .
x(x—1)(x=2) x—1 x x-—-2

Thus
x+1=Ax(x—2)+A(x—1)(x—2) + Asx(x—1).

There is an alternative way of finding A; (i = 1, 2, 3), one that is especially convenient in
the case of non-repeated linear factors. Substitution of x = 1, 2, and 0 into the last equation
immediately gives A} = —2, A3 = %, and A, = % respectively.

Above, we saw that by using long division, any rational function can be written as a
sum of a polynomial and proper rational function. To see how to integrate an arbitrary
rational function, we therefore only need to know how to integrate the partial-fraction de-

composition of rational functions. By Theorem 8.2, it turns out that a proper fraction is the
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sum of partial fractions of the first and second types. We begin, then, with the integration

of these.

(1) Integration of the partial fraction of the first type.

A ©odx
/md}(:A/m, k:1,2,3,....

We can substitute x — ¢ = ¢, obtaining

./.(xib;)k:/%

and
/dt Inft|+C, ifk=1,,
— = 1—k
] ik t frs 1
T ifk>1L
Thus,
/ A Aln|x—al+C, ifk=1,
——dx= A (8.15)
—a)k — — —  ifk>1.
(x—a) I-Ra—apF1 "5~
Mx+ N

(2) Integration of the partial fraction of the second type, (1=1,2,3,...).

(6 +px+q)’
Since there are no real roots of the quadratic polynomial x> 4+ px + ¢, we have that

»
q— T > 0. Obviously,

2
2 _ 2)2 _r
X +px+q <x+2 +(q 4>.

2
Then, by substituting a = \/ g — % andr =x+ g , we have
Mp
Mt+|N——
/‘ Mx+N / +< >
—dx= dt
x2+px+q 2+ a?

/ 2t dt Mp / dt

2 t2+a2 2 12 +a?
/ d(t*+a?) Mp\ 1 / p

) 12+ a? 2 Ja. t

M 2 2 ZN—MP 1 t
-1 s Mp L
5 n(t"+a°) + 5, tan a+C
M 2N —-M E
= Eln(xz—l—px—i-q p n! 2 (8.16)

/ P
2 q—— q—;
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On the other hand, for [ # 1,

/(MLN[IX_/M&

X2+ px+q)! (2 +a?)
d(t* +a?) Mp dt
N—— 7 8.17
2/ (1> +a?)! ( 2 )/(r2+a2)/ @.17)
Now, the first of the integrals on the right-hand side of (8.17) can be easily calculated:
"d(t* +a?) 1 1
= C= C. 8.18
/ (2+a?)!  (1=D)(*+a?)-! + (1=10)(x>+ px+q)'—! * (8-18)

And the second integral is evaluated as in Formula 8.5 of Example 8.16.
Consequently, using the formulas (8.5) and (8.15)—(8.18), we can integrate any rational
function and express the integral in terms of log and arctan.
In particular, it is easy to see from (8.5) and (8.17), that when [ > 1,
Mx+ N X dx
/ (x? +pjc_+ q)! = (x? —I—?Jic(—}—)q)l" * K/ xX2+px+q’ (8:19)

where the first term of the right-hand side of is a proper fraction and K is a constant.

X242 d
%  ix
(x+1)3(x—2)
By using the partial-fraction decomposition of the integrand given in Example 8.17, we

Example 8.20. Find /

obtain
[ervome=aima wim s [ [35
————dx=—
(x+1)3(x—2) 3 (x+1)2 x+l 9
I 1 1 2
== — —=1 I|+=In|x-2|+C
261 3Gen okt |+9 nje-2[+
2x—1 2 |x=2
= —In C.
C6(x+1)2 2o x+1’+
Example 8.21. F1nd/3x +20 4307 _1dx.
(x=2)(x2+1)2

By using the partial-fraction decomposition of the integrand given in Example 8.18, we

3t 203 437 -1 3 2 X
dx = —d d d
/ G iE / - ”/ 21 ”/ 2

have

1

=3Inlx— 2|+2arctanx—|—2/xfT+l))
1

=3In|x— 2|+ 2arctanx — ———— +C.

2(x2+1)
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1
Example 8.22. Evaluate / mdx.

The partial-fraction decomposition of the integrand (see Example 8.19) shows that
/ x+1 dx / 2 dx+ / / 3dx
= dx=— | = dx
x(x—1)(x—2) x—1 2(x

1
= —21n\x—1|+§ln\x|+§1n|x—2|+C.

Now, let us state the method of Ostrogradsky* for integrating proper rational functions

R(x) = % For definiteness, suppose the polynomial P(x) has the form (8.13) and its
X
degree is n.

It easy to see (see (8.14), (8.15), and (8.19)) that the integral of R(x) has the represen-

tation

Qx ) o+ / 2(*) (8.20)

.X .X X
where P (x) is a polynomial

Pi(x)=(x—a) o (x— o) (P prixb @) (P pert )t (821)
of degree n —m — 2r and
P(x)
Py(x)
Here Q) (x) and Q5 (x) are polynomials of degree not exceeding (n —m —2r— 1) and (m +

Py(x) = (8.22)

2r — 1), respectively. Remember that P(x) is a polynomial of degree n and ky +ky +--- +
km + 201 + - -+ 21, = n (Section 6.3).

Observe that Q1) is the rational part of the integral (8.20) and the integral / 0 () dx
Py (x) Py(x)
is a linear combination of the transcendental functions In|x — |, In(x*> 4+ px + ¢), and
2P (P
2a 1

In order to determine the rational part of (8.20), the method of Ostrogradsky consists
of the following: first, determine the polynomial P; (x). Observe that it not necessary for
this purpose to have the representation (8.13) of P(x). It can be shown that Pj(x) is the
greatest common divisor of P(x) and its derivative P'(x). The greatest common divisor of
two polynomials is obtained by the use of the Euclidean Algorithm.>.

In turn, P, (x) is defined by (8.22). Further differentiating (8.20), where the polynomials

Q1 (x) and Q(x) are written with n undetermined coefficients, we have
oW _ QWA - Qi@PX) QW)
Px) [Pr(x)]? TR
4M. Ostrogradsky (1801-1862), Russian mathematician.

SEuclid (ca. 325 BC— ca. 265 BC), Egyptian mathematician, Elements VIL2. See, for example, A. G. Kurosh,
A Course of Advanced Algebra, Nauka, Moscow, 1975, p. 134.
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Multiplying both sides by P(x), we obtain
, Pl (x)P
0) = Qi (Pa(n) - 0i(n) 2

P{(x)P,(x)
P1 (x)

+ 02 (x) Py (x). (8.23)
It is easy to see that the expression on the right-hand side of (8.23) is a
polynomial. In fact, by (8.22),

AP _ AERE] - AWRE) Py
Pi(x) Pi(x) Pi(x) 277

P'(x)
Py(x)

too. Now, we equate the coefficients of like powers of x on each side of (8.23) and obatin a

Then, since is a polynomial, the expression under our consideration is a polynomial,

system consisting of n equations in # unknowns.

x4 2x
Example 8.23. Use Ostrogradsky’s method to find / ———dx.
(x24+1)2
For the given integral, (8.20) has the form:
/ X%+ 2x ax+b /cx+d
x = dx.
(x2+1)2 x2+1 x2+1

Differentiating this relation, we obtain

K +2x A +1)—2x(Ax+B) Cx+D

(x24+1)2 (x2+1)2 x24+17

or
x4+ 2x=A(* 4+ 1) = 2x(Ax+ B) + (Cx + D) (x* + 1).

The coefficients of like powers of x are equal, and so

C=0,
D-A=1
C-2B=2
A+D=0

1 1
Solving this system, we find A = 5 B=-1,C=0,D= R

Consequently,
/ x? 4 2x J x+2 / x+2 N LI e
——dx = — = X .
(x2+1)2 X+l 22+1) 2
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8.6 Integrals Involving Quadratic Polynomials

dx
ax> +bx+c’
The object is to convert ax? + bx + ¢ into either a sum or a difference of two squares
RES

1 The Evaluation of the Integral Iy = /

Thus,
b b\? b> b\?
ax*+bx+c=a xz—i——x—l—E =a|lx+— ) + ¢z =a||lx+— :I:k27
a a 2a a 4a? 2a
c b
S =4k
a 4a?

(As always, the parameter k is assumed to be a real number.) The sign depends on whether
the roots of ax? + bx + c are real or complex.
Indeed, since

c_¥ _ _P-du

a 4a> 4a?
if b> — 4ac > 0, the roots of the quadratic polynomial are real and one must put a minus
sign before the k>. And if b> — 4ac < 0, then the roots are complex and the sign before k>
must be taken to be positive.

Now, if we substitute x + %= t, then dx = dt, and so
a

I _1/ dt
T4 2xi2

By the table of integrals, entries 10 and 12, we can write
dt | dt 1
—— =t —+C —— =1
/t2+k2 e /ﬂ—kz %

Mx+ N
2. The Evaluation of the Integral /; = / ZL X
J ax*+bx+c

r—k
—+cC. 8.24
s + (8.24)

Clearly,
M Mb
—(2ax+b)+ (N— —)

= d

I _/2 2a
= ax?+bx+c

M/ 2ax+b drt Mb / dx
= — —dax —_ - S—
2a ) ax’+bx+c 2a ax>+bx+c’

and the second integral on the right hand side is Iy, already determined, above. We now

find the first integral.
The substitution ax? + bx + ¢ =t gives us (2ax + b)dx = dt, and so,

/ (2ax+b)dx _

dt
/— =In|t|+C = In|ax* + bx + |+ C.
ax?+bx+c t
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Therefore,
M Mb
f—ln|ax +bx+c|+ (N—— | I. (8.25)
2a 2a
dx
E le 8.24. Find [p = | ————.
xamp'e meo= 22 8t 20
1
Since Iy = 7 / m, the substitution x + 2 =t gives dx = dt, and then
1 drt 1 L x+2
I:—/—:—tan1 +C. 8.26
=2/ 256 26 V6 (8.26)
. x+3
Example 8.25. Find 11 = / mdx

Here M =1, N=3,a=2, b =38, and ¢ = 20. Then, by formula (8.25) and the previ-

ously accomplished evaluation of the integral (8.26),

8 n2 1
_—1n|2x +8x+2o|+(3——)10_n7+—1n( +ax+10) + 1
n2 1 n2 1 1 L x+2
:—+—1nx +4x4+10)+ — + - In(x> +4x+ 10) + ——= tan"" +C.
2 ( ) YR ( ) e 7

Here, we took into account that the roots of x2 +4x -+ 10 = 0 are complex, and so X4dx+
10 is positive for all x.

In2
If, in the last relation, we denote nT + C by Cy, we have

1 1 L x+2
I = -In(x*+4x+10) + —= tan_ ' =—= + . 8.27

Remark 8.3. In this section we saw that an integral involving a quadratic polynomial can
often be simplified by the process of completing the square. On the other hand, it is clear
that in this case the integrand is a rational fraction, and so we can also apply the procedure
of partial fractions to, for instance, I} = / . 2 x+3 dx (Example 8.24). Indeed, since

+ 8x+20
by (8.16), M =1, N =3, p =4, and g = 10, we can write

/ x+3
) x2+4x+10
11 6—4 x+2
=—|=In(x*>+4x+10)+ —= tan~" +C
2[2 ( ) 2v6 V6
1 1 x42 1
= —In(x®+4x+10) + — tan~' +-C.
™ ) 2V/6 V6 2

1
Denoting 3 C by C, we thus derive (8.27).
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3. The Determination of the Integral J, = / dx
Va ¥bx+c
As aresult of a simple transformation, we may write
dx

. N .
/ Vax?+bx+c - /

a

e b —da
2a 442

Now there are two cases.

(1) The case a < 0.

Then it is clear that the sign of the square brackets in the square root must be negative.
Since a < 0, the quadratic polynomial is positive if its roots are real, that is, if 5> —4ac > 0
and x lies between these roots.

b* —4ac b
Denoting Tac by k? and x + % by ¢, we obtain
a

/\/cm \/E/ k_< b>2

1T

o
:m-/m:ms‘“ k

2a 4 c.

(2) The case a > 0.
2 _

€ — 42, By substi-

In this case, depending on the sign of b> — 4ac, we denote v
a

. b .
tuting x + — =t, we derive
2a

1 1
. S 7:—ln(t+ tzikz)JrC.
/\/ax2+bx+c \/a/\/lz:lzkz Vva
Mx+N

4. The Evaluation of the Integral /| = | ———=dx.
Vax>+bx+c

Analogously to our previous calculation of the integral I,

Mb
2a(2ax+b) ( —E>
dx
Vax*+bx+c
M 2 b Mb
S S dx+( —)/7
Vax?+bx+c a Vaxr+bx+c
We next use the substitution ax? + bx + ¢ = ¢ for the first integral of the right-hand side.
Then (2ax+ b)dx = dt, and so

(2ax+b)dx
=/ = _2\/+c 2V ax2 +bx+c+C.
Va x2+bx+c \/_

J1 =
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The second integral is the previously calculated integral Jy.

Thus
M Mb
Ji=—Vax2+bx+c+ <N—2—>J0+C (8.28)
a
Example 8.26. (a) Find J, 7/
Jo:/i zln‘x+3+\/x2+6x+5’+C. (8.29)
V((x+3)2-4
. Sx+3
b)FindJ| = | ————dx
() : VX2 +6x+5

Here M =5, N=3,a=1, b=6,and c =5. Then, by (8.28) and (8.29),
5 5.6
Ji = 7 X24+6x+5+ (377)1n‘x+3+\/x2+6x+5‘+c
=5 x2+6x+5—121n‘x+3+\/x2+6x+5‘+C.

5. The Evaluation of the Integral [ /ax? + bx + cdx.

As before, a substitution reduces the expression ax® + bx + ¢ to one of the cases 12 + k>

or k> — 2. Thus, in place of the original integral, we obtain
/ VK2 —12dt or / V2 k2 de.

For the integral [ v/k% —t2dt, we next use the substitution ¢ = ksin6. In order to evaluate
the second integral, [ v/ t2 + k2 dt, we use instead the substitution # = ktan 6 in the case and

t = ksec 0 in the case 1> — k>. Then we obtain easily computed trigonometric integrals.

Example 8.27. Find [ /15 + 6x — 9x2dx.
Since 154 6x—9x2 =42 — (1— 3x)2, we should use the substitution 1 — 3x = 4sin 6.
Then V15 + 6x —9x* =4 cos O and —3dx =4cos0dH.

Therefore,

1
/\/ 15+6x—9x2dx:—?6/cos26d6:—§/(l+c0329)d9
8 1 8 8
-3 (9+§sin29)+C:—§9—§Sin90039+C.
Since
1;3)(, Gzarcsinl:fx7 cos 0 =

we obtain for the original integral,

1— 1
/\/ 15+ 6x—9x2dx = —garcsin 3x E(l —3x)V15+6x—9x2+C.

4

V 15+ 6x—9x2,

Bl

sin@ =
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8.7 Integration by Transformation into Rational Functions

Definition 8.4. The following expression is called a polynomial in x and y of degree n:
Pixy)= Y ayxy,
0<i+j<n

where ajj are constants.

For instance, Ps(x,y) = aoo + a1 + do1y + ax0x* + aj1xy + agy” is a polynomial of

degree two in x and y.

Definition 8.5. A function that is expressible as a ratio of two polynomials P,(x,y) and

Om(x,y), of degrees n and m, respectively, is called a rational function in x and y:

Pa(xy)
Qm(x y)

1. The Evaluation of the Integral [ R(sinx,cosx)dx.

R(x,y) =

We will use the substitution tan 5= t to convert this integral into the integral of a

rational function. Indeed, since

X
] ZtanE 2t
sinx = - = 5
l+tan2= 1+17
2
X
1 —tan?= 2
COSXx = % = 1_l2 ,
l+tan2z 1+17
2
and
2dt
x:2tan71t7 dx = ,
1+12

it is clear that these substitutions will convert the integrand into a rational function of ¢:

. 20 1—1*\ 2dt
/R(smx,cosx)dx:/R(]Hz» ]thz) 1+22°

Example 8.28. Find /

OS)C
2

. t 2dt .
Taking into account that cosx = T2 and dx = ——, we can derive

12 1+1%
1+tanx
P t )
/ @ /1‘H di _2/ + +C=In|—2|+C.
CcosXx 1— —t

1 —tan—
an2
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There are various special cases of rational functions where simpler substitutions also work.
(a) For the integral [ R(sinx)cosxdx, we substitute sinx = and cosxdx = dr.
(b) For the integral [ R(cosx)sinxdx, we substitute cosx = 7 and sinxdx = —dt.

dt
(c) For the integral [ R(tanx)dx, we substitute tanx = 7, dx = e and then

' ' dt
R(t dx= | R(t)——.
/ (tanx)dx / ()I_H2
(d) If the integrand R(sinx,cosx) involves only even powers of sinx and cosx, then we
substitute tanx = ¢, and

COSZX_ ! = !
Tl 4tan?x 1427

5 tan? x t? 4 dt
sif“x = —————=—— X=—
1+tan’x 1+ 14127
and the original integrand is transformed into a rational function.

d
Example 8.29. Find I = / x 5
2 —sin“x

By substituting tanx = ¢, we obtain

I:/ dr = dr :LtanflL—i-Czitamf1 <taﬂ)+C.
b Yo (AT A
1+1¢2

(e) R(sinx,cosx) = sin xcos" x.

We treat two cases separately.
Case 1. At least one of the two numbers m and n is an odd positive integer (say n =
2p+ 1, p anon-negative integer). If so, the other may be any real number.
Case 2. Both m and n are nonnegative even integers, say m = 2p, n = 2q.

In the first case we split off one cosx factor and use the identity cos?x = 1 — sin” xto

n—1

express the remaining factor cos” " x in terms of sinx, as follows:

/sinmxcosz"+1 xdx = /Sinmxcosszcosxdx
= /sin’”x(l — sin”x)? cosxdx.
Then the substitution sinx = ¢, cosxdx = dt yields
/sin’"xcos"xdx = /t'"(l —1?)Pdr.

Observe that the factor (1 —¢2)P of the integrand is a polynomial in ¢, and so its product
with ¢ is easy to integrate.

Before treating the second case, we give a concrete example of the first case.
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Example 8.30. Find /
sin® x
The substitution sinx = ¢, cosxdx = dt yields

/cos x /cos xcosxdx / 1fsm x)cosxdx

Sll’l X

sin® x sin® x
[ (1=t)dt 11 1 1
- / T T3 T T3y sinx
In Case 2, we use the half-angle formulas of elementary trigonometry,

2

1 1
sin“x = ) cos2x and cos’

1 1
X = 3 + 3 cos2x, (8.30)
to rewrite the even powers of sinx and cosx as follows:

0 11 P a
/sm”xcosqxdx:/ E*ECOSZX §+50032x dx.

By applying (8.30) repeatedly to the resulting powers of cos 2x—if necessary—we eventu-
ally are reduced to integrals involving only odd powers, and we have seen how to handle

these in Case 1.

Example 8.31. Evaluate [ sin*xdx.
With the use of (8.30), we find that

' 1 1
/sin4xdx= 2—2/(1 —cos2x)%dx = Z/(l — 2c0s2x + cos” 2x)dx

1 1 11(3 in4.
=17 {x—sin2x+5/(l+cos4x)dx] =7 {Ex—sian—l— s x} +C.
Example 8.32.
We use the substitution tanx = ¢, and obtain
i 2 i 2 2 .
sinx sin” x(sin” x 4 cos” x) / ’ )
= =/t 14+t d
/cos4xdx / cos*xdx an”x(1+ tan” x)dx

= [2(1417°) _Zdz—:—c
/+1+2/ 3=zt

(f) For the integral / tan” xsec” xdx, the procedure breaks up into two cases.
Case 1. m is an odd positive integer.
Case 2. n is an even positive integer.

In Case 1, we use the substitution r = sec.x and so split off the factor secxtanx to obtain
secxtanxdx, the differential of secx. Then we use the identity tan? x = sec?x — 1 to convert
the remaining even power of tanx into powers of sec.x.

In Case 2, we use the substitution # = tanx and then split off sec?x to obtain the differ-
ential of tanx. Use of the identity sec?x = 1 -+ tan”x to convert the remaining even power

of secx to powers of tanx completes the process.
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Example 8.33. Find / tan® xsec® xdx.

We are in case 1, and so
/ tan® xsec® xdx = /(seczx —1)sec’x-secx-tanxdx = /(t4 —1%)dt

lt5 1t3+C l
=t —=t = - sec
5 3 5

() R(sinx,cosx) has one of the forms cosmxcosnx, sinmxcosnx, or sinmxsinnx (m # n).

1
Sx— 3 sec’x+C.

In this case, we use the representations for products of trigonometric functions obtained

from the addition formulas:

1
COSMXCOSNY = 5 [cos(m+n)x+ cos(m —n)x],
. 1. .
sinmxcosnx = 5 [sin(m + n)x + sin(m — n)x],
and
. . 1
sinmsinnx = 5 [cos(m — n)x — cos(m+n)x].

Example 8.34. Find [ sin5xsin3xdx.
sin8x  sin2x

1
/sinstinSxdx: E/[cost—cosSx]dx: e "1 +C.

2. The Integration of Irrational Algebraic Functions.
ax+b i
X
"\ex+d
b b td —
The substitution i =11 yields —+ =t andx =
cx +d cx+d —
b

gral /R {x (ax+ )

/1
Example 8.35. Find I = / 1 i dx.
—Xx
The substitution 4/ 1— =t yields
—x

> —1 4t dt
— dx=——.
241 (2 +1)2

I—/z 4tdr _2/1 % +2/ di
)+ (f2+1)27 241 2+1

t+cC

The evaluation of / R dx.

b .
7 and the inte-

dx is then converted into an integral of rational functions.

X =

Thus,

1241
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(using integration by parts).

Thus, in term of x, we obtain

1
I:—\/l—x2+23rctang/l—+x+c.
—x

More generally, for evaluating the integral
/ Rle (* +b\ 7 ax+b 7
"Nex+d) 7 \ex+d

. . ax+b
we use the substitution
cx+

dx,

= ¥ to arrive at an integral of rational functions, where k is

the least common multiple of the denominators of the fractions —, ..., E.

n q

3. The Evaluation of the Integral [ x"(a + bx")Pdx.

We assume that m, n, and p are rational numbers, and that ¢ and b are real.

We consider the following three cases.

(a) If p is an integer, then the integral has the form [ R(x™ x")dx, where R is rational
function. We then use the substitution x = %, where k is the least common multiple of

m and n.

®) Ilcm—i—l
n

is an integer, then the substitution # = x" yields
1
/xm(a +bx"Pdx = — /tq(a -+ bt)Pdt,
n

m+1 . . . .
where ¢ = —— — 1 is an integer. Let r be the denominator of p. Then using the
n
substitution u = v/a + b, the integral is converted into the integral of rational functions
of u.
m-+1 . . L P .
(c) If —— + p is an integer, then by substituting t = v/ax~" + b, where r is the denom-
n
inator of p, the original integral is converted into the integral of a rational function

of t.

Example 8.36. Find / = [ x*(1+x%)""/2dx.

m+1  3+1 ’

Here, =2and p=— R Then we use the substitution 1 + x2 = u?.

Thus,

(u? — 1) udu 2 u?

2

-3 1
= %qtcz 3V1 +x2(x* —2)+C.
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Example 8.37. Find I = [x3(x* +2)"/2dx.

Here, m+l = —3+1 = —% is not an integer. But ml +p= —%—F% =01is an
integer. Ther:l the substitution x* +2 = u?x* implies
2 —udu
X = w—1 dr= B —1)2"
Thus,
I:/u_x2 —udu :/ —u*du _ —u?(u*>—1) du
3 B3wu?-1) x*u?—1)?2 2(u?—1)2
l

1/ 1 1 w1

= [ (14— )du=—zu—-m~Z— +c.
2/( +u2—1> u=—pumgh e
\/x4+2 V242 —x2

—— 1 +C.
25> V4422

4. The Evaluation of the Integral [ R(x,vax> + bx+c)dx.

We use the trigonometric substitutions. Suppose a # 0 and b*> — 4ac # 0 for a quadratic
polynomial ax?> + bx + c. Note that if a = 0, then we have a known integral of algebraic
b\2
functions. On the other hand, if b* — 4ac = 0, then ax’ +bx+c=a | x+ 2—) , and for
a
a > 0 we are dealing with an integral of rational functions (if the discriminant is zero and
a < 0, then the square root v ax? + bx + cis not defined for any x). Thus if the discriminant

is nonzero and a # 0, then we have
5 b\? b
ax“+bx+c=a(x+— | +|c—— ).
2a da

2
‘" a

Denoting

2

b
x4+ =t, |a| =m® and =n",

2a
the square root v/ax2 + bx + ¢ is converted into v/m2t2 & n2 or v/n2 — m212.

Finally, we have the integrals

/R m2r2 +n2) dr, (8.31)

/R (t, \/M) dr, (8.32)
and

/ R (t, - m2t2) dt. (8.33)

Thus by substituting t = —tan Z,t= n secz, t=— smz in (8.31)—(8.33), respectively, we
m

obtain a trigonometric mtegral of the form JRi(sinz,cosz).
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dx
V=323
This integral has the form (8.33) and so we make the substitution x = 2sinz. Then,

Example 8.38. Find I = /

since dx = 2coszdz, we can write

2coszdz 2coszdz
1_/ / / 8cosdz /0052
(4— 4sin® z :
1 sinz X
tanz+C— - —+C.

T4 4\/lfsmz T aA-xo

)
Example 8.39. Evaluate / x75dx.
X

The integral has the form (8.32). We make the substitution x = Ssecz so that dx =

5secztanzdz. Therefore,

/\/xz— /m

5 t d
Seoc (5secztanz)dz

:5/tan zdz:S/(sec2z—1)dz:5tanz—SZ+C.
But
| X x2—25

z=sec — and tangz= ——
5 5 ’

so that

ViZ—2
/xisdx:\/x2—25—5sec*1§+c
X

8.8 Problems

In each of problems (1)—(11), use the table of integrals to evaluate the given integral.

2
2
(1) /(x+ Vx)dx. Answer: % + x3\/)_c +C
2
d 2
2) ' x_\/)_cx 2 Answer: 3 xz\/)_c +C.
1 >3
3) /<2x2+ %> dx. Answer: % +Zx2i7;+3€/)_c+c.
Y+ 1 1
4) eex :1 dx. Answer: 3 X — e +x+C.
(5) / tan” xdx. Answer: —x+tanx+C.

cot? xdx. Answer: x—cotx+C.

4}( X X
/ , 0 6 9

(6)

(7 (2% +3%)%dx. Answer: +

nd " “In6 " ino

+C
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/mwm

VIi—#

©) / <1—;> \/de.

(10) / coth® xdx.
(11) / V1 —sin2xdx.

Answer:

Answer:

Answer:

Answer:

arcsinx + In <x+ V1 +x2) +C

4(x*+7)
7V/x

x —cothx+C.

+C.

(cosx+ sinx) sgn(cosx + sinx) + C.

In problems (12)—(58), evaluate the integrals by making the appropriate substitutions.

(12) /h%xdx.

dx
[
(13) J sin?3x
(14) tanx - sec” xdx.
(15) /sinzxcosxdx.

(16) /cos3xsinxdx.

' dx
17 .
an /cot3x
(18)  x2dx
NSESE
(19) / B
CcOS? X
t
(20) / O dx.
J sin“x
@1 cosxdx
V2sinx+ 1’
22) / sin2xdx
V1 —l—sin;x.
cos2xdx
23 —_—
23) /(2+3sin2x)3
i1
sin” " xdx
24 —_.
(24) \/1_— d
cos N 2xdx
25 /
(25) 13x
cosxdx
26 _—
(26) . Zsini—ll—3
X
@7 /x2+2x+3 *
(28) / tan® xdx.

dx
29 _—
29 / cos?x(3tanx+ 1)

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

1

Eln2x+ C.
cot3x

| 3

5 tan®x+ C.

sindx

3 +C.
4

cos*x
1 4
~3 In|cos3x|+C.

2
gvx3+l+C.

tan® x
C.
) +

cot?x
2
V2sinx+1+C.

2v/1+sin*x+C.

1
- - .
12(2 4 3sin2x)? +

(sin~1)2x
—F +C.
) +

~133
_(cos3 ) X

In(2sinx+3)+C.

+C.

+C.

+C.

—_

2
1
3 In(x? +2x+3) +C.
3

t

arx —tanx+x+C.

1
3 In|3tanx+ 1|+ C.
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cos?x
Ccos2x

2+3sin3x
(32) / edx.

(33) /3"@“ dx.
(34) / M cosxdx.

(35) / (e +a>) dx.

3
(30) /tan xdx

3D

(ax o bx)2
(37) / V1 —xdx.

" sinxcos> x

T dx.
1 +cos?x

39) /cos5 xVsinxdx.

(38)

(40) / " dx
cosd))cc
“D /2 +eX
@) dx
1+e*
X2 d
43 .
I
nxdx
44 —
(@4) xv/ 15—|— Inx
X
45 —dx.
(45) 1 gxz
X
46 —_—
(46) V16 —9x2
(47) L
9x2+ 4
x
(48) 4-9x2
dx
49 _—
“49) V4 +25x2
x2dx
50 .
(50) PR
" xdx
o [ A3
(52) / .
J x/1—1nx

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

tan* x
4

+C.

1
¢ In |2+ 3sin2x|+C.

3¢3 4-C.
3xe*
In3+1

esinx +C.

+C.

1 a>*
_ Sx
5 (e + Ina +C>'

G-

Ina—1Inb

)e
—2x+C.

—i(9+ 12x+ 14x%) (1 — x*3) +-C.

140

1 1
~3 cosx + 3 In(1+cos®>x) +C.

2 4 2
(— — = sin®x+ I sin®x

3 7

3

1 1
—tan’x + 3 tan’ x+C.

) Vsind x+C.

—x—Ze_x/2+21n(1 +e)‘/2) +C.

x—2In(14++1+4¢*)+C.

2
—B(3Z+8x+3x2)\/2—x+C.

2
5(72+1nx)\/ 1+Inx+C.

1
15
1 3
S sin”! Zx+c.
1
—tan~ ! =+ C.

—ln’

2—3x

(8 +4x>+3x)V1 -2 4-C.

1
B ln‘Sx—i— \/4+25x2‘ +C.

1 r+45
6v5 |x3—+5
1 x>

—tan~ ' — +C.
I3 an 9+C

sin™!(Inx) + C.

In

+C.
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1
(53) / rtan X

14x2
(54) dx

3/ o2
(55) / tan< x

cos?x

(56) dx

sin2x

(57

T edx
(58) /1+362X'

VE/ T+ Vx

2sin?x+ 3cos2x’

—dx
V1 +cos?x

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

—%(cos’lx)z—i—\/W—i—C.
4/1+x+C.
§m+c
2

%tan (\/;tanx>+C.
—2V1+cos?x+C.

tan~le* +C.

In each of problems (59)-(63), evaluate the integrals by making the substitutions x = asinz,

X = atant, x = asin’t.
(59) /\/ 1 —x2dx.

61
()/\/x56x

xX“dax
(62) '/7)52—2'

dx

Answer:
Answer:
Answer:

Suggestion:

Answer:

Answer:

1
g\/ 1 —x2+ 3 sin”'x+C.
~V9—x2+3sin”! ;ﬁ—i—C.
2sin" ' Vx—5+C.

use the substitution x — 5 = sin

%C\/xz—Z—Hn‘x—ﬁ— \/xz—Z‘ +C.
X

4/4 4 x2

21,

+C.

In each of problems (64)—(79), use integration by parts to evaluate the integrals.

(64) / xe*dx.

(65) / sin™!xdx.
(66) /x tan~ ! xdx.
(67) / tan~ ! \/xdx.

Inx 2
(68) / <7> dx.
(69) / e dx.

“xtan~'x
70 ————dx.
70 /‘(x2+1)2 *

(71) /xcosxdx.

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

e(x—1)+C.

xsin x4+ v1-x2+C.
%[(xz—l— Itan'x—x]+C.
(x+1)tan ' /x—/x+C.

1
——(In®x+2Inx+2)+C.

X

—_2x 1
—%<x2+x+§)+C.
e b el
4(14x2) 4 2 1+x2

xsinx +cosx+C.
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1

(72) / sz xdx. Answer: In
X

1—vV1—x2

X

1
— Zsin"lx4C.
X

" 1 1
(73) /)ctan_1 x2—1ldx.  Answer: Exz tan~!vVx2 —1— E\/x2 —1+C.

(74) /1n<x+ 1+x2)dx. Answer: xln‘x+\/1+x2’f\/1+x2+c

32 22
(75) / 3 cosh3xdkx. Answer: (% + g) sinhx — <% + f) cosh3x+C.
. 2 2 3
x*cos ' xdx. nswer:  —- X T—2+% cos13x+C.
(76) 2cos ' xd A J; V 3
1 1—x> 1
(77) x1In o dx. Answer:  x— al In o +C.
1—x % 1—x
(78) /sinx -In(tanx)dx. Answer: In ‘tan = ‘ —cosx-Intanx+C.
" 1 3 3 3
(79) /x3ezxdx. Answer: (5 x— ZXZ + Zx — §> X4 C.

Evaluate the integrals in (80)—(96) of rational fractions:

2x—1 -2)3
(80) /xidx. Answer: In M +C.
(x—1)(x—2) x—1
4 2
x*dx X 1. |jx—1|
1 —_ A D ——2x+-In—
(81) /(xzfl)(x+2) nswer 2 x+6 n|x+1|3
+—1In[x+2|+C.
x10dx 28 37 50 11
82 _—. A D — et —
(82) /x2+x72 mwers g TRt T s
2L 43x3_85x2+171
4 3 2 *
+lln el +C
3 (x+2)1024 ’
dx 1 1 (x—1)2
. A . — _
(83) ,/x(1+x)(1+x+x2) W TS ) TS50 @t t 2
8 -1
—gtan (x+1)+C.
2
1 1 9
(84) /J#t_'_@cdx. Answer:  x-+ gln \x|—§ln |x—2]
28
+?ln\x—3|+C.
X —6 X2 +4 3 X
(85) /mdx Answer: lnﬁ—than E
X
——tan ' —+C.
V2 V2
6) / dx s 9x% +50x 4 68
. nswer. —m———
(x+1)(x+2)2(x+3)3 4(x+2)(x+3)2
+lln (x+1)(x+2)'0 L
8 (x+3)17 ’




256

Single Variable Differential and Integral Calculus

2 2
X“+5x+4 O 5 X241
(87) /m X Answer:  tan 2x—}—glnxz_i_é‘—i—C.
" 3x—17 x“+4 1 X
88 -———d A o1 —t —+C.
(88) ,/x3+x2+4x+4 * mwers - MR 2 2"
dx |x]
89 /7 Answer: In +
(89) x2—|—1) V241 )
1 1 1
(90) / G Answer: —tan’lx—&—zln (i;r_'_i +C.
91 A ;. ———tan'(x—2)+C
o1 / 4x+4 x2 TS nswer an~ ' (x—2)+
I (x+1)
92 A o=
©2) wer g x2—x+1
+1 . g 2x—1 c
— tan .
V3 V3
1. (x—1)
93 . A =1
©3) / x4+x3 24x—1 nswer 6nlx2+x+21 .
X —
—— tan~! +C
V3, V3
(4x> — 8x)dx 3x°—x
94 A :
4 /x—l 2(x2+1)% nswer (x—1)(x2+1)
(x—1)° —1
+In— tan” " x+C.
xl 10 2x—1
x— _
95 / Answer: In — ——tan~!
©%) —x—|—l) x 33 V3
2x—1 LC
3(x2—x+1)
dx 1, xX24x+1
96 _. A =
06 [ o5 power: 1
1 1
+——tan~! +C.
2V/3 xV3
Use Ostrogradsky’s method to evaluate the integrals in problems (97)—(100).
"~ dx X 3 24xv/2+1
97 /7 Answer: + In
O0 ) Wy I TN, R
3 2
———tan"! V2 +C.
82 x2—1
(98) / dx A L Lt 4C
—_—. nswer: =———— X .
(x2 4+ 2x+2)2 X242x+2
' xdx X 4x+2 1 x+1
99 /7 A . —————+—In|—|+C.
S 1) Gr1) nawer 8(x—1)gx+1)2+16“x—1‘+
4 4x—1
(100) / Answer: 81 80 +ax +C.
+x+1

C28(3xt1)2

Find the integrals of the irrational functions in problems (101)—(106).



The Indefinite Integral

257

(101) /\/\_/)_C
(102)/ \/_+1 dx.

(103) /\/ Tx x2

(104) / 243%
x—3

3_3
(105) /%dx

dx
(106) / 1+x+VT+x

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Suggestion: Use the substitution x = <

Gt

5.
\fxf

+2Inx

—24In( Yx+1)+C.

_|_

\/l—x—l—\/l—l—x

\/l—x2

\/l—x—\/l—l-x
3x2—Tx—6

11 7 7
Infx——+4/x2—-x—2|+C.
23 < 6 3 )

2 5 2
7VC 3

X

Va3 +C.

Vi 5 VAT
—%ln(\/)_c—l- V1+x)+C.

Find the integrals of the trigonometric functions in problems (107)—(117).

(107) / sin® xdx.
(108) / cos® xdx.
(109) / cos* xsin? xdx.
(110) / sin*xcos* xdx.
(111) /cot3xdx.

tan® xsec* xdx.
dx

costx’

(112)

(113)

(114) siancostdx.

(115) sinxdx

14 sinx’

sinx

116 P ———
(116) 1 +cos?x *

in2
(117) /smixdx.

cos* x+sinx

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

Answer:

16

——=cos
5

1
_— —gindx —
7% <3x sin4x 2

i

5

2 5 Ccos” x
—COSX + § COS“x —

+C.

sin’2x 3

Sx+4sin2x —

5x§ cos’x+C.

sin 8x

cot?x

—In|sinx|+C.

tan’x  tanx

7

C.
5+

1
tanx + 3 tan®x+C.

1
—%+cos—x+C.

2

2

2
— tx+C.
1—|—tan§

V2tan™! (taﬂ) +C.

tan—

V2

H(2sin’x—1)+C.

)+

+C.

2-1\°
24 )

+ 1 sin4x) +C.
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In problems (118)—(121), evaluate the integrals of the type [ x™(a+ bx")Pdx.

1 1+2x 5
- xX+x

(118) / X3 4 x*dx. Answer: (x+x2)3 —

1
—|—§ln(\/)_c+ V14x)+C,x>0.
1

"~ dx =1 1 Z24z+1
119 /7 A : —-In—+—In———
(119) J x¥V1+x0 awer 6nz+1+122n12—z+1
1 7= —1 6
+——tan~! +C,z=+/1+x".
5 23 Sz\/§
‘d 2 »
(120) /\/)‘17__);2 Answer: fz+§z3*%+C,z:\/lfx2.
3z 1 (z+1)?
121 /\/3x—x3dx. Answer: ——In
azh 2(+1) 4 2—z+1 \
271 ST
VB B o Ve
2 V3 x

Find the integrals of the form [ R (x, Vax?+bx+ c) dx.

d 1 V2 — 32 1
(122) /7)6 Answer:  ——=1In ﬁ_q__ +C.
XV24x—x V2 22
VA2
(123) [ Answer: Vx4 2x+Infvt 14 VA2 4 20 +C.
x
a2 [—F A C T e
_— nswer: —+-Vx2—1—-In|x+vx*— .
x—vxr—1 2 2 2
dx x—1
(125) /7 Answer: —=+C
v (2x—x2)3 V2x — 2
d V1 2
(126) /—x Answer: In XrVIiTady +C.
(14+x)V1+x+x2 24 x+V1+x+22
d 1 2 _ 3—V3 1
a2 [ Answer: L YETEE3IoV3 L1
xVa2—x+3 V3 3 23




Chapter 9

The Definite Integral

In this chapter we define Newton’s and Riemann’s integrals. We investigate the conditions
under which they are equal. Necessary and sufficient conditions for the existence of the
Riemann integral are formulated in terms of a partition of a given interval of the real line.
‘We prove mean value theorems in the context of integrals which are analogous to the ones
studied in Chapter 5. The Fundamental Theorem of Calculus is then proved. The Lebesgue
criterion, which uses the concept of measure zero, for the existence of the integral is given.
In particular, it is shown that the measure of the Cantor set is zero, even though it has the
cardinality of the continuum. Next, we introduce the Lebesgue integral, and use this to
examine the integrability of Dirichlet’s and Riemann’s functions. The topics of functional
series, the improper integral, the Cauchy principal value, and numerical integration are
developed. Finally, we introduce the concept of a function with bounded variation in order
to introduce the Stieltjes integral.

9.1 Newton’s Integral

Chapter 8 already showed that if f is an antiderivative (Definition 8.1) for a function f on
[a,b], then F(x) + C, for any constant C, is another such antiderivative.

Observe that the difference F(b) — F(a) does not depend on C, because
(F(b)+C)— (F(a)+C)=F(b) — F(a).

Definition 9.1. The difference F(b) — F(a) is said to be the Newton integral of the func-
tion f on [a,b], and is denoted by fabf(x)dx:

/abf(x)dx — F(b) - Fla). ©.1)

Sometimes F(b) — F(a) is denoted by F (x) ‘Z
The numbers a and b are called the lower limit and the upper limit, respectively.

Formula 9.1 is called the Newton—Leibniz formula.

Observe that in (9.1) it may be the case that @ > b. In particular, if a = b, the integral is
zero, i.e., [ f(x)dx = 0.

E. Mahmudov, Single Variable Differential and Integral Calculus, 259
DOI: 10.2991/978-94-91216-86-2_9, © Atlantis Press 2013
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Using the results of Section 8.2 we note the following properties of Newton’s integral:

W [ regar=— [ ax

@) /bkfxdx:k/b

(3)/ x) +glx dx—/f dx+/
(4)/{1f(xdx:/‘lfx)dx+/cfxdx

It is assumed that the antiderivatives of the functions f and g exist.
(5) Suppose the functions u and v are differentiable on [a,b] and there exists an antideriva-

tive of the product function v - u’. Then the integral [ u(x)v'(x)dx is defined, and
b

/ab u(x)V (x)dx = u(x)v(x)| — /a.b v(x)u (x)dx.

(6) Suppose that the function f has an antiderivative on [a,b] and ¢ is differentiable on

a

[a, B]. Suppose further that f[¢(¢)] is defined and continuous on [, 3], and ¢ (&) = a,
¢©(pB) =b. Then,

[ was= [ stowiel

Note that the mechanical meaning of Newton’s integral is the net distance between two
points. Indeed, consider a particle traveling along a straight line according to the equation
s = f(r). We want to compute the net distance s it travels between time 7 = 7y and time
t = 1. At time 7 its velocity is f'(t) = v(¢), and so

"
[ v = f) - flw) (0> 1)
fo

Remark 9.1. It is easy to see that

"X
/ F(O)dt = F(x)— F(a) (x,a€A),
a
and so [ f(r)dt itself is an antiderivative.

If a function f is an antiderivative of f on the half-interval [a,b) and the limit

hin F(x) exists, then we make the further definition,
x—b—

b
dx= lim F =1l /
f; reax= tim P =Fla) = i, [110)
Analogously, if a function f is an antiderivative of f on the half-interval [a, 4o) and
1irJ1r1 F(x) exists, then we make the further definition that
X—rfoo

/a' " pdx= lim F(x)—F(a) = tim | f(t)dr.

X—+too x—+e J g
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The definite integral of fon the half-intervals (a,b] and (—oo b] is defined similarly:

/ flx dx—/f dx+/ f(x)

Such integrals are called improper integrals.

Example 9.1. Evaluate I, = / ’ sin” xdx.
0

Using integration by parts, we have

s g i3
2. A 2 o
Inz/ sm"xdx:/ sin” 1xsmxdx:—/ sin” ' xd(cosx)
0 0 0
5 pid

2 o
! +(n—l)/ sin" 2 xcos xcos xdx
0

= —sin*” ' xcosx

0

=(n— 1)/07 sin" 2 xcos® xdx = (n — 1)/07 sin" 2 x(1 — sin® x)dx
=(n-1) /7 sin" 2 xdx — (n—1) /7 sin” xdx.
Therefore, ’ ’
Li=n—-1)L,_,—(n—1)I,
This is a reduction formula and it is easy to see that

—1
="

L.

Likewise, if we express I,,_» by I,,_4, and then I,,_4 by I,,_¢, and so on, we have
2m—1 2m—3 1

by =—F— o 'm"'EIm if n=2m,
2m  2m—2 2

I = — =1 ifn=2 1.

SR vy oy L

Here,

i3

I = /zsinxdx: 1.
Jo

1
Example 9.2. Find / .
0 —X

The integrand is not defined at x = 1, and so, as an improper integral, we can write

i /X D i (-2vT=3) ~ (-2)=2
0 VI—x ao1-0Jo VTI—1 x=1-0 x -

teo dx

Example 9.3. Find /
The interval of mtegratlon is the infinite interval [1,+o0). Using the definition of an

improper integral, we obtain

+eodx . X dt . 1
[ e = [ = i, (‘}) —=h=1



262 Single Variable Differential and Integral Calculus

9.2 Mean Value Theorems for the Newton Integral

Theorem 9.1. If a function f defined on an interval |a,b] has an antiderivative, then there

is at least one number & in (a,b) such that

[ 1= 1(&)0-a). ©2)

O Since, by the definition of antiderivative, F/(x) = f(x), the function F (x) is necessarily
continuous on the closed interval [a, b].
Then, by Theorem 5.4, there exists at least one & € (a,b) such that

F(b)=F(a) = F'(§)(b—a)=f(§)(b—a). 9.3)
Now, (9.1) and (9.3) imply (9.2). |

Remark 9.2. If f is integrable on [a,b], then the average value of f on [a,b] is defined to
1 b
be 5 / f(x)dx. Then, by Theorem 9.1, there exists a point & € (a,b) such that f(&) is

the averag‘é value of f(x) on [a,b]. Note that f(&) is closely related to the familiar notion

of the arithmetic average.

Corollary 9.1. Suppose that there exists an antiderivative of a function f on |a,b] such that
f(x) >0, x€ (a,b). Then

b
/ fx)dx = 0. (9.4)
a
O Since f(x) > 0 for all x € (a,b), the right hand side of (9.2) is non-negative. |

Corollary 9.2. Suppose that for all x in [a,b], f(x) > g(x), and that the functions f and g

possess antiderivatives on [a,b). Then
b
[ fa> [ gax ©3)
O It suffices to put @(x) = f(x) —g(x) =0, x € [a,b] for f(x) in (9.4). |

Corollary 9.3. Suppose that the functions g and f - g have antiderivatives on [a,b] and
m< f(x) <M, g(x) >0, x€ [a,b]. Then

m| ’ e(dx < / ’ f)g(dx <M / ’ g 9.6)

O The proof follows from the inequalities mg(x) < f(x)g(x) < Mg(x), x € [a,b], and (9.5).
|
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In particular, if g(x) = 1 in (9.6), then
b
m(b—a) < / F(x)dx < M(b—a).
a
Corollary 9.4. If there exist antiderivatives of f(x) and |f(x)| on [a,b], then

b b
[ s < [ irwlax. ©.7)

O Taking into account the inequality —|f(x)| < f(x) < |f(x)], it follows from (9.5) that

[ 1r@las< [ < [

Clearly, this inequality is equivalent to (9.7). |

Theorem 9.2. Suppose that a function f satisfying f(x) > 0 is not identically zero on [a,b)
and has an antiderivative on this interval.
Then

/bf(x)dx > 0. (9.8)

[J Itis obvious that (9.4) is true. We must show that the inequality is strict. On the contrary,
suppose jf f(x)dx = 0. By hypothesis, F'(x) = f(x) > 0, and so F(x) is nondecreasing on
[a,b]. On the other hand, F(b) = F(a) because F(b) — F(a) = [” f(x)dx = 0. Tt follows
that F(x) is constant. Hence, f(x) is identically zero. This contradiction completes the

proof of the theorem. |

Theorem 9.3 (General Mean Value Theorem). Suppose that the functions f(x), g(x),
and possess antiderivatives on [a,b], and that g(x) > 0, x € [a,b]. Then there exists a

point & in [a,b] such that

b b
| r0sae=1(6) [ stoar ©9)

O Note that for a constant function f the equality (9.9) is true for every & € (a,b). Suppose
b
that f is not constant. By Theorem 9.2, / g(x)dx > 0. Put
a

o [ 1eas

/abg(x)dx

We show that there exist points x1, xa € [a,b] such that f(x;) < 0 < f(x2).
On the contrary, suppose that for all x € [a,b], either f0 < f(x) or f0 > f(x). If 0 < f(x),

(9.10)
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x € [a,b], then f(x) — f¥ is not identically zero, and so by Theorem 9.2, [ (f(x) = fO)dx >
0. Therefore,

fﬂ_/j(f() Pyt [ 15004 -

/a g(x)dx

Thus we have the contradiction, f© > f°. Hence, there is a point x; in [a,b] such that

f(x1) < f°. Similarly, we can show that there exists a point x, in [a, b]such that 0 < f(x,).
Thus, f(x1) < f0 < f(x2), for x1, x5 € [a,b]. Now, by Theorem 5.6, for any f(x) = F'(x),

there exists at least one point & € (a,b) such that

&) =r" (9.11)
Now, (9.9) follows from (9.10) and (9.11). | |

9.3 The Riemann Integral

Newton’s integral cannot exist for a function having a point of discontinuity of the first
kind. Indeed, if the Newton integral j: f(x)dx exists, then f(x) has an antiderivative, F (x),
for F'(x) = f(x). But, by Corollary 5.4, a point satisfying F’(x) = f(x) is either a point of
continuity of f(x) or a point of discontinuity of the second kind.

In this section we introduce the concept of the Riemann integral, which remedies this

problem.

Definition 9.2. A partition of [a,b] is a set of points P = {xo,x1,...,x,} satisfying a =
xXo<xp < - <x,=>b.

Definition 9.3. A partition P, of [a,D] is said to be a refinement of Py if Py C P,.

Definition 9.4. If P is any partition of [a,b] and Ax; = x;11 —x; i=0, 1,...,n— 1), then
Py = max | Ax
b—a
(P)
Definition 9.5. Let f be a function defined on the interval [a,b]. If P is a partition of [a,b]
and {&p, &1, .., &1}, & € [xiyxin1] (=0, 1,...,n— 1) is a selection of points for P, then

is said to be the mesh of the partition P. It is clear that n >

=

the Riemann sum for f determined by P and the selection { &y, &,..., &1} is

xhgt Zf 61

We also say that the Riemann sum is assomated with the partition P.
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Definition 9.6. Let P be a partition of [a,b] and {&y, &, ...,&,—1} be a selection for P. We
say that I is the limit of the Riemann sums & (x;,&;) as the mesh of the partition tends to

zero, if for every € > 0, there is a 0 = &(¢) such that u(P) < & implies |[I — o] < €.

Definition 9.7. The Riemann integral of the function f over the interval from a to b is the

number /

lim o(x,&) = hm ng, 9.12)

wu(P)—0

provided that this limit exists, in which case we say that f is integrable on [a, b].

In this case we write

n—1
[ s tim L /(@A
=0
The definition of the Riemann integral is motivated by the problem of defining and cal-
culating the area of the region lying between the graph of a non-negative function fand

the x-axis over a closed interval [a,b]. Thus, if f(x) > 0, then the Riemann sum o (x;,&;) is

the sum of rectangular areas with base Ax; and height f(&;), as is shown in Figure 9.1:

Ay

e - .- - -
. - e e - -

Fig. 9.1 The Riemann sum o(x;,&;) fory = f(x).

b
Consequently, the Riemann integral (hgn Oc(xi7§i) = / f(x)dx of f on [a,b] is the
u(P)— a
area of the region A = {(x,y) :a <x < b, 0 <y < f(x)}.

1

Example 9.4. Evaluate / x*dx.
0
By the geometrical meaning of the Riemann integral, we must compute the area of

A={(xy):0<x<1,0<y<x*}). We take a so-called regular partition of [0, 1], that
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is, xo =0, x; = Ax,..., x, = 1 = nAx. Here, Ax = 1/n, and u(P) = Ax = 1/n is the mesh
of the partition P = {xg,x1,...,X,}. As the, we take the right-hand points x;; | of each i-th
subinterval, [x;, ;1]

Then

n—1 n—1
o(x;, &) = ;) fl-zAx = ;)xl%rle
= [(Ax)*Ax + (2Ax)2Ax+ - + (nAx)?Ax] = (Ax)*[12+22 4 -+ Y.

1)(2 1
Since 12-1—22_5_..._,_"2:%(”"')

G(xi,fi):n%.w:éo 1) (2+1>

Thus, see (9.12),

, we have

1
A= / X2dx = hm o = lim G—§

n—oo

Newton’s and Riemann’s integrals of a function f on [a,b] will be denoted by (N) [ f f(x)
and (R) [ f(x)dx, respectively.

Theorem 9.4. Suppose that a function f is Riemann integrable on [a,b] and has an an-
tiderivative, f. Then

N) / ’ f)dx = (R) / ’ Py 9.13)

O Let P = {xo,...,%,} be any partition of [a,b].
Then

n—1 Xit] n—1
N [ e = Lo [ 10 = Tl - )

= ZF 51 Xi+1 — Zf 51 ) E (xi:xi+1)- (914)

Using Theorem 5.4 in (9.14), then passing to the limit (see (9.12)) as u(P) — 0, we obtain
the desired formula, (9.13). ]

Theorem 9.5. If the function f is Riemann integrable on |a,b], then f is bounded on this

interval.

O On the contrary, suppose that f is integrable on [a, b] but unbounded on this interval. By
Definition 5.6, for every € > 0 there is a positive number § = (€) such that u(P) < 6(¢)
implies |I — o| < €. It follows that if ©(P) < &(¢), then the Riemann sum & is bounded.
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Let P be a partition such that 1 (P) < §(€). Since, by assumption, f is unbounded on [a, b],
there exists a subinterval [x,x; 1] such that the function fis unbounded on [x;,xx.1]. Then
it is possible, by selecting an appropriate & € [x;,x;. 1], to arrange that f(&)Ax is larger
than any pre-assigned number. This implies that the Riemann sums are unbounded, which

contradiction proves the theorem. |

Remark 9.3. For the existence of the Riemann integral of f, the boundedness of f is
necessary, but not sufficient. For instance, consider the Dirichlet function,
D(x) = { 1, if x is rational,
0, if x is irrational,
on the interval [a,b]. This function is bounded, but not integrable on [a,b]. For let P be a
partition with sufficiently small mesh pt(P). Clearly, if all points &; of a selection for the
partition P are irrational, then the corresponding Riemann sum o = 0. If the &; are rational,
then the Riemann sum is 6, = b — a. Then for the existence of the limit / of the Riemann

4 and sufficiently small 1, we would have to

b—
sum as the mesh u tends to zero, for € =

have that

01— 1)< 229 oy 1)< 220

1 2 bl 2 2

But from this, it would follow that |62 — 01| = [(o, =)+ (I —01)| < |oo —I|+ |01 —I| <
b—a.

On the other hand, it is clear that 6, — 61 = b — a. This contradiction proves that the

integral in the sense of Riemann does not exist.

2xsinif%cosi, ifx #0,
Example 9.5. Let f(x) = 2 ox X
0, if x =0,
It is easy to see that
2 . 1 .
Flx) = x°sin 5, ifx#0,
0, if x=0,

is an antiderivative for f. Hence the Newton integral of f, (N) jab f(x)dx, exists. But the
Riemann integral (R) [” f(x)dx does not exist, because f is unbounded on the interval
[0, 1].

Example 9.6. Show that f(x) = sgn x is Riemann integrable. Recall that the signum func-
tion, sgn x, also called the sign function, is defined by
—1, ifx<0,
sgnx = 0, ifx=0,
+1, ifx>0,
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Note that is a point of discontinuity of the first kind. The Riemann sum of on for a selection
& e[-1,0](i=0,....m)and & € [0, 1] i=m+1,....n—1)is

n—1 m n—1
Y FG)Axi =Y fE)A+ Y, f(&)Axi=—1(0+1)+1(1-0)=0.
i=0 i=0

i=m+1
Then

n—1

(R) ( /;11 sgnxdx= lim Y f(&)Ax; =0.

u(P)—0 =

But the Newton integral (N) [ | sgn xdx does not exist, because the derivative F'(x) =
f(x) cannot have a point of discontinuity of the first kind (Corollary 5.4).
Consequently, if a function f integrable on [a,b] both in the sense of Newton and in the

sense of Riemann, then both definite integrals are equal.

9.4 Upper and Lower Riemann Sums and Their Properties

Suppose a function f is bounded on the closed interval [a,b], and that P = {xp,x1,...,%,}

is any partition of [a,b]. We adopt the following notation:

M= sup f(x), mi= sup f(x),
xelad] XE XX 41]
= inf ;= inf ,
m= dnfy S, mi= it S 9.15)
1 )
S(P)="Y MAvi,  s(P)=' ¥ MiAx;,
i=0 i=0

Definition 9.8. The S(P) and s(P) are called the upper Riemann sum and the lower Rie-

mann sum, respectively, for f, associated with the partition P of [a,b].

For each i = 1,...,n consider the rectangle with base [x;_1,x;], height M;, and area
M;Ax;. The union of these n rectangles contains the region A = {(x,y) : a <x < b, 0 <
vy < f(x)} under the graph; it is a circumscribed rectangular polygon associated with the
partition of [a,b]. Tts area is S(P). Similarly, s(P) is the area of an inscribed rectangular
polygon, that is, the sum of the areas of the n rectangles each with base length Ax; and
height m; (Figure 9.2).
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Fig. 9.2 The upper and the lower Riemann sums of y = f(x).

Lemma 9.1. Ler 0(x;,&;) be the Riemann sum for f determined by an arbitrary partition
P of [a,b] and any selection {&y, &1, ... ,En—1} for the partition P.
Then

S(P) < G(xi,é,') < S(P).

O Indeed, by the definition of M; and m;, the inequality m; < f(&;) < M; holds for any
& € [xi,xi+1]. Hence, by multiplying by Ax;, i =0,...,n— 1, and then summing these

inequalities, we have the desired inequality. |

Lemma 9.2. For any partition P of |a,b),

S(P) = sup G(xi,éi); S(P) = inf G(xi,’g',-). (9.16)

&i€lxixit1] &ielxixip1]

O Let € > 0 be any positive real number. By definition (see (9.15)), M; is the least upper
bound, that is M; = sup,cy, ... 1/ (x). Then there exist numbers &; such that

Mi— S < pE) <M (i=0,1,....n—1).

b—a

Thus,

n—1 e n—1 n—1

Y (Mi - b—) Axi < Y f(&)Ax < ) MiAx;,

i=0 —da i=0 i=0
or

S(P)—¢e < o(xi,&) < S(P).

Consequently,

S(P)= sup o(x;,&).

i€l xig1]



270 Single Variable Differential and Integral Calculus

The second equality in (9.16) is proved similarly. ]

Lemma 9.3. If a refinement P* of a partition P is obtained by the addition of p selection
points to P, then

0 < S(P)=S(P") < p(M—m)u(P),

0 < s(P*) —s(P) < p(M —m)u(P),
i.e., upper Riemann sums do not increase and lower Riemann sums do not decrease by

adding more selection points, that is, by refining P.

O For simplicity, we take p = 1. Then P* = PU{x*} (x; < x* < x;;1) for some new point

x*. It is clear that

0<M;— sup f(x)<M—m,

rebr] 9.17)
0<Mi— sup f(x)<M—m,
x€[* 1]
and
i—1 n—1
S(PY=Y MAx+| sup f(x) ) (" —x)+ | sup  f(x) ) (g1 —x)+ Y MiAx.
k=0 XE[x; x*] XEX* xip1] k=i+1
Then
S(P) = S(P*) = Mi(xi+1 —x;) — ( S[up ]f(X)> (" —x;) — ( [SUP ]f(X)) (xip1 —x7)
x€E[x; x* XE[X* Xj4

= (Ml-— sup f(x)) (" —xi)+ <M,-— .G[SUP f(x)) (Xip1 —x7).

x&[xi,xt] X ]

Thus, taking into account inequality (9.17), we have
0< S(P) —S(P") < (M —m)(xps1 — 1) < (M —m)u(P).
The second inequality of the lemma is proved analogously. |
Lemma 9.4. [f P| and P, are any partitions of [a,b), then
s(Pr) < S(Py),

i.e., a lower Riemann sum is never greater than any upper Riemann sum, regardless of the

partition used.
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[ Indeed, since P C PyUP, and P, C Py UP,, a partition P; U P; is a refinement both of
P; and P,. Then, by Lemma 9.3,

s(P) <s(PLUP,) and ©.18)
S(PLUP) < S(Py).
On the other hand, by Lemma 9.1, s(P UP;) < S(PyUP,). Then it follows from (9.18) that
s(P) < S(P).
Moreover, by Lemma 9.4, the lower Riemann sums are bounded above and the upper
Riemann sums are bounded below. Thus, in the set of all possible partitions of [a, b], there
exists a least upper bound of the upper Riemann sums and a greatest lower bound of the

lower Riemann sums.

Then, denoting
r'= ir}f S(P) and I, = Sl;p s(P),
we have
s(P) < L. <I"<S(P). (9.19)

The bounds 7* and I, are called the upper and lower Riemann integrals, respectively.

Lemma 9.5. For every € > 0, there is a & = 6(€) > 0 such that for every partition P of
[a,b), the inequality u(P) < A(g) implies

I,—e<s(P)<S(P)<I"+¢. (9.20)

O Choose any € > 0. By the definition of the least upper bound, it follows from . =
supp s(P) that there is a partition, such that
€
s(P|)>I*f§. (9.21)
Let p be the number of selection points of P; belonging to (a,b). Further, let P be a partition
of [a,b] such that

BP) < 5oy = S1(6)

Without loss of generality, we may assume M # m, because if M = m, that is f(x) = c—
constant, s(P) = S(P) = c(b — a) for all partitions P. This means that I, = I* = ¢(b—a).
Now, we choose a refinement of P and P;, and partition P* = PUP;. By Lemma 9.3,

3 €

S(Pr) < s(P7) = s(P) + p(M —m)p(P) < s(P) +p(M*m)m =s(P)+5

2 )
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or
€
s(Py) < s(P)+ 5
Then, using (9.21), we have

€ £
I, — = <s(P)+ = and
7 <SP+ 3 (9.22)
I, —e <s(P).
Thus, for a partition P of [a,b] with mesh satisfying p(P) < 8;(€), the inequalities (9.22)
hold. Similarly, & = &,(€) can be found such that for every partition P of [a,b], the in-

equality u(P) < & implies
S(P) <I"+e.

Now, if we denote the smallest of the numbers 6;(€) and 6, (&) by d(¢), then we see that
w(P) < o(¢e) implies (9.20). |

9.5 Necessary and Sufficient Conditions for the Existence of the Riemann
Integral; Basic Properties of the Riemann Integral

Theorem 9.6. For the existence of the Riemann integral of a bounded function f defined
on a closed interval [a,D), it is necessary and sufficient that for every € > 0, there exists a

partition P of [a,b] such that
S(P)—s(P) <e. (9.23)

O  (Necessity). Suppose that the Riemann integral of f on [a,b] exists. Then for each
€ >0, thereis a 0 = 6(€) > 0 such that

)

3

for every partition P of [a,b] with mesh ((P) < & and every &; € [x;,xi+1].

lo(xi, &) — 1| <

Hence,

€ €
[75 <6(x,-,§i) <[+§.
Then, by Lemmas 9.1 and 9.2,
€ £
-3 <s(P)<S(P)<T+3.
Thus, for every mesh P with u(P) < §(¢),

S(P)—s(P)§2-§ <e.
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(Sufficiency). Let € be any positive number and P any partition of [a,b] satisfying the
inequality (9.23). We have, from (9.19) and (9.23), that 0 < I* — I, < €. Since € is an
arbitrary positive number, it follows that I* = I,.. Denote I, = I* = [. By Lemma 9.5, there

is a number 6 = §(€) > 0 such that for every P of [a,b], the inequality pt(P) < &(€) implies
I—e<s(P)<S(P)<I+e,
or
lo(xi, &) —I| < e.

Consequently, f is integrable on [a, b]. [ |

Remark 9.4. Using (9.15), we can write (9.23) in the form

n—1

Z (Mi — mi)Ax,- < E.

i=0
Now, if we introduce the oscillation @; = M; —m; of a function f on the interval [x;,x;+1],
then, in terms of the oscillation, the necessary and sufficient condition (9.23) can be ex-

pressed as

n—1
Z w;Ax; < €.
i=0

Remark 9.5. Theorem 9.6 can be reformulated as follows: For the existence of the Rie-
mann integral of a bounded function f defined on [a, D], it is necessary and sufficient that

the upper and lower integrals are equal.

Property 9.1. If f is Riemann integrable on [a,b), then f is Riemann integrable on any
[e,d] C [a,b].
O Let € be any positive number. By Theorem 9.6, there is a partition of [a, b] such that
S(P) —s(P) < e. (9.24)
Put P* = PU{c,d}. Let P, be a partition of [c,d] consisting of the points of P* belong-

ing to the interval [c,d].
Then

Y wiAx; <Y @Axi = S(PF) —s(P). (9.25)
Py P
Here the first sum corresponds to a partition Py, and the second sum corresponds to P* and

consist of nonnegative terms, so that the second sum includes all the terms of the first sum.

Since P* is a refinement of P, then, by Lemma 9.3 and the inequality (9.24),
S(P*)—s(P*) <S(P)—s(P)<e. (9.26)
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From (9.25) and (9.26) we have

Y wiaxi <e.
By
Thus, by Remark 9.4, f is Riemann integrable on [c,d]. [ |

Property 9.2. If f is Riemann integrable on [a,c| and [c,b] (a < ¢ < b), then f is Riemann

integrable on [a,b], and moreover,

/a )y = / * Fo)dx+ / Py

O Let € > 0 be any positive number. Further, let P; and P, be partitions of [a,c] and [c, b],

respectively. By Theorem 9.6, there exist partitions P; and P, such that
€ €
ZCO,‘AX,‘ < = and ZwiAxi < —.
5 2 Z 2
1 2
For a partition P = P; U P, it is clear that

Z w;Ax; = Z ;Ax; + Z w;Ax; < €.
P Pr Py

By Theorem 9.6, f is integrable on [a,b]. The Riemann sum associated with P can be

written as follows:
;f(fi)Axi = ;f(@)Axi +;f(5i)Axl

The partition P is a refinement of P; and P5, and so u(P;) — 0 and u(P,) — 0 as u(P) — 0.

Thus, in the last relation, by passing to the limit as p(P) — 0, we have

/af(x)dx:/ dx+/ f(x)

|
Property 9.3. If f and g are Riemann integrable on [a,b), then (f + g)(x) is also, and
'/ab[f(x) +g(x)]dx= '/ahf(x)dx—i- '/abg(x)dx. (9.27)
O For any partition P of [a,b] and any selection of points & € [x;,x;+1], we have
Z[f (&) +g(&))Axi = Zfé,AH"):lgé, Ax;. (9.28)

Since the integrals of f and g exist, the hmlt, as u(P) — 0, of the right hand side of (9.28)
exists. Thus the limit of the left hand side of (9.28) as u(P) — 0 also exists, and so,

according to the definition of the Riemann integral, (9.27) is true. |

Property 9.4. If f is Riemann integrable on [a,b] and c is constant, then c - f is Riemann

bc-f(x)dx:c bf(x)dx
/ /

integrable on [a,b), and
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[0 Indeed,
b n—1 n—1 b
cf(x)dx = lim cf(E)Ax; =c lim AX; = ¢ x)dx.
[ ertar= tim ¥ es@an=c lim ¥ r&an=c [ 50
[ |

Property 9.5. Suppose [ and g are defined on [a,b]. Suppose further that f is Riemann
integrable on [a,b] and with the exception of finitely many points. Then the function g is

Riemann integrable on |a,b], and

/abg(x)dx = /abf(x)dx

O Put u(x) = g(x) — f(x). Suppose X, Xa,...,X, are all the points at which the func-
tions f and g are not equal. We have u(x) = 0 except at these points. Let k = max{|u(x)

lu(x2)l,. ..

[xi,xi+1] (=0, 1,...,n— 1) not more than twice. For all other points x, we have u(x) = 0

u(Xp,)|}. Itis easy to see that each of the points X1, ... ., X, belong to subintervals

Then for every partition P of [a,b] and selection of points &; € [x;,x;11], we can write

n—1

n—1
i| < Y [u(&)|Axi < 2pku(P).
i=0 i=0

By passing to the limit as p(P) — 0, we have

/abu(x)dx =0.

By Property 9.3, the function is integrable on [a, b], and then

/a g(x)dx:/ dx—l—/ dx—/ f(x)

Remark 9.6. As is seen from Property 9.5, the Riemann integral can be defined for a

function f defined on [a,b] with the exception of a finite number points, because if we
define f at such points arbitrarily, then the integral of the new function g and f are the

same.

Property 9.6. If the functions f and g are Riemann integrable on [a,b), then their product

f - g is Riemann integrable on [a,b).

O The functions f and g are integrable on [a, ] and so are bounded: |f(x)| < Cy, |g(x) <
(| on [a,b]. By Theorem 9.6, for every € > 0 there are partitions P; and P, of [a,b] such

that
£

S/(Pl) — S/(P1) < @ R

§"(P) —s"(P2) < 20



276 Single Variable Differential and Integral Calculus

Here §'(Py) and S”(P,) are the upper Riemann sums for f and g, respectively. Similarly,
s'(Py)ands" (P,) are their lower Riemann sums.

Thus, for a partition P = P; U P>, we have
S'(P)—s'(P) < —

//P_IIP _
$'(P)=5'(P) < 3¢

or

n—1 , Fel
WA < —
;Eo TG

n—1 y £
oA < —.
igo T

Here, o/, /' denote the oscillations of f and g respectively on the subintervals [x;, x;11].

(9.29)

It is easy to see that for the oscillation @; of a product function f - g on [x;,x; 1], we

have
o < C 0] +Cr0). (9.30)
In fact, for every &, N € [x;,x;+1], we have the identity

f(8)s(&) = f(me(n) = £(&)g(&) — g(m]+g(mIf(§) —f(m)].
Obviously,

11(6)g(8) = F(me(m)] < Cilg(§) —g(m)| + Cal£(8) = ()],

and so

sup [ f(§)g(&) — f(m)g(n)]

&melxixii]
<G sup [g(&)—g(m)|+C sup  |f(E)—f(m)]- (9.31)
Emelxi il Emelxixipl
If we put k; = [x;,x;1 1], then
sup |f(&)—rf(n)= sup [f(&)—f(n)]=sup f(x)—inf f(x)=M;—m=aj. (9.32)
& nek; & nek; xek; xeki
Similarly,

sup [¢(§) —g(n)| = @ and

Emeki (9.33)
sup |f(§)g(8) — f(m)g(n)| = a.

E.nek;
Thus, it follows from (9.31)—(9.33) that (9.30) is true. Now, by (9.29) and (9.30), for a

partition P = P; U P, we have

n—1 n—1 n—1
Z w;Ax; < C Z (J)iﬂAx,‘ +C Z w,-’Axi < E,
i=0 i=0 i=0
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which means that f - g is Riemann integrable on [a, b]. [ |

Property 9.7. Let f be Riemann integrable on [a,b] and f(x) = 0 on [a,b).
Then

/ x> 0.

O Since f(x) > 0 on [a,b], for every partition P of [a,b] and selection of points & €

[xi,Xi+1], we have
o(x;,&) = 0.
By passing to the limit as pt(P) — 0, we obtain the desired inequality. |

Corollary 9.5. If f and g are Riemann integrable on [a,b] and if f(x) > g(x) for all x in
[a,b], then

b b
/f(x)dx}/ g(x)dx. (9.34)
U By Property 9.7,

b
[ 1)~ gax >o.
Then Properties 9.3 and 9.4 imply (9.34). |

Property 9.8. If f is Riemann integrable on [a,b), then |f| also is Riemann integrable on

this interval, and

b b
/ F(x)dx| < / £ () ldx. (9.35)

[0 Denote the oscillations of the functions | f| and f on the subinterval [x;,x;; 1] by Q; and
w;, respectively. Then it follows from the familiar inequality || fE=1f (17)|| <f (&) —
f(n)] (see (9.32)), that

Q,‘ < ;.

On the other hand, since f is Riemann integrable on [a,b], for any given € > 0 there is a

partition P of [a,b] such that

n—1
Y wiAx <e.
i=0

Thus, for this same P, we have
n—l_
Y QiAxi<e.
i=0
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Therefore, |f(x)| is Riemann integrable on [a,b].

Let now P be an arbitrary partition of [a,b]. It is clear that

n—1
;)f(éi)Axi

n—1
< ) If(&)Ax.
i=0
Finally, by passing to the limit as (P) — 0, we obtain the inequality (9.35). |

Remark 9.7. In general, for a Riemann integrable | f| on [a, b], the function f might not be

Riemann integrable on [a, b]. For instance, let f be defined as

1, if xis rational,
flx) = o
—1, if xis irrrational.

We already showed that this, the Dirichlet function, is not Riemann integrable (see Remark
9.3). Nevertheless, |f(x)| = 1 is Riemann integrable on [a, b].

If a function f is Riemann integrable on and a > b, we define that

b a
/ f(x)dx = —/ f(x)dx.
a b
Clearly, Properties 9.3 and 9.4 remain true for this extended definition.

In particular, if a = b, then
a
/ f(x)dx =0.
a
9.6 The Class of Riemann Integrable Functions; Mean Value Theorems

Theorem 9.7. A continuous function f on [a,b] is Riemann integrable on [a,b).

O By Cantor’s theorem (Theorem 3.13), for every € > 0 there is a § = §(€) > 0 such that

the oscillation of f on any interval [a;,b;] C [a,b] with by —a; < 0 is less than 5

Let P be a partition of [a,b] with mesh @ (P) < 6. Then the oscillation @; of f on any

. . . . €
subinterval [x;,x;; 1] satisfies the inequality @; < o
—a
For such a partition P,

wiAx; < ——Ax; = Axi =g,
i=0 iz b—a b—a 5
which, by Theorem 9.6, means that f is Riemann integrable on [a, b]. |

Theorem 9.8. A bounded function f on [a,b] having only finitely many points of disconti-

nuity on [a,b] is Riemann integrable on this intervall.
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O At first, consider the case when f has only one point of discontinuity in [a,b], which
is either a or b. For definiteness, suppose that a is the point of discontinuity. Denote by @
denote the oscillation of f on [a,b]. For every € > 0, choose a point x; (a < x; < b) such
that

€
Xp—a< —. 9.36
1 o (9.36)
Now, f is continuous on [x,b], so Theorem 9.7 implies it is Riemann integrable on this
interval. On the other hand, by Theorem 9.6, there is a partition P, = {x1, xp,...,x,} of

[x1,b] such that
n—1 e
Y oA <. (9.37)
i=1 2
For a partition P = {xg,x1,...,X,} (xo = a) of [x},b], with the use of (9.36) and (9.37) we

can write
n—1 n—1 e e
Z(D,‘AX,‘Z(DQ(X[*G)%»Z(D,’AX[<(1)~—+— =E.
i=0 i=1 20 2
Thus, by Theorem 9.6, the function f is Riemann integrable on [a, b].

We now investigate the general case. Assume that &; (i = 1,.. ., p) are the points of discon-
tinuity of f contained in (a,b) and &; < & < --- < &,. Choose points 1;, i = 1,...,p+ 1
such that

a<m <& <m<&b<<n <y <nppr <b.
There is no more than one point of discontinuity of f in each of the subintervals [a, 1],
M1, &1, [&1,m2]s- -, [€ps Mp+1]s [Mp+1,b), and so f is Riemann integrable on each subinter-
val. Therefore, by Property 9.2, f is integrable on all of [a, D). ]

Definition 9.9. A function f is said to be piecewise continuous on [a,b] if it has only
finitely many points of discontinuity, and provided that each of them is either removable
(Definition 3.8) or of the first kind (Definition 3.9).

Corollary 9.6. A piecewise continuous function f on [a,b] is Riemann integrable on this

interval.
Theorem 9.9. Monotone functions on [a,b] are Riemann integrable on this interval.

O For definiteness, let f be nondecreasing on [a,b]. Take an arbitrary € > 0. Let P be a

__&
f(b) = f(a)

oscillation @; on the subinterval [x;,x;;1] is equal to f(x;11) — f(x;). Therefore,

partition of [a,b] with mesh satisfying the inequality u(P) < . Obviously, the

n—1

n—1 n—1
;)wiAx,- < u(P) ;) @; = p(P) ) [f(xis1) = fl)] = w(P)Lf(b) — f(a)],

i=0
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or

n—1
Z w;Ax; < €.
i=0

Thus, by Theorem 9.6, f is Riemann integrable on [a, b]. [ |

Definition 9.10. A set A of real numbers is said to have Lebesgue' measure zero (or, put

more briefly, measure zero) if for any given € > 0, there exists a countable set of open

intervals [, k = 1,2, 3,..., such that A C |Ji, and such that the sum of the lengths of the
k

I is less than €.

For instance, we will see in Section 9.12 that a set of finitely many points, a set of
countably many points, and hence the set of rational numbers contained in some interval,

are sets with zero measure.

Theorem 9.10 (The Lebesgue Criterion). A necessary and sufficient condition that a
bounded function f be Riemann integrable on [a,b] is that the set of discontinuities of f in

[a,b] have measure zero.

Thus, a bounded function defined on [a,b] with countably many discontinuity points
can be a Riemann integrable function.

At the end of this section we will discuss the mean value theorems. The mean value the-
orems proved in Section 9.2 for the Newton integral are true also for the Riemann integral
if instead of assuming the existence of antiderivatives we assume Riemann integrability.

Below, we formulate the general mean value theorem.

Theorem 9.11. Suppose f is continuous on [a,b] and g is Riemann integrable on [a,b], and

that g(x) > 0. Then there exists a number & €[a,b] such that

b
| r@gdx = 18)- [ sxjax ©.38)

O Letm =inficfp) f(x)andM = sup,c|, ;) f(x). Since f is continuous on [a,b], the in-

equality (9.6) is true:
b b b
m/ g(x)dxg/ f(x)g(x)dng/ g(x)dx. (9.39)

b b
If/ g(x)dx = 01n (9.39), then / f(x)g(x)dx = 0. Therefore, (9.38) is valid for every
£ €a,bl. ‘

'H. Lebesgue (1875-1941), French mathematician
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If fabg(x)dx # 0, then, by virtue of (9.39), we have

b
| 1@t
m<de " <wm. (9.40)

/a g(x)dx

By Weierstrass’s theorem (Theorem 3.12), there are points xg € [a,b] and x; € [a,b] such
that f(xo) = m and f(x;) = M. On the other hand, by Theorem 3.10, f assumes every
intermediate value in [m, M]. Hence, by (9.40), there is a § € [a, b] such that

[ st

/abg(x)dx .

That is, Formula 9.38 is valid. | |

f(&) =

Theorem 9.12 (The Mean Value Theorem). Suppose f is continuous on [a,b]. Then, for
some point & of [a,b],

[ s = (&) 0 —a).

O The proof of the theorem follows immediately from Formula 9.38, provided that g(x) =
1,x € [a,b]. |

Example 9.7. If a function is not continuous, then Formula 9.38 may not be correct. For

instance, consider the function

! 5
Observe that / f(x)dx = 3 On the other hand, for every point & in [0, 1], the function f
0

5 1
omits the value 3 Consequently, there does not exist any & in [0, 1] such that / fx)dx=
0

f(&).

X, ifxe (0,1,
1, ifx=0.
This function is continuous on [0,1]. It is easy to see that f'(x) = x*(Inx + 1) (Example

Example 9.8. Consider the function defined by f(x) = {

4.12). Equating f'(x) = 0 to find a critical point gives us xo = e~ !. Thus, f(e~!) = e/¢

is the global minimum value of f on [0, 1]. Tt follows that

1
e~ l/e g/ xX‘dx < 1.
0
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It is easy to compute that e /¢~ 0.692.... On the other hand, note that this integral
cannot be evaluated in terms of finite combinations of the familiar algebraic and elementary

transcendental functions.

9.7 The Fundamental Theorem of Calculus; Term-wise Integration of Series

Consider a Riemann integrable function f on [a,b]. Then, for any x € [a,b], f is Riemann

X
integrable on [a,x] also, so / f(t)dt is a well-defined function of x.
a

Theorem 9.13. If a function f is Riemann integrable on |a,b), then the function F(x) =
"X

/ f(t)dt is differentiable at every point of continuity of f. Furthermore, F'(xo) = f(xo).
a

(If xo is either a or b, then F'(xy) is to be understood as the appropriate one-sided deriva-

tive.)

0 The function f is continuous at xg, and so for every € > 0 there is a positive number
0 = 6(¢) such that |x —xo| < & implies f(xg) — € < f(x) < f(x0) + €. Since |r —xo| <
|x —xo| < & forall 7 € [xg,x], it follows that f(xg) —& < f () < f(xo) + € forevery ¢ € [xp, x].
Thus, by Corollary 9.5,

X
flxo)—€< fO)dt < f(xo)+€, |x—x0| <9.
X —X0 Jxg
1 _
But, since Jo f(0)de = ) = flxo) for all x satisfying |x — xo| < J, we have
x—xp "0 X — X0
x) — f(x
Fo) e < LI i) e

X — X0

that is, F”(xq) exists and F'(xo) = f(xo)- |

Corollary 9.7. Every function f which is continuous on [a,b] has an antiderivative on this
"X
interval. The function F(x) = / f(t)dt is one of the antiderivatives. Moreover, Theorem

9.12 is valid if f is continuous 01;1 the open interval (a,b).

b
Corollary 9.8. Let f be continuous on [a,b]. Then / S (x)dx exists both in the sense of
a

Riemann and in that of Newton, and the two integrals are equal.
By Corollary 9.8 and Properties 9.5 and 9.6 of Newton’s integral (Section 9.1) we derive
the following assertions for Riemann integrable functions.

(1) If the functions f and g and their derivatives are continuous on [a, b], then the formula

for integration by parts is true:

b b b
| $0g' @ = @] ~ [ stor @
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(2) Suppose f is continuous on [a,b] and that ¢ and @’ are continuous on [a, B]. Suppose
further that f[@(¢)] is defined and continuous on [o, ], and that (o) = a, @ (B) = b. Then

b B
| rwax= [ sipwle/ @)

Remark 9.8. The definite integrals with variable upper (lower) bound can be used to de-
fine new functions that cannot be expressed in terms of finite combinations of the famil-
X
iar elementary functions. For instance (Section 8.2), / eftzdt (Poisson’s integral) and
0
X d
/ S S (Legendre’s elliptic integral of the first kind).
1 —k2sin“x

As we proved earlier, the difference of two antiderivatives of a function defined on [a, b
is a constant. Therefore, if F(x) = [ f(r)dt and @(x) are two such antiderivatives, then
their difference @(x) — F(x) = C is a constant, or, ¢(x) = [ f(¢)dt +C. In particular, if

x =a and x = b, then

[ o= o)~ ota). ©.41)

Theorem 9.14 (The Fundamental Theorem of Calculus). Let f be a continuous func-
tion defined on [a,b]. If @ is any antiderivative of f on [a,b], then (9.41) holds.

O Sometimes the difference on the right hand side of (9.41) is denoted by ¢(x) }Z
Suppose that the first n 4 1 derivatives of the function f exist for x contained in an

e-neighborhood of the point a. Consider the equality

= /:f/(t)dt,

X "X
Let u(r) = f'(t) and v(t) = —(x — 1), and apply to / f(t)dt = / u(r)dv(t) the rule for
integration by parts. Then we find that ‘ ‘

/f £)dt = [ +/ 1)
_ (a)(x—a)—i—/a F1(0)(x— 1)dr.

With the repeated use of integration by parts, we can derive the following formula:

1)~ f@) = f (@) (x—a) + 35" (@)= aP+ 5 [ 7"0) 1)
== @)+ @ =P @) )+ [0 )

1 f4(@) (x = @) + Ru (x),

=
| -
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Ryr) = [ 1) (e,

Here, R,11(x) is called the remainder term of Taylor’s series in integral form. By using

Formula 9.38, we can obtain Lagrange’s form for the remainder term. Indeed,

X (n+1) X
R = [ 700 =2 [y

@)
o+l |, CESIA

where & is a point contained in [a,x]. B By applying Theorem 5.11, we can prove the

following theorem.

Theorem 9.15. (1) Suppose that a sequence of functions {g,(x)} converges uniformly on
[a,b] to g(x) and that for each n, g,(x) has an antiderivative on [a,b).
Then

/ " on(t)dt — / “el)dt, xo € [a,b. (9.42)
X0 X0

(2) Suppose that the series Y., uy(x) of functions converges uniformly on [a,b] and for each
k=1

oo X
k, ug(x) has an antiderivative on [a,b]. Then Y. | u(t)dt converges uniformly on [a,b]
k=1Jxp
and the following formula for term-wise integration is valid:

/X{iuk(t)}dt— i/xuk(t)dt.
X0 | k=1 k=1%0

[J Ttis sufficient to prove case (1). Setting

falx) = /;g,,(t)dtx, X0 € [a,b],

we have f)(x) = gu(x). It is clear that the sequence {f,(x)} (fu(x0) = 0) converges and
that the sequence { f},(x)} = {gn(x)} converges uniformly on [a,b] to the function g(x). By

() ={ [ e}

converges uniformly on [a,b] to a function f(x). Furthermore,

Theorem 5.11, the sequence

£/ =l fi(x) = lim gu(x) = g().

n—soo

It follows that
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Thus,

/gn dt:>/ t)dt+C

on [a,b]. Setting x = xo in the last relation, we obtain C = 0. Consequently, (9.42) is proved.
|

Example 9.9. Setting oo = —1 in (5.35), we have
1
m:1—x+x2—---+(—1)"x"+-.-. (9.43)
This series converges uniformly on [—a,a] (0 < a < 1), because, by Theorem 3.18, |x"| < a"
and so the numerical series Y, a¥ is convergent. Then, by Theorem 9.15, the series (9.43)
k=0
is term-wise integrable:

n n < X
/ol+t /dt /tdt+ (= )/ t"dt+--- (Jx] <a)

2 +1

X
In(1 ()
n(l+x)=x 2+ +( )n+l

Because a € (0, 1), the series (9.44) is valid for all x € (—1,1).

Thus,

SR (9.44)

"a
Example 9.10. Evaluate / e dx.
0

. . 2
It is known that the integrand e

cannot be integrated in terms of elementary func-
tions. Any attempt to find such an expression will, therefore, inevitably be unsuccessful.

In order to evaluate this integral we use the Maclaurin series of ¢* (Section 5.6), and get
2 4 6 2n

Term-wise integration give us
a2 a a’ a5 a’
—X
e tdx=-———=+—— +-
/0 I 1! 3 1.5 317
It is easy to see that we can approximate the mtegral with any desired degree of accuracy,

for a given a, simply by choosing a sufficiently large number of terms of the series.

Example 9.11. Evaluate [7/*v/1— k2 sin’xdx (k < 1).

1
Using the series (5.35) with a = 3 we have
1 11 113
V1-ksinfx=1- Ekzsin%c— 5 Zk“sm“x— ST 6kﬁsin%—
This series converges for all value of x and is majorized on any interval.

Thus,

" ) Lo [f.o [T L13 /% .6
/ 1 —k%sin“xdx=x—=k / sin“xdx— = —k / sin” xdx — / sin®xdx—--- .
0 2 Jo 24 Jo

246
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Now, because

T/2 1-3---2n—1)x
= 2n _ s
'/0 sin xdx—72_4m2n 2

atx = g (see Example 9.1), we have

[ () (3]

2 2-4) 3 2:4-6) 5

Example 9.12. (1) Replacement of x by x? in the series (9.43) gives us

By term-wise integration (Theorem 9.15), we can write

1
== (DR (x] < 1),

1+x2
dt—/ rdt /det
/ol+t2 / ook *
Therefore,
3 2k+1
tanflx:x—x;+-'~+(—l)k;k+l—|—--- (x| < 1)
1
(2) If we replace x by —x and takeoc:fi,we get the series
1 = 1-3:-5---(2n—1)
=1+) ———— X"
V1—x n;l 2:4-6---(2n)

Substituting 7> for x here yields
1 1-3-5---2n—1
Z ) t2n’
V1=-12 = 2-4.6- -(2n)
Term-wise integration of this series on [0,x] gives

, 1-3-5---(2n—1) !
—1
- x_Hg 2.4.6--(2n) 2n+1

lt] < 1.

9.8 Improper Integrals

1. The Interval of Integration is Unbounded. We now extend the definition of the
integral to include the possibility that the interval of integration has one of the forms
[a,+0o0), (—o0,a], (—eo,+o0). Suppose a function f is Riemann integrable on each subin-
terval [a,b] C [a,+oo).
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Definition 9.11. If the limit

lim / ’ fx)dx (9.45)

b—>+oo
exists and is finite, then we say that the improper integral

~+o0
f(x)dx (9.46)
a
converges, and write
+o0
f(x)dx = lim /f (9.47)
a h—so0

otherwise, we say that it diverges.

If f is nonnegative on [a,+oc0), then the limit (9.45) either exists or is infinite, and in
the latter case we say that the improper integral (9.46) diverges to infinity.
Sometimes the integral (9.46) is called an improper integral of the first kind.

It is clear that if ¢ > q, then either both integrals (9.46) and / x)dx converge or both

[ rega= [ ot [ pwax

b
either both limits (9.45) and blim / f(x)dx exist, or both limits do not exist.
—>+o Je

diverge. Indeed, since

If there is an antiderivative F of f on [a, +e0), then

oo
f(x)dx= lim F(b)—F(a).

a b—s+oo

The improper integral / x)dx is defined similarly, and

/_J:of( )dx—/ dx+/+°°

for any convenient choice of d, provided that both improper integrals on the right converge.
A

+o0
Note that / f(x)dx is not necessarily equal to Alim / f(x)dx.
oo —oo J_A

Example 9.13. Investigate the improper integral / 1 el
X

Because, for any b > 0,

b dx 1 b ~1
F(b):/o o o x|, =tan"'b,

we have
oo dx T
—— = lim F(b)—F(0)=—.
/o T o FO-FO) =73
Thus, the integral converges.
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+oo g
Example 9.14. Investigate the improper integral / —z as the parameter ¢t varies.
X
If o # 1, then clearly
b dx 1
e bl—(x 1
il );

and

Ted 1

/ o lim —— (1)

1 X% bt l—a

If o« = 1, then
bd
= —inb—Inl =nb.
J1 x¢
Finally, we can write
1
T dx —, a>1,
/ — =4 -1
X o, a<l.

Thus the improper integral converges if & > 1, and diverges if o < 1.

Th+e0rem 9.16 (Cauchy’s Criterion). For the convergence of the improper integral

f(x)dx, it is necessary and sufficient that for every € > 0 there is a number B > a

‘ /b /b// f(x)dx

a
such that

<E€

forallb',b" > B.

00
U The convergence of / f(x)dx is equivalent to the existence of the limit of
Ja

Fb) = /b Fx)dx (9.48)

a
as b — +4oo. By Theorem 3.3 (Cauchy’s criterion) for the existence of bETwF(b)’ it is
necessary and sufficient that for any € > O there exists a B > a such that |F (b)) — F(b")| < €
forall »', b"” > B. Taking into account (9.48) in the inequality |F (b') — F(b")| < €, we have
the required inequality of the theorem. |
Suppose that the functions f and g are defined on [a, o) and are Riemann integrable

on every interval [a,b] C [a,+oo).

Theorem 9.17 (Comparison Test). Suppose that |f(x)| < g(x) for all x € [a,+). Then
+oo +oo
the integral / f(x)dx converges if / g(x)dx converges.
a Ja
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[0 By Theorem 9.16, for every € > 0 there can be found a B > a such that

b//
‘ / g(x)dx| < ¢
b/

forall b’, b” > B.

On the other hand, because | f(x)| < g(x), we have the inequalities

b/l
' / x)|dx| < / g(x)dx| < e.
b/
By Theorem 9.16, the improper integral / x)dx converges. |
dx .
Example 9.15. Determine whether the improper integral / T)‘) converges or di-
verges. 4
1
Because m 2 — for all x > 1, the improper integral [, ) x_x converges (Example
9.14). Then, by Theorem 9.17, the given integral converges.
Definition 9.12. If the integral / (x)|dx converges, then we say that the improper
oo
1ntegral f(x)dx converges absolutely.
400
If / f(x)dx converges, but the integral / x)|dx diverges, then f(x)dx is
a

said to be conditionally convergent.

If we apply Theorem 9.17 to the case f(x) < |f(x)|, then we see that the absolute
convergence of an improper integral implies its convergence.
+o0
Remark 9.9. If f(x) > 0, then for the convergence of the improper integral f(x)dx,

Ja
it is necessary and sufficient that

/ " fwdr < C (9.49)
for some C > 0 and every b > a. -
Indeed, if f(x) > 0, then the function (9.48) is nondecreasing for all » > a. Hence
for the convergence of the improper integral [, f(x)dx, it is necessary and sufficient that
there exists a constant C > 0 such that F(b) < C. Thus, for every b > a, (9.49) holds.

Theorem 9.18. Suppose that f(x) > 0 (x > a), and that {a,} (ap = a), n=0,1,2,...
+oo
is a increasing sequence having the limit +oo. Then the improper integral / f(x)dx
Ja
converges if and only if the series

i{ aa" f(x)dx} (9.50)

n=1
converges.
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[ Let
su= [ @t ["p@ast s [* pwas= [" o

be the n-th partial sum of the series (9.50). Because {a,} is increasing and f(x) > 0 for
X > a, the sequence of n-th partial sums {S,} is nondecreasing. On the other hand, since
an — oo, for each b > a there is an integer n such that a,, < b < ay41.

Therefore,
Ay b A
S, = / Fx)dx < / Fx)dx < / " ) = Sppi. (9.51)
oo

Now, if the integral / f(x)dx converges, then the inequality (9.49) holds. Thus,
(9.49) and (9.51) imply S,,a< C (n>1). Moreover, {S,} is nondecreasing and so converges.
Then (9.50) is convergent.

Conversely, if the series (9.50) converges, then its n-th partial sum is bounded above
Sy < C (n>1). Then it follows from (9.51) that (9.49) is satisfied. Consequently, the
improper integral / - f(x)dx converges. [ |

a

Theorem 9.19 (The Integral Test). Suppose that f(x) is a nondecreasing positive-valued

Sfunction for x > no (where ng is an integer). Then the series Y, f(n) and the improper
n=n
oo
integral f(x)dx either both converge or both diverge.
ny

O By hypothesis, f(n—1) > f(x) = f(n),n>x>n—1.

By integrating over the interval [z — 1,n], we obtain

‘n

Fin—1)> / F)dx > £(n).

n—1

Then it follows from Theorem 2.19 (Comparison Test) that the series Y, f(n) and
n=0

oo n
Yy { / f (x)dx} either both converge or both diverge. On the other hand, by Theo-
n=ngp+1 n—1

o oo
rem 9.18, the latter series and the improper integral / f(x)dx either both converge or
no

both diverge. This ends the proof of the theorem. |

1 1
Example 9.16. Investigate whether the hyperharmonic (or ¢-series) series Ta + 2@ +t

1 .
pres + .-+ converges or diverges.
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1
If o0 > 0, then the function f(x) = —, for x > 1, satisfies the conditions of the integral
x¢

test. As we saw in Example 9.14,

b
1 1
b dx —xl@ (b1 “—1), ifa#l,
/ “@w_)1-a L I-a
1 x% b
lnx'lzlnb7 ifa=1,
. . T dx
and the improper integral / 7 = / — converges if o > 1, and diverges if o <
X ba+°<>

1. Then, by Theorem 9.19, it follows that the series converges if & > 1. But it is not hard to
see that the tests of Cauchy and D’ Alembert are inconclusive in this case. Indeed, denoting

1
u, = —, we have
o
n

1 o
lim 2 R lim < " ) =1 (D’Alembert’s test)
n—es Uy n—soo \ n-+1

n—oo n—oo n%  n—eo

o
1 1
lim /u, = lim {/ — = lim (” —) =1%=1 (Cauchy’s test)

(recall that the convergence of the hyperharmonic series was investigated in Theorem 2.29,

t00).

Theorem 9.20 (The Dirichlet Test). Suppose that the functions f and g satisfy the follow-
ing conditions.

(1) The function f is Riemann integrable on any interval |a,b] C [a,+oo), and there exists

/bf(x)dx <C

(2) The function g is continuously differentiable on [a,+), and g(x) — 0 monotonically

a constant C > 0 such that

(b>a).

as x — oo,

Then the integral

+o0
/a f(x)g(x)dx (9.52)

converges.

O By hypothesis (1), the function F(x) = [ f(¢)dr is bounded, i.e., |F(x)| < C for all
> a. Moreover, by hypothesis (2), g’(x) < 0. Then integration by parts gives us

[ 1Feg @< [[1g@lar=—c [ war=Clata) - ) < Caa).
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+oo
Thus, by Remark 9.9, the improper integral / F(x)g'(x)dx is absolutely convergent and
therefore converges. Furthermore, since |F(b)| < C and g(b) — 0 (as x — +o0), we have

I}lm F(b)g(b) = 0. On the other hand, as a result of integration by parts we conclude that
—o0

b b
| F0sdx = F(b)s(v) - Flays(a) - [ P (x)ax

We have already proved that all expressions on the right hand side have a finite limit as

b — +eo. Consequently, the improper integral (9.52) converges. |

Example 9.17. Investigate the improper integral / sinx?dx.
0

This integral is often applied to physical problems in optics.

1 1
Because sinx? = xsinx? < , we denote f(x) = xsinx? and g(x) = —. Obviously, the
x x

substitution x* = 7 yields

b 1 b 1 1 —cosb?
/ xsinx’dx = —/ sinx’dx’® = —/ sintdt = &.
0 2 Jo 2 Jo 2

Then it follows that

b
/ xsinx?dx <1 forall b>0.
a

1
Therefore, the functions f(x) = xsinx? and g(x) = — satisfy the conditions of Theorem
x

oo oo
9.20. Hence, the improper integral f(x)g(x)dx = / sinx?dx converges.
0 0

Example 9.18. Investigate the improper integral / — dx (where the definition of the

function f(x) = Y 4 extended to the point x = 0 by declaring that f(0) = 1).
X

First, we consider the improper integral

foo i
/ X . (9.53)

T X

b
/ sinxdx
T
1

On the other hand, g(x) = — (x > 7) satisfies hypothesis (2) of Theorem 9.20. Thus, by
X

Clearly,

=1+4cosb <2.

inx
Dirichlet’s test, the improper integral / —dx converges. This convergence is only

conditional. In fact,

(n+1)m
S, = /
nmw

1

n

sinx (n+1)m )
—\|dx > / sinxdx| =

X
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. o2 2 L .
and the numerical series Y, n diverges. It follows that the series Y, S, diverges, too.
n=171n n=1
r 00
Then, by Theorem 9.18, the series /

T

sm

dx diverges. Consequently, the improper
X

+oo gi
integral / _x dx converges conditionally.
Let f bea functlon defined on the half-open interval [a,b), and suppose that f(x) —

as x — b — 0. Moreover, assume that f is Riemann integrable on every closed interval

[a,a] C [a,b).

o
Definition 9.13. If 11m 1 / f(x)dx exists and is finite, then we say that the improper
integral of the second klnd defined as

b a
/a f(x)dx = aE?lo/a f(x)dx, (9.54)

converges; otherwise we say that it diverges.

Definition 9.13 can be extended to the case where the function is unbounded at finitely
many points.

Sometimes it is convenient to rewrite (9.54) as follows:

b b—e
/f(x)dx: lim f(x)dx.

£—0+0J4
The improper integral of the second kind is defined similarly: for a function f which is

Riemann integrable on any [¢t,b] C (a,b] and unbounded on (a,b] (f(x) — e asx — a+0):

b ' b
/f(x)dx:agggo/ f(x)dx

If both improper integrals / f(x)dx and / f(x)dx (a < ¢ < b) converge and one or both

one-sided limits at ¢ are infinite, then we define

/a fax= [ peacs [ " o)

b
Remark 9.10. If @ < 1 < b, then, by Definition 9.13, the improper integrals / f(x)dx
a

b
and / f(x)dx either both converge or both diverge. Indeed, since
n

b n b
/af(x)dx:/a f(x)dx—l—/17 f(x)dx

lim /af(x)dx and lim / f(x)

a—b—0./q o—b—0

the limits

either both exist or both fail to exist.
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Definition 9.14. If the improper integral

b
[ 17ax 9.5%)

converges, then we say that the integral (9.54) converges absolutely.
An improper integral that converges but does not converge absolutely is said to be

conditionally convergent.

The theorems formulated below are proved similarly to previous theorems, and so their

proofs are omitted.

Theorem 9.21 (The Cauchy Criterion). For the convergence of the improper integral
a

lirgl 0 f(x)dx, it is necessary and sufficient that for every € > 0 there exists a § =
o—b—0.Jg

6(€) > 0 such that for all &', & € [a,b) satisfyingh— 6 < o <bandb— 38 < a” <b,

(X/

f(x)dx

< E.

a/
Theorem 9.22 (The Comparison Test). If|f(x)| < g(x) for all x in the half-interval [a,b),
b b
and if the improper integral / g(x)dx converges, then / f(x)dx is convergent.

a a

[0
Theorem 9.23. If f(x) > 0 for any x in [a,b), then the improper integral lirbn 0/ f(x)dx
a—b—0.Jq4

converges if and only if there exists a constant C > 0 such that

/a flx)dx<C
forall o € (a,b).

T dx
Example 9.19. Evaluate / .
P 0o v1—x

The integrand becomes infinite as x — 1 — 0, but

/ o dx lim / ¢ _dx lim 21
_ _ —
0 V1I—x a=1-0Jo /1—x a—1-0

so the integral converges.

— — lim 2(\/1—05—1):2,

o
0 a—1-0

ld
Example 9.20. Evaluate the improper integral / —;
Jo1x

The point.x = 0 is a point of discontinuity of the second type for the integrand —.
X

U dx . o (x . Udx
— = lim — + lim =
1 X a—0-0/-1 x 0—0+0Jay X

By definition,
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but
ar dx o
lim - == lim - = oo and
a;—0-0 1 X a;—0-0x 1
Udx 1
lim - =— Ilim ]—— ) =oo.
a—0+0 o X o —0+0 (0%

Thus the integral in question diverges.

Note that if we blindly applied the fundamental theorem of calculus, we would get

/‘1 dx 1
ix2 T x|

This answer is obviously incorrect and emphasizes that we cannot ignore the hypotheses of

continuity and boundedness of the Fundamental Theorem of Calculus. |

Suppose that a function f defined on the interval (—oo, +o0) is Riemann integrable on

every interval [a,b] C (—oo,+-o0). If the limit

A
i
Jim [ e
exists, we say that the value of the limit is the Cauchy principal value (p.v.) of this improper
integral of the first kind on the whole real line, and denote it by

p.v. /+wf(x)dx.

In such a case, we say that the Riemann integral of f exists in the sense of the Cauchy
principal value. Thus,

p-v. [ f dx = hm/ f(x)

Ao

|
Example 9.21. Investigate the improper integral / 1_—5—x2
oo X

It is not hard to see that, as an improper integral of the first kind, this integral diverges.

dx.

But at the same time the integral of f exists in the Cauchy principal value sense.

Indeed,
A

T
= lim 2tan"'A=2.-Z =1.
A Aote 2

e 1
p.v. Lw l:_;; dx:AETm {tan’1x+§1n(l+x2)]

Suppose a function f, defined on [a, b] with the possible exception of the point ¢, a < ¢ < b,

is integrable on every interval [a,n] C [a,c) and [§,b] C (c, D).

If the limit
c—€ b
li d d.
Jim [/a f(x) er/ﬁgf(X) X}
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exists, we say that the integral of f exists in the Cauchy principal value sense and denote

p.v. /a.bf(x)dx

p.v. /abf(x)dx = lim [/akgf(x)dx—i— :rsf(x)dx} .

this limit by

Thus,

£—0+0

b

Example 9.22. Investigate the improper integral (a < ¢ < D). Itis easy to verify
that this integral is divergent. We show that this 1ntegra1 exists in the Cauchy principal

value sense. Indeed,
b dx ) € dx b dx b—c

p-v. / = lim / —l—/ =1In .
a X—¢c e=0+0|Ja x—c Jeyex—c c—a

9.9 Numerical Integration

Note that the Fundamental Theorem of Calculus can be used to evaluate the integral if a
convenient formula for the antiderivative can be found. On the other hand, there are many
simple functions whose antiderivatives are not elementary functions. For instance, it is

. 2 S
known that the elementary function e has no elementary antiderivative.

1. Rectangular Approximation. Suppose the function f is Riemann integrable on [a, b],
and that P = {xo,x1,...,x,} (X0 = a, x, = b) is a partition of [a, b]. Foreachi=0,1,...,n—

1, we choose points &; € [x;,x;+1] and form the Riemann sum

n—1

Y F(&) (xigr —x).

i=0
Because f is Riemann integrable, we can write

n—1 b
lim D) (Xip1 —x;) = / d
Jim P &) —x) = [ @

Thus for any partition P of sufficiently small mesh i (P),

n—1
/abf(x)dx ~ ;)f(éi)(xi-o—l —X;). (9.56)

The right hand side of (9.56) is the sum of the areas of n rectangles with base-length
xi+1 —x; and height £(&;), i=0,1,...,n— 1, and so the approximation is called the rect-

angular approximation. In particular, if & = x; or & = x;,1, we have the left end-point
Xi + Xiy1

approximation or the right end-point approximation, respectively. If & = 7
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have the midpoint approximation.
Suppose that f’(x) is continuous on [a,b] and M = rn[a);] lf/(x)].
x€la,
Denote by R, the error made in replacing the Riemann integral with the Riemann sum of

the areas of the n rectangles:

R= [ bf(x)dx—ilf<éf><xi+1 ) ©.57)
In order to estimate R,;, we use Theorem 5.4: )
f@) = f(&) =1 (p)(x=&), xi<pi<xis1.
Hence, for x € [x;,x;11], the inequality | f(x) — f(&)] < ren[az] | (x)||x — & < MAx; holds,

and so

/:Ci+l F)dx — (&) (xip1 —xi)| =

i

Then it follows from (9.57) that

Ri| < z [ s (&) )

Finally,

[ 1w - @

Xit1 >
< / MAxidx = MAX;.
Xj

n—1 n—1
<Y MAG <Mp(P) Y Axi=M(b—a)u(P).
i=0 i=0

Ral <M(b—apu(P), M= max |f/(5).

Obviously, R, — 0 as u(P) — 0.
Now, suppose that a continuous second derivative f”(x) of f(x) exists on [a,b]. Put M =

m{a)}()] |/”(x)| and choose & = % Then (9.57) implies that
x€la,

n—1
/ fx)dx = Zf("’*z"’“)(x,ﬂ ).

‘We wish to estimate the error,

n—1 . .
Ry = /bf(x)dx— Y f (#) (i1 = i) ©-58)
a i=0

To do this, we first form the following difference:

/xi“ F)dx— F(E)Axi = / F(E)]dx. 9.59)

Xi

By Taylor’s formula,

/ 1 /!
J&) = 1G) + f1(G) (x = &) + 5 /7 (M) (x — &), X < Mi <Xigr. (9.60)
Then the substitution (9.60) in (9.59) gives us

[ - p@an = [ o - &2ax
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Thus, by (9.58),

n—1

IR, <)

(/:M fx)dx—

i=0
MA s _ MR M )
—ﬁ;o I-<Tl§0mi——4(b a)lu(P)P. (9.61)
Consequently,
Ral < 26— ) (P2
24

2. The Trapezoidal Approximation. For numerical calculation of Riemann integrals,
we can use the following formula:

/abf(x) - 'j;i J(xi) +2f(xi+1) (Xis1 — ).
It is easy to see that each term here is the area of the trapezoid with altitude x;; — x; and
lengths f(x1), f(xi+1), and so this is called the trapezoidal approximation.

By using (9.60), we obtain the following inequality:

‘f<xl+xl+l> fl) 4+ fxin) <M£’2, M = max_f"(x).
2 8 x€la,b]

Then,

‘Rn| =

" rwas s () 1)

(x, +xz+1) J(xi) +2f(xi+l)

n—1

¥/

i=0

\xm —xi\

<y (24Ax3+ ) = Lo gas = Lo -y

In the latter inequality, we have used the inequality (9.61):

n—1

)y

i=0

Xit1

f(x)dx —

Z Ax}.
Thus,
[Ra| < %4(19 —a)[u(P)]*.

Remark 9.11. In general, in numerical integration using the rectangular or trapezoidal

approximations, the selection of points within the given partition P has the form x; = a+ih
b—a

(i=0,1,...,n), where h =
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3. Simpson’s Approximation. The rectangular and trapezoidal approximations used
rectangles and trapezoids. Simpson’s Rule (as Simpson’s approximation is often called)
uses parabolic approximations to the curve y = f(x). Given n = 2m, subdivide the interval

[a,b] into n = 2m equal subintervals. We consider a parabolic function
y= ax*+Bx+C

on [xg,x2]. We choose the coefficients A, B, and C so that Ax> + Bx + C agrees with f(x) at

the three points xp, x1, and x;. This can be done by solving the three equations

Ax§ + Bxo + C = f(xo),
Ax} + Bx; + C = f(x1),
AxX3 + Bxy + C = f(x2).

Fig. 9.3 The area under the parabola from —/ to h.

We will calculate the area of the region under the parabola y = ax? + Bx+C from —h to h
(Figure 9.3). This area is

h
S=3 (Yo +4y1+y2) 9.62)

where yg, y1, y2 are the ordinates of the points My, my, my, respectively:
yO:f(_h)v yl:f(o)a Y2:f(h)
Then the coefficients A, B, C can be found by solving the equations

yo =Ah>—Bh+C,
v =C, (9.63)
y2 =Ah*>+Bh+C.
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The area of the region under the graph of parabola y = Ax? + Bx + C from —h to h is
S = /;};(sz—&-Bx—}-C)dx: g(ZAh2+6C).
On the other hand, it follows from (9.63) that
Yo+ 4y1 +y2 = 2Ah* +6C.

Finally, from the last two relations we have the formula (9.62). Thus, by using (9.62), we
can write (h = Ax):
X2k Ax
f)dx = — (yor—2 +4yu—1 +yu) (k=1,2,...,m).
X2k—2 3

b
We now approximate / f(x)dx by replacing f(x) with the parabola of the form A;x> +

Bix + C; on the interval ([lxz,-,27x2,-], k=1,2,...,m. This gives

Ax
/ f dx— Z N?(}’o+4y1+2y2+4)’3+ +2y2m 2+4y2m 1+y2m)
X~ 2
or

2 [F(@) + F6)+4(7 )+ Fa) + 4 Flaan 1)

+2(f(xz) + )+ —l—f(me,z))] .
It can be shown that if a function f has a fourth derivative on [a,b], then Simpson’s error
estimate is
M
|R,| < —O(b a)(Ax)*, M = max ‘f ){
x€la,b]

Example 9.23. Use numerical integration to show that In2 = / —
1

1
We subdivide the interval [1,2] into 10 equal subintervals. Since Ax =0.1 and f(x) = —

we can form the table

X 1.0 1.1 1.2 1.3 1.4 1.5
f(x) | 1.00000 | 0.90909 | 0.83333 | 0.76923 | 0.71429 | 0.66667
X 1.6 1.7 1.8 1.9 2.0
f(x) | 0.62500 | 0.58824 | 0.55556 | 0.52632 | 0.50000

(i) By the rectangular approximation,

24
/ B R 00(yo+y1 4 +y0) = (0.1)(7.18773) = 0.71877.
1 X
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(ii) By the trapezoidal approximation,

2d 1+40.
/ Zroi ( +20 > +6.18773) =0.69377.
1

X
(iii) By Simpson’s approximation,

2dx 0.1
— =~ —[f(1) + f(2) +2(f (x2) + f(xa) + f(x6) + f(x3))

X 3

+4 (f(XI) Jrf(JC3) +f(x5) +f(X7) +f(XQ))]
- 03_1 [1 +0.5+2(2.72818) —|—4(3.45955)] =0.69315.

d
Comparing Simpson’s result 0.69315 with the real value (an = flz & 0.693 1472), we
X

see that this method has achieved five-place accuracy.

9.10 Functions of Bounded Variation

In this section we study a family of functions, the functions of bounded variation, which

plays an important role in the theory of Stieltjes? integrals, of arclengths, etc.
Definition 9.15. Let f be a real-valued function defined on the closed interval [a, b] and let
a=xg<x1 < <Xy 1 <X,=0b

be any subdivision of [a,b]. If, for all partitions P = {xo,...,x,} of [a,b], there exists a

positive number M such that
n
Y 1f (i) = flxien)| <M,
i=1

we say that f is of bounded variation over [a,b]. The least upper bound of all the sums for

n
all possible partitions of [a,b], that is, sup ¥ |f(xi) — f(xi—1)], is called the total variation
i=1

of fin [a,b], and will be denoted by V.
Theorem 9.24. A monotone function f on |a,b] is of bounded variation in |a,b).

O For any partition P of [a,b], we can write

if(xi) = FEam)[ = £ (o) = fxo) [+ £ (x2) = FOen) [+ + [ £ (n) — f(xn—1)]-

2T.1. Stieltjes (1856—1894), Dutch mathematician.
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Moreover, for a nondecreasing function, f(x;) — f(x;—1) > 0, and for a nonincreasing func-

tion, f(x;) — f(xi—1) < 0. In the first case, we have

n

Y 1f (i) = fxion)| = Fxn) = f(x0) + f(2) = flox1) 4+ 4 fon) = f 1) = (B) = f(a).

i=1
Similarly, for the second case we obtain

|f(xi) = f(xim1)| = f(a) = f(b).

-

i=1

[ ]
Theorem 9.25. If a function f is of bounded variation in [a,b), then it is bounded on [a, D).

O Take an arbitrary point x in [a,b]. Since f is of bounded variation in [a,b], we can write
f() = f@)] +[£(B) = f(x)] < Vi f. and s0 | f(x) = f(a)| < V7 f. Thus, f(a) = VJSf <
f() <Vef+ fla).

Now, if we put C = max[|f(a) — V2 f],|VLf + f(a)]], then | f(x)| < C. [

Theorem 9.26. If f and g are of bounded variation in [a,b], then the functions f + g, f - g,
f/g are also of bounded variation in [a,b], in the last case, provided that |g(x)| = m >0

for some constant m.

O Putey=f+g ®=/f-g ¢3=f/g. Forany partition P = {xo,...,x,} of [a,b], we

can write

(i) ig} |91 (xi) — @1 (xi-1)| = él |1 (i) + g ()] = [ (xi1) + g (xi)]|
Y | (xi) = f i) |+ L lg(xi) = g SV2f+Vig

(i) L |@2(xi) — @2(xi1)| = L |f (xi)g(xi) = f (xim1)g(xi1)]
=L |f(xi)g(xi) = f(xi)g(xi1) + f(xi)g (xim1) — f (xi-1)g(xi-1)|
Sk | (xi)] - |8 (xi) — g (xi1)] +X lg(ximt)| - |f (i) = f (xiz1)]|
<C-Vig+C-VEf.

Here, C, and C, are constants such that |f(x)| < C; and |g(x)| < C, (by Theorem 9.25 the

constants C; and C; exist).

n N ' . n f(xi) f(xi—l)
(iii) E]‘%(x’) (P3(x’71)|_;§1 g(xi) g(xiz1)

~

_ oy el ) —=f (i )e)]
= L R G
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< Lz Yy [f(xi)g(xi1) — f(xim1)g(x:)]

== YL () g(xim1) = fxim1) - g(xim1) + f(xim1) - g(xim1) — f(xi-1) - (i)
< Wcz-v;’er L C1-VYg.

Theorem 9.27. Suppose the function f is of bounded variation in [a,b], with a < ¢ < b.
Then f is of bounded variation both in |a,c] and [c,b] and

Vif=Vif+VEiy.

O LetPy={xY,...,x0} and P, = {x],...,x},} be any partitions of [a,c] and [c, b], respec-

tively. Let ¢ = xg = x{. Denote by S; and S, the following sums:

5 = z A0 — £,

5= 21 ) — 7).

Clearly, the sum S| + S, corresponding to the partition P = Py U Py of [a,b], satisfies the
inequality S1+ 5> < Vab f- On the other hand, since Py and P; are arbitrary, we deduce from

the last inequality that
VEF+VEF<VEY. (9.64)

It follows that f is of bounded variation in [a,c] and [c,b]. Moreover, since S| < V¢ f,
Sy < VP, it follows that S; + S, < VEf + V2 f. Recall that ¢ (x9 = x! = ¢) is contained in

a partition of [a,b]. If P = {xo,...,x,} is an arbitrary partition of [a, b], that is,
a=xg<x1 < <X <Xx,=0,

then by adding the point ¢ (x; < ¢ < x;+1) to the partition P = {xg,...,x, }, we have the case

considered above:
a=x)<x]1<--<x<c<Xjp] < <Xy_1 <X,=b.

Hence the sum S assigned to the partition P is not greater than the sum S; + S, correspond-
ing to PU{c}, that is,

S<S 48 <VEf+VPy.
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Thus, if we take the supremum over all possible partitions of [a,b] (V/f), we clearly

have
VP VEF+VPY (9.65)
Consequently, comparing (9.64) and (9.65) we have the desired result. |

Remark 9.12. (a) If f is continuous on [a, b], it need not be of bounded variation.

For example, consider the continuous function on [0,2] defined by

. T
xsin—, ifx#0,
X

flx) = .
0, if x=0.
Take th tition P = { } isti f th int 0 2 @
ake the partition P = consisting of the points xy = i=—— (i=
p X0, s Xn g p X0 s Xi 2n_(21_1) 1
1,2,...,n). For integers i > 2 we have
2 T 2 T
)—f(xis1) = ————sin | =(2n —2i 1}—7’{—2—2'3}
fO) = fxiz1) 2n—(2i—1)sm[2( n—2i+1) 2’1_(21,_3)sm 2( n—2i+3)
2 T 2 . 3 2 2

_ T 37T 0.
i I T i3 Y T2l m—2it3
Thus,

Z 2 2 2
;'f(x")_f(x"‘l)‘ - 2n—1+i§[2n—2i+1 +2n—2i+3]

—2+ 2+2 + 2+2 ++2+2+2+2
T -1 2n—3 2n—1 2n—5 2n—-3 3°5 3)°

On the other hand, because
2 n 2 - 1
2m—i+1)—1 2(n—i+2)—1" n—i+1’

we obtain
|
|f (i) = fei)| > ) T

1 k=2

-

1

Since the harmonic series is divergent, by choosing n sufficiently large, the sumsf |f(xi)—
f(xi—1)| increase without bound. Therefore f is not of bounded variation in [0, 122]1

(b) Obviously, the total variation of a constant function f over [a,b] is zero. So if we
define the class of functions satisfying the condition f(a) = 0, this class will be a linear

normed space with norm || f|| = V2 f.

Theorem 9.28. A function f is of bounded variation over |a,b] if and only if it can be

expressed as the difference of two bounded monotone increasing functions on |a,b).
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O Suppose f is of bounded variation in [a,b]. Let us introduce two auxiliary functions
®(x) =Vif and @(x) = VI f — f(x), x € [a,b]. Clearly, ®(x) — @(x) = f(x). We will
show that ®(x) and @(x) are monotone increasing on [a,b]. Since VX1 >0 (8 > 0),
Theorem 9.27 implies

VIO f = VEf 4 VIO f > Vi,

from which it follows that ®(x+ &) > ®(x). Thus, ®(x)(x € [a,b]) is monotone increasing.
On the other hand,

P(x+8) — 9(x) = VatOf — flx+8) =V f + f(x)
=Vif+VER Vi~ [f x4 8) = f()]

= VIS [fla+8) ~ f(¥)] >0,
that is, @(x+ 8) — @(x) > 0. Therefore, @(x) is monotone increasing. The necessity is
proved. Sufficiency follows immediately from Theorem 9.24. |
We have seen a relationship between monotone increasing functions and functions of
bounded variation. However, it should be pointed out that even though the set of functions
of bounded variation is a linear space, the set of monotone increasing functions is not, in
general, a linear space. For example, despite the fact that the functions defined by f(x) = x,
g(x) = x%, x € [0, 1] are monotone increasing, their difference, f(x) — g(x) = x — x%, is not

monotone increasing.

Corollary 9.9. By Theorem 3.15 and Theorem 9.28, it is easy to conclude that if f is of
bounded variation in [a,b], then the set of discontinuities of f can at most be denumerable.

Besides, each point of discontinuity is of the first kind.

Example 9.24. Let f be a function with bounded derivative on [a,b], that is |f’(x)] < M
(M is constant). Show that f is of bounded variation in [a, b].

Take any partition P = {xo,...,x,} of [a,b]. By Theorem 5.4,
fxi) = fxio1) = £1(E) (i —xim1), & € (xi1,x1)
and so
n n n
Y 1F) = fa)l =Y G ri—xia| <MY |xi—xi 1| =M(b—a).
i=1 i=1 i=1
Thus taking the supremum over all possible partitions P, we have

VIf<M(b—a).
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Example 9.25. Suppose that the function f, defined on [a, b], satisfies the following con-
dition, called a Lipschitz3 condition, viz., there exists a constant L such that for any
Xi—1,%i € [a,b] we have |f(x;) — f(xi—1)| < L|xi — xi—1].

We show that such f are of bounded variation in [a, ).

Indeed, for an arbitrary partition P = {xo,...,x,} of [a,b], we have
n n
Y 1) = fxim) < Y lxi—ximi| = L(b—a),
i=1 i=1
which means that f is of bounded variation in [a, b].

Example 9.26. Show that the function
1
)c2sinf7 if x=#£0,
X

0, ifx=0,

fx) =

is of bounded variation in [—M,M] (M > 0). As was shown in Example 5.1, the derivative
is
1 [
2xsin— —cos—, ifx#0,
X X

0, if x=0.

flx) =

Thus, | f/(x)] < [2x]+1 < 2M + 1, x € [-M,M]. By example 9.24, it follows that the given

function is of bounded variation in [—M, M].

Example 9.27. Show that the Dirichlet function,
1, ifxe@Q,
D=4 el
0, ifxeR\Q,

is not of bounded variation in [a,b], where Q is the set of rationals. Take a partition P =
{x0,x1,...,Xs} of [a,b], where xy is irrational and xy; 1 is rational.
It is easy to see that
1, ifi=2k+1,
D(xi) = D(xi-1) = .
—1, ifi=2k,
Thus [D(x;) —D(x;—1)| =1 (i=1,...,n), and so
n
Z |D(x;) — D(x;—1)| = n.
i=1

Consequently, if n — oo, the sum on the left hand side becomes arbitrarily large, that is,

D(x) is not of bounded variation in [a, b].

3R. Lipschitz (1832-1903), German mathematician.
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9.11 Stieltjes Integrals

In this section the concept of the Riemann integral is extended to the concept of the Stieltjes

integral. We study the existence of the Stieltjes integral and its main properties.

1. Definition and Existence of Stieltjes Integrals. In fact, the definition of the Stieltjes
integral of a function f on [a,b] depends on the choice of some other, fixed, function o on
[a,b]. For this reason, it is more precise to say, the Stieltjes integral of f with respect to o
over [a,b].

Let f and o be bounded functions defined on [a,b] (a < b), and let P = {xo, ..., x,} be
any partition of [a,b]: a =xp <x; < -+ <xj—1 <X; <Xn =D.

The sum,
o(x;,&) = ilf(éi)[a(xi) —o(xi-1)], &€ [xim1,xi], (9.66)

is known as a Stieltjes sum.
If for each positive € > 0, there is a 6 = §(€) > O such that |/ — | < € for every Stieltjes
sum associated with any partition P of [a, D] (i.e., any selection of points &) with p(P) < &,

we say that the number [ is the limit of the Stieltjes sum (9.66) as p(P) — 0.

Definition 9.16. If the Stieltjes sum (9.66) has a finite limit / as u(P) — 0, then the number
I is called the Stieltjes (or Riemann—Stieltjes) integral of f with respect to & over [a, b], and

is denoted
b
= / F)dal).

Sometimes, « is called the integrating function. It is easy to see that, in particular, if
o(x) = x+ c (c a constant), then it is the same as the Riemann integral.

We will give a condition for the existence of the Stieltjes integral. Firstly, we assume
that the function « is strictly monotone. For x; € P, we put Aot (x;) = a(x;) — a(x;—1) >0
(i=1,...,n). Itis understood that in the results already obtained for the Riemann integral,
we must put Aa(x;) in place of Ax;.

By analogy, we introduce the upper and lower Darboux—Stieltjes sums,

S=Y1  MAo;, s=Y0 miAoy, 9.67)
Mi=sup,cy, ) F(¥),  mi=infic | o f(x).
For every partition P, the sums (9.67) satisfy the inequality s(P) < o(x;, &) < S(P).

Darboux—Stieltjes sums enjoy the following properties:
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(1) The upper Darboux—Stieltjes sums do not increase (and lower Darboux—Stieltjes sums

do not decrease) upon refinement P* of P.

(2) If P and P, are any partitions of [a,b], then

S(P] ) < S(Pz),

i.e., no lower Darboux—Stieltjes sum is ever greater than any upper Darboux—Stieltjes sum,
regardless of the respective partitions used.

For Darboux—Stieltjes integrals I* and I,
s(P) < I, <I* < S(P),
where
= iI}f S(P), I.= SIIJJp s(P)

are called the upper and lower Darboux—Stieltjes integrals, respectively.
Furthermore, 7*, I, are the limits of the upper and lower Darboux—Stieltjes sums, respec-
tively, as u(P) — 0.

The theorem is proved similarly to Theorem 9.7.

Remark 9.13. This theorem is true for a(x) of bounded variation. The proof of the neces-
sary and sufficient conditions for the existence of the Stieltjes integral is simply a reiteration

of the proof of Theorem 9.6, and is omitted.

Theorem 9.29. A function f is Stieltjes integrable with respect to the strictly monotone
Sfunction o on [a,b] (a < b) if and only if for every € > 0 there is a partition P of |a,b] such
that S(P) —s(P) < €.

We now determine the basic class of functions which are Stieltjes integrable.

Theorem 9.30. If f is continuous on [a,b] and o is strictly monotone on [a,b), then f is

Stieltjes integrable with respect to o over |a,b).

Indeed, by Theorem 9.28, the function o(x) can be represented as

o(x) = B(x) — v(x)

where f(x) and y(x) are strictly monotone and bounded functions. Thus, the Darboux—

Stieltjes sum (9.66) can be rewritten:

n

o(x;,&) = Zf (&)Aa(x;) = i (&)AB (xi) Zf(‘:'i)A')’(xi) = 01(x;,&i) — 02(xi, &),

i=1



The Definite Integral 309

where

Aa(xi) = au(xi) —ot(xio1),  AB(xi) = B(xi) = B(xio1),  Ay(xi) = y(xi) = y(xi1)
Since B(x) and y(x) are increasing functions, the Darboux-Stieltjes sums o (x;,&;) and
0> (x;,&;) have finite limits as @ (P) — 0. Tt follows that o(x;,&;) has a finite limit, and so

the Stieltjes integral exists.

Theorem 9.31. If a function f defined on |a,b] is Riemann integrable and  satisfies a

Lipschitz condition, then f is Stieltjes integrable with respect to o on [a,b).

[J As was shown in Example 9.25, such a function « is of bounded variation. At first,
suppose « is an increasing function satisfying the Lipschitz condition with the constant L,
() —a(x)| <LK —xX"|, ¥, X" € [a,b].

Then note that

ie.,

n n
S—s=Y (M;—m)Ao(x;)) <LY (M;—m;)Ax;. (9.68)
i=1 i=1

Since f is Riemann integrable, the sum Z (M; — m;)Ax; can be made as small as desired by
choosing a suitable partition P. Conseqlll_ently, for given € > 0, the value S — s < &, if u(P)
is sufficiently small. By Theorem 9.29, this means that the Stieltjes integral exists.
Next, we treat the general case, when « satisfies the Lipschitz condition but is not neces-
sarily increasing. Here, too, we also have a representation,

o(x) =Lx— [Lx—a(x)] = ai(x) — oaa(x), o(x)=Lx, a(x)=Lx—a(x),
where o and o are both increasing and both satisfy the Lipschitz condition. Clearly, the

integrability follows. |

Theorem 9.32. If f and ¢ are both Riemann integrable on [a,b], and we have

m@:Aff¢mm7

then f is Stieltjes integrable with respect to ¢ on |a,b).

0 Since ¢ is Riemann integrable, there is a constant L such that |¢(7)| < L.

Thus,
< L|x/ _ x// | ,

at))—at) =| [ o

and o satisfies a Lipschitz condition. Now it suffices to use Theorem 9.31. |

Sometimes a Stieltjes integral can be expressed as a Rieman integral. For example, if

the derivative o' (x) is bounded and Riemann integrable on [a, b], then

/f )dou(x /fx)oc Jdx.
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2. The Basic Properties of the Stieltjes Integral. These four properties follow from the
definition of the Stieltjes integral:
(D/Zmuy:mmfa@)
(i1) I?f /1 and f, are Stieltjes integrable with respect to & on [a,b] and f is Stieltjes integrable
with respect to o and @ on [a,b], then

[[tasi+topydo =t [ ot [ paa.

b b b
/ fd(kioy + ko) =k / fdoy + ks / fdoy  (ky, ky are constants).
Ja Ja

(3)Ifa < ¢ < b, then
b

o b
[ fwdat) = [ f@da)+ [ fda
assuming that these three integrals exist.

Note that the existence of the two integrals on the right does not necessarily imply the

b
existence of / f(x)da(x). For example, let
a

0, —1<x<0,
fx) =
p, 0<x<1,p#0

0, —1<x<0,
ofx) =
g, 0<x<1,q#0

the Darboux—Stieltjes sum for the integral / ! f(x)do(x) is zero, because f(x) =0, —1 <
x < 0 for all partitions of [—1,1]. Similarly, since Aa(x;) = a(x;) — ot(x;_;) = O for all
partitions of [—1, 1] the Darboux—Stieltjes sum for / ’ f(x)da(x) is zero. It follows that
both integrals exist and are equal to zero. On the other(iland, itis easy to see that the integral

1
/ f(x)do(x) does not exist. Indeed, let P = {xq,x1,...,x,} be a partition of [—1, 1] such
~1

that O ¢ P. Then the Darbou—Stieltjes sum 6 (x;,&;) = ‘)lil f(&)Aa(x;) has only one term
7180 [exe) — (1)) = af ()

such that O € [x;_y,x;]. Therefore, we have 6 =0if & <O0and o =p-g#0if § > 0.

This means that the limit of o, as L (P) — 0, does not exist.

In fact, this occurs because 0 is a point of discontinuity for both f(x) and o¢(x).

(4) The mean value theorem holds for the Stieltjes integral.

Suppose f is bounded on [a,b], that is, there are real numbers m, M such that m <
f(x) <M on [a,b]. Furthermore, let o be an increasing function on this closed interval.
Then there is a constant k (m <bk < M) such that

| rdats) = kla(b) - ata))

If f is continuous on [a, b], then there exists a number & € [a, b] such that k = f(&).
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9.12 The Lebesgue Integral

1. The Lebesgue Measure of Subsets of the Real Line. Since an interval / is a set of
points, we see that its length could be regarded as the value of a function whose value on 7 is
m(I). If we consider two dimensions, we can think of a rectangle as a generalized interval.
By analogy in three dimensions we can consider volume as a generalized length. Thus, the
idea of length is generalized to sets in any higher dimensional Euclidean spaceby the use
of the measure concept. In this section we shall be interested in extending the notion of
length to subsets of the real line other than intervals. Without loss of generality we assume
that the set is a subset of § = [0,1] .

Suppose E is a subset of [0, 1]. Its complement relative to S is denoted by CsE or more

briefly CE (see Section 1.1).

Definition 9.17. A family {c&; = (pj,q;) : j € J} of open intervals is said to be an open
covering of a set E if every point of E belongs to some member of {a; : j € J}, that is
EC U aj;.
jel

If the set of positive numbers J is finite (denumerable), then we say that E has a finite
(denumerable) covering {a; : j € J}.

If J CJand E C | o wecall {o; : j € Jy} an open subcovering of E.

jes

It is understood that a collection of open intervals can be constructed such that at least

every point of E belongs to one of the intervals a; (j € J). The sum of lengths of these

intervals o (j € J) is denoted by Y. (¢; — p;). Obviously, for any open covering {¢; :
jes
J € J}, this sum is positive, i.e., Y. (¢j — p;) > 0. Therefore, the set of values of the form
jes

Y. (g; — p;) for different coverings {c; : j € J} of E is bounded below, and so there is
=y

a greatest lower bound (inf Y(gi—p j)> This greatest lower bound, clearly depending
jel
only on E, is called the outer measure of E and is denoted by m*E.

By definition of outer measure, for each € > 0 there exists an open covering {o; : j € J}

of E such that

m'E <Y (qj—p;j) <m'E+e. (9.69)
=

The difference between the length of the closed interval S = [0, 1] and the outer measure

of CE is called the interior or inner measure of £ and is denoted by m. E:

mE =1—-m*CE.
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We give some properties of outer and inner measures.

(1) The outer and inner measures of any set are nonnegative.

O Indeed, as a greatest lower bound of the set of positive numbers Y (¢; — p;) the outer
jeJ
measure is nonnegative,i.e, m*E > 0. On the other hand, since CE C S the outer measure

m*CE < 1andso myE =1—m*CE > 0. ]
(2) For any set E, m*E and m.E always exist and

m'E > m,E
U Indeed, write the right hand side of the inequality (9.69) for CE

Zj(q; —p)) <m'CE+e¢ (9.70)
Jj€

where {(p;-,q’j) : j € J} is an open covering of CE. It follows from the inequalities (9.69)
and (9.70) that

m*E+m"CE+2e>Y (q;—pj)+ Y (d;— D))
= jeJ

On the other hand since the sum of the right hand side of this inequality is greater than the
length of S, we have

m'E+m*CE +2¢ > 1
or

m‘E >1—m"CE —2¢
Because ¢ is arbitrary, we have

m'E >1—m"CE =m,E.

(3)IfEy C E, then m*E; < m*E and m,E| < m.E (monotonicity).
0 LetA and B be the sets of sums of lengths of intervals belonging to all possible covering
of the sets E| and E, respectively.

Then,

m*E; =infA, m*E =infB.
It is easy to see that A O B and so infA < infB. Thus, from the last equalities, we have

m'E; <m'E.
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On the other hand,
m*CE, > m*CE
1-m"CE; <1—m"CE
mE; <mE.

Definition 9.18. If the outer and inner measures of a set E are equal, then we say that E is
Lebesgue measurable (or, more briefly, measurable) and define the Lebesgue measure of E

as m*E = m,E = mE.

It can be easily proved that the measurability of £ implies the measurability of CE and

conversely. Indeed, if E is measurable, then
mE =m,E =1—m"CE (9.71)
On the other hand, m,CE = 1 — m*E and so
mE =m*E =1 —m.CE (9.72)
Thus (9.71) and (9.72) imply m*CE = m.CE, that is, CE is measurable.

Example 9.28. Show that a finite set E is measurable. Suppose that the number of points
of E is N. Let € > 0 be sufficiently small. For each point take an interval with length /N
containing this point. The collection of these intervals is an open covering of E with length
€. Therefore m*E = 0. Then 0 < m.E < m*E = 0 and so m"E = 0. Consequently, we have
mE =m*E = m.E = 0.

It follows that from Example 9.28 that m(&) = 0.

Example 9.29. Show that a denumerable set E is measurable and its measure is zero. Let
the points of the set E be ay, as, as,... Then we can enclose ay, a, asz, ... in open intervals
of lengths % (i=1,2,3,...), respectively. Here € > 0 is arbitrarily small. Then this
collection of intervals is an open covering of E. The sum of the lengths of these intervals
is not more than the sum of the geometric series
AL A A O )
2 22 23 2n 1-1/2
Thus m*E = 0. It follows that m,E = 0, too. Consequently, mE = m*E = m.E = 0.

E.
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Remember that, by Theorem 1.4, the set of rational numbers contained in [0, 1] is de-

numerable, and then its measure is zero.

Example 9.30. Show that the set of irrational numbers contained in [0, 1] is measurable
and its measure is one. If E denote the set of irrational numbers, then CE is theset of
rational numbers contained in [0, 1]. As was seen in the previous example, its measure is

zero. Then, by (9.71), we have
mE =1—mCE = 1.

Thus the set of irrational numbers contained in [0, 1] is measurable and its measure is 1.

Example 9.31. Show that an open set is measurable. Let E (E C [0, 1]) be an arbitrary open
set. This open set E is a finite or countable union of mutually disjoint intervals oy, 0, ...
(see, for example [18]). Indeed, let x be an arbitrary point of E. Obviously, there is at
least one open interval containing x and contained in E. Let I, be the union of all such open
intervals. Then we prove, that I, is itself an open interval. If we denote a = inf1,, b = sup1,,
then I, C (a,b). Suppose now, that y is an arbitrary point of (a,b) distinct from x, where for
example, assume, that a < y < x. Clearly, there is a point y; such that a < y; < y. Therefore,
E contains an open interval containing the points y; and x. Then it follows, that y € I. The
case y > x is treated by analogy. Besides, since x € I, then I, D (a,b) and so I, = (a,b).
Consequently, I, is an open interval. Moreover, by construction the interval (a,b) is not
contained in E and is not a subset of a lager interval contained in £. On the other hand, it is
obvious, that two intervals I, and Iy, (x # x;) either coincide or else are disjoint (otherwise
I, and I, would both be contained in a lager interval I, Ul C E). It is easy to see, that
there are no more than countably many such pairwise intervals /,. Indeed, choosing an
arbitrary rational point in every I, we establish a one-to-one correspondence between the

intervals and a subset of the rational numbers. At last, it is clear, that E = |JI,. Thus,
X

m(E) = k);1 |ai |, where || is the length of o; (i =1, 2,...) and the series is convergent.

And any closed set F' is measurable. In this case, F is either [0, 1] or [0, 1] \. CF. Since
CF is measurable as an open set, then F' is measurable and mF = 1 —mCF. Note that the
meauseres of both closed [a,b] (a < b) and open intervals (a,b) are their lengths b — a.

A property which is true except for a set of measure zero is said to hold almost every-
where (a.e.). For example, the Dirichlet function

1 xrational,
D(x) = o
0 xirrational
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is zero a.e., because D(x) = 1 is true for a set of rational numbers of measure zero. Simi-
larly, if 0 < x < 1, then }ggox’l =0 a.e., because Jgrolgx” =0 only at x = 1, a set of measure
Zero.

Let us state, without proof, the fact that Lebesgue measure is countably additive, viz.,
any countable union of mutually disjoint measurable sets Ej, E, ... is measurable and its

measure is the sum of the measures of the sets £, E», .. .:

m [U Ek} =mE| +mEy +--- (9.73)
k=1

This result, so-called o-additivity of the Lebesgue measure, though intuitively obvious is
not easy to prove. The proof can be found, for example, in [12,18].

It follows from (9.73) that the intersection () Ej is measurable. Indeed, the comple-

k=1
ment sets CEy, k=1, 2,... are measurable and so, by formula (9.73), |J CE} is measurable.
k=1
Since C [ N Ek} = | CE, then by Theorem 1.1, () Ej is measurable, too.
k=1 k=1 k=1

Example 9.32. Let us prove that the Cantor set has measure zero. One of the interesting

properties of the Cantor set is that although it is non-countable it has measure zero.

Consider the closed interval [0, 1]. Trisect the interval at points 1/3, 2/3 and remove

12
the open interval (5, §) (called the middle third). Thus we obtain the set E|:

Py

By trisecting the intervals [ , —} [ ] and again removing the open middle thirds,

=] f5s] o [50] o 5]

Continuing in this manner we obtain a sequence of closed sets E|, E, E3,... having the

we obtain E»:

following properties:

(1) E, DE23E3...;

(2) For every n, the set E,, is the union of 2" closed sets with lengths 37",

The Cantor set, denoted by P = () E,, is the intersection of E|, Ey, E3, ...

n=1
It is easy to see that the length of E,, is

m(Ey) = (;) (n=1,2,3,...).
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Thus, since P C E, for all n we have m(P) = 0.

It would seem that there is practically nothing left to the Cantor set P. However, it
turns out that the set has cardinal number c, i.e., is equivalent to [0, 1]. It also has many
other remarkable properties. In fact, there can be established a one to one and onto function

f:[0,1] — P, and so the set P has cardinality c¢*.

. . . 1 1
We next show that there is a non-measurable set in the interval [— > +§} .

. . 1 .. . .
Example 9.33. Consider the interval / = [f X +E} . Subdivide all points of / into classes,
setting two points x and y into the same class if and only if their difference is a rational
number. Thus, for each point x € 1, let the class K(x) consist of all those points of the

interval / which have the form x + r:
Kx)={yel:x—yeQ}={x+rel:reQ}

where, as usual, O denotes the set of rational numbers. In particular, x € K(x). We claim
thatif K(x;) # K(x2) (x1,x2 € I), then K (x1) N K (x2) = . In fact, assume the contrary, viz.,
that z € K(x;)NK(xy). Then z = x| + r| = x, + rp, where rq, r, are rational numbers: thus,
X2 =x1+r1 —ry. Onthe other hand, ift € K(xz), thent =xo +r=x1+(ri—ra+r)=x1+
' sothat7 € K(x1) and K(xz) C K(x1). We establish in the same way, that K (x1) C K(x7)
and so K(x;) = K(x2), i.e., K(x;) and K(x) are one and the same class, contrary to the
hypothesis that they are distinct. Hence, the set of all classes obtained in this manner form
a partition of [—1,1]. We now choose one point from each class and designate by A the set
of all points selected. The set A is non-measurable To prove this, we enumerate all rational

points of the closed interval [—1, 1]:
ro=0,ri, r, r3,...

And denote by Ay the set obtained from the set A by the translation x + ry: Ay = {x+ry :
x €A} (Ag = A). All the sets Ay are congruent with one another and so

mAr=m'A=o, mA,=mA=, k=0,1,2,...

Now we show that 8 > 0. To do this, we note that

Uacc {_%Jr%] , 9.74)
k=0

1 1
In fact, if x € [— ok + 5} , then x lies in one of the classes of the partition formed above. If xq

is the representative of this class in the set A, the difference x —xg is a rational number which

K. Stromberg, Real and Abstract Analysis, Springer, 1969.
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obviously belongs to the interval [—1,+1]. That is, x —xo = rx and x € A and x € | Ay.

k=0
This proves the first inclusion in (9.74). On the other hand, if x € Ay, then x = xo + ¢,
1 3 3 o0 3 3
|xo| < =, e < landso Ay C | —=,+=| forarbitrary k. Consequently, |J Ay C |—=,+=
2 272 k=0 272

and so the second inclusion in (9.74) is true. Then it follows from the first inclusion, that

L=m T<m* || JAr| <) m*A,
k=0 k=0
ie.,
1<B+B+B+--.

Obviously, this means that § > 0. On the other hand, it is easy to show that o = 0. To do
this, we show first that A, NA,, = & for n # m. In fact, if z € A,NA,,, the points x, = z—ry,
xm = z— 1, would be distinct points of the set A, i.e., representatives of two distinct classes,
which is impossible, because their difference x,, — x,, = r;,, — r, is a rational number. This

prove that A, NA,, = @. Then it follows from the second inclusion in (9.74) that

o

U4

k=0

3 3]
+—| = my

3=m, |-2,
m{ 272

> Zm*Aky
k=0
whence
at+o+oa+---<3

and o« = 0. Consequently, we obtain m,A = oo < B = m*A, which proves the non-

measurability of the set A.

L . . 1 1.
If we had initially partitioned not the interval {—5,4—5] into classes, but rather an
arbitrary measurable set E of positive measure, then repeating this argument literally, we
would have arrived at a non-measurable set A C E. Therefore, we conclude that every set

of positive measure contains a non-measurable subset.

2. Measurable Functions. Let £ be a measurable set and f be a real valued function
defined on E. The set of values x € E for which f(x) > A we denote E[f(x) > A], i.e.,

E[f(x) >A]={x€E: f(x) >A}.

Definition 9.19. We say that f is Lebesgue measurable (or, briefly, measurable) on E if

for each real number A the set E[f(x) > A] is measurable.



318 Single Variable Differential and Integral Calculus

It follows at once from the definition that a function f defined on a set of measure zero
is measurable. On the other hand it can be shown that if f is measurable on E, then it is
measurable on all measurable subset B of E.

Indeed since B[f > A] = BNE[f > A] and the intersection of sets on the right is mea-
surable, then E[f > A] is measurable.

Note that a function f can be defined as measurable on E if any one of the sets

E[f > A], E[f < A], E[f < A] is measurable for each A. Indeed, because E[f > A] =

k[]l E [f >A— H andE, =E [f >A— H is measurable, it follows that E[f > A] is mea-
surable.

On the other hand since E[f < A] =E\E[f > A], E[f <A] =E \E[f > A] it follows
that the sets E[f < A], E[f < A] are measurable. Indeed it only remains to prove that
for measurable two sets E| and E; their difference E| \ E is measurable. But E| \ E» is
measurable, because its complement C (E; \ E,) = CE; UCE; as a union of two measurable

sets, is again measurable.

Example 9.34. (a) Let f(x) = ¢ (c-constant) be a constant function defined on E.
Obviously
EU>M_{E,EA<Q
g, ifA>c.
Then, the measurability of E and & implies that E[f > A], and so f, is measurable.
(b) Show that the Dirichlet function defined on E = [a, ]
D(x) = { 1, x€Q,
0, xeR\Q
is measurable (Q is the set of rational numbers).
It is easy to see that
[a,b)NQ, 0<A<I,
E[D>A] = [a,b], A<DO,
1% A>1.
Then, since the sets [a,b], Q, and & are measurable, E[D > A], and so D(x), is too.

)

Example 9.35. Show that f(x) = [x] ([x] is the integer part of x) defined on E = [a,b] is
measurable. Indeed,
K+1,6], k<A<k+1<f(b),
0, A> f(b)

Because [[k] + 1,b] is measurable, and so E[f > A] is measurable, then f is measurable.
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Example 9.36. Let E = [a,b]. Show that the characteristic function of B C [a,b]

() 1, ifxeB,
B(X) =
0, ifxeE~B

is measurable for measurable B. Obviously, we have that

B, 0<A<I,
E[np(x) >A]l =< [a,b], A<O,
o, A>1.

But [a,b] and @ are measurable, and B is measurable by hypothesis. It follows that 1p(x)

is measurable.

Theorem 9.33. Let f be a function defined on a closed set E. Then for the continuity of f
on E, it is necessary and sufficient that for each real A the sets E|[f(x) > A] and E[f (x) < A]

are closed.

O Necessity. Let f be continuous on E. Take an arbitrary A and set F = E[f(x) > A].
Moreover, let x,, € F be any sequence the limit of which is xq. Since E is closed, it follows
that xop € E (Definition 1.22). On the other hand, the continuity of f implies that f(x,) —
f(x0). Clearly, x, € F implies that for all n we have f(x,) > A. By passing to the limit in
the last inequality, we have f(xp) > A, orxo € F, i.e., E[f(x) > A] is closed. The closedness
of E[f(x) < A] is proved similarly.

Sufficiency. Suppose now that for every real A, F is closed. We will prove that f is
continuous. Let x, € E be a sequence and suppose that x, — xo (xo € E). For any given

€ >0, put

Fi=E[f(x) > f(xo) + €], F=E[f(x) < f(x)—e€].
By hypothesis, F;, F> are closed, and so F = F; UF, is closed (Theorem 1.14). Since
xo ¢ F, that is, x¢ is not a limit point of F, there is a § > 0 such that an open ball (interval)
Bg(xo) centered at xy contains no point of F. But there is a positive integer N such that
Xy € Bg(xo) forall n > N. Hence x, ¢ F (n > N) and

f(x0) =& < flxa) < flxo) + &

Consequently, f(x,) — f(xo), thatis, f is continuous. |

Example 9.37. Let f be continuous on a closed set, E. Show that f is measurable on this
set.

By Theorem 9.33, E[f(x) > A] is closed for arbitrary A and is measurable (Example
9.31). Thus by Definition 9.19 f is measurable on E.
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Theorem 9.34. Let a function f be defined on a finite or countable union E = \JE}, of

k
measurable sets Ey, k =1,2,.... Then if f is measurable on each Ey, then it measurable
onE.

O For every A, clearly E[f > A] = JE[f > A]. By hypothesis, Ex[f > A] is measurable
k
for all k, and so E[f > A] is measurable. |

Now, using Definition 9.19 and Theorem 9.31,we can prove the following theorem.

Theorem 9.35. If f is measurable on a measurable set E, then the functions f(x) +k (k-
1

constant), k f(x), | £(x)], [f(x)]% 70 are measurable (in the last case, provided f(x) # 0
X

forallx € E).

Theorem 9.36. If f and g are measurable on a measurable set E, then the set E(f > g) is

measurable.

L] Enumerate the rational points of R as ry, r2, r3,.... Then,

E(f>g) = E( > r)NE(g <o)l
k=1

Each of the sets E(f > ry), E(g < ri) is measurable, and this countable union of measurable

sets is measurable by (9.73). |

Theorem 9.37. If f and g are measurable on E, then the functions f +g, f-gand f/g are
measurable on E (in the last case, provided g(x) # 0, x € E).

(1) Because E[f £ g > A] = E[f > A+g] for each A, the sets E[f £ g > A] are measurable
by Theorems 9.35 and 9.36, and so f -+ g are measurable.
(2) Since f(x)-g(x) = % {[f(x)+g(x)]* — [f(x) — g(x)]*}, the functions f(x) =+ g(x), and
50 [f(x) + g(x)]?, are measurable (Theorem 9.35). Hence, f(x) - g(x) is measurable.
(3) Since Fx) = f(x)- L, then by Theorem 9.35 and (2), f/g is measurable.

8(x) 8(x)
Remark 9.14. It is not hard to see that if a function f is measurable on E, then FEitself is

measurable. Indeed, obviously,

o

E= U E[f(x) > —n].

n=1
Then, since each E[f(x) > —n] (n=1, 2,...) is measurable, their countable union E is mea-
surable, too. So in the preceding theorems and definitions, the set £ need not be assumed

to be measurable.
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3. The Lebesgue Integral and its Basic Properties. In this chapter we have seen that
there are bounded functions defined on closed intervals that are not Riemann integrable.
The Riemann integral has certain defects which can be remedied by means of the Lebesgue
integral. Although it is possible to define the Lebesgue integral in many ways, we shall give
a procedure which parallels as closely as possible the definition for Riemann’s integral.
Suppose that a function f is bounded and measurable on the interval E. Suppose that m
and M are any two real numbers such that m < f(x) < M. Given n, we partition the interval

[m,M] into n subintervals by choosing points {y;}, i =0, 1,...,n such that
m=yy<yy <--<y,=M.

Thus our partition of [m,M] is P = {yo, Y1,.--s Yn}-
Note that these values are represented geometrically by points on the Oy axis.

LetE;, i =1,2,3,...,nbe the set of all x in E such that y; < f(x) < y;y1, thatis
E,':{x:y,-éf(x)<yi+]}, lZO,l,,I’l—l

Because f is measurable, these sets are measurable and disjoint.

Consider the upper and lower sums S and s, defined by

n—1

S(P)=Y yirimE,;
i=0 (9.75)

n—1
s(P)= Z yimE;
i=0
respectively. Here mE; is the measure of E; (i =0, 1, 2,...,n— 1). By varying the partition
we obtain sets of values for S(P) and s(P) satisfying the inequality s(P) < I. < Ix < S(P),
where [* = igf S(P), I, = Sl}l)p s(P).

Usually, the Lebesgue integral is defined as the common limit S and s given by (9.75),
respectively, as the number of subdivision points becomes infinite in such a manner that
o — 0, where o = max{(yi+1 —yi): i=0,1,....n—1}.

Definition 9.20. Assuming that f is bounded, we define the Lebesgue integral as the limit
of s(P) = ni; yimE; as @ — 0. We denote the Lebesgue integral of f on E by (L) /E f(x)dx
i=

or / f(x)dx. In particular, if E = [a,b], then we denote the Lebesgue integral by
E

(L) / ’ f(x)dx, or simply / ’ f(x)dx.

Theorem 9.38. If f is bounded and measurable on E, then f is Lebesgue integrable on E.
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0 We easily reduce the existence of the Lebesgue integral to the existence of the Stieltjes
integral:
n—1

lim s(P) = éig%) Y yimE;
i=0

a—0

n—1

= lim Y yimE (yi < f(x) <yis1)
a0 =)

n—1

= ,},‘E}) Y VilmE (yie1 > f) —mE(yi > f)]
i=0

n—1
= lim i;,)yi[g(ym) —g(v)] = /mMydg(y)-

Here, g denotes the function defined as g(y) = mE(y > f), and is monotone increasing,
because y; <y, implies mE(y; > f) < mE(y2 > f). Obviously, f(y) =y is continuous and
so in the last equality, the existence of limit follows from the existence of the corresponding
Stieltjes integral (Theorem 9.30). |

Below we give the basic properties of the Lebesgue integral. We assume, unless oth-
erwise stated, that f is bounded and measurable and thus Lebesgue integrable, and that all

the sets involved are measurable.

(1) If E has measure zero, i.e., mE = 0, then

/Ef(x)dx =0.

O In fact, each subset E(y; < f(x) < yi+1) has measure zero, and so any Lebesgue integral
sum is zero. Thus, in the theory of the Lebesgue integral any set of measure zero can be
neglected. |
(2)IfA < f < B, then

AmE < / f(x)dx < BmE.
E

Sometimes this is called the mean value theorem for Lebesgue integrals.

0 The validity of this property follows from considering the integral / Qi(x)dx (i =
1,2, 3) for each of the following three cases, @;(x) = A, ¢2(x) = f(x) agd 03(x) = B.
Since E(yo <A <yi) =E, yo=Aincase ¢ (x) = A, we have

n—1
s(P) = Z yimE; = yomE (yo <A < y1) = yomE.
i=0
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Thus, / Adx = AmE. Similarly, / Bdx = BmE. At the same time, if @,(x) = f(x) then

E
the integral sum satisfies the inequality

n—1

AmE =Y AmE (y; < f(x) < yis1)
i=0

n—1
<Y yimE(yi < f(x) <yit1)

n—1

< Y BmE(y; < f(x) <yir1) = BmE.

i=0

By passing to the limit as o — 0, the desired inequality follows. In particular, if f(x) =C

(C is constant), then / f(x)dx =CmE. |
E

QBYIfE=E | UE;,, \A}here Ej and E; are disjoint, i.e., E; N Ey = &, then

/;f(x)dxz ./E.1 f(x)dx—i—l/ézf(x)dx,

The result is easily generalized to finite unions of mutually disjoint sets.

0 The validity of the assertion follows from the relation

n—1

[ 700dx = lim s(P) = lim X imE(i < 5(6) < iv1)

n—1 n—1

= Lim Y yimE1(yi < f(x) <yir1)+ Lim Y yimEs(yi < f(x) <yis1)
i=0 i=0
= / f(x)der/ fx)dx
E; E,
(4) If f(x) = g(x) almost everywhere on E, that is, mE(f # g) = 0, then
/ f(x)dx = / g(x)dx.
E E

0 Letdenote mE(f # g) = Ey. Then, by property (3),
[rwax= [ f@ax+ [ pwx
E E~E) Ep

[ stwax= [ 8@t / (s

Since f(x) = g(x), x € E \ Ep, on comparing these equalities, we deduce that the first
integrals on the right hand sides are equal, and by property (1), the second integrals are
Zero. |

(5) If f is both Riemann> and Lebesgue integrable on [a, b], then
L [ 10 =®) [ r(ds

3 Actually, the existence of its Riemann integral implies the existence of its Lebesgue integral.
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O Let{x;} (i=0,1,...,n) be subdivision points of any partition of [a,b], that is,
a=xp<x;<--<x,=>b.
Put

M;= sup f(x), mj= inf f(x), i=0,1,....n—1.

xelxi i) €[]

By property (2), we have

Xit1
mi(xi_H —x,-) S (L) (x)dx < M,'(X,'.H —x,‘).

Xi

Taking into account (2), summing these inequalities over i gives us

n—1 Xit n—1
Zwmﬁmgw/ﬂmw<2mmﬁm. (9.76)
i=0 Xi i=0

The inequality (9.76) remains true if, in place of L, we write R (i.e., if we take the
Riemann integral instead of the Lebesgue integral). Then, by passing to the limit as & =

max(x; 11 —x;) — 0, we have

b b
L [ f@dx=®) [ feax

(6) Let f be a bounded and measurable function on E. If f(x) > 0 a.e. and / f(x)dx =0,
E

then f(x) =0 a.e. on E.

U Letus denote

E; =E[f(x) >0], E-=E[f(x)<0], Eo=E[f(x)=0].
Since m(E_) = 0 it follows that /E f(x)dx = 0. Besides /E f(x)dx =0 and so

/ f(x)dx = / f(x)dx=0. (9.77)
E. E

It is clear that Ey = |J Py, where P, = E[f(x) > 1/k]. Then by property (2) and the
k7

=1
fact that the integral over P, cannot exceed the integral over E, we have

/ S > /. o>

which contradicts the hypothesis that the integral over E is zero. |

m(Py)
o

(7) Let { f,, } be a sequence of functions measurable on E such that lim f,(x) = f(x). Then
n—soo
if the sequence is uniformly bounded, i.e., if there exists a constant C such that | f,(x)| < C

for all n, we have

lim/Efn(x)dx:/El}i_r&f(x)dx:/Ef(x)dx.

n—yoo
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This important theorem, which is not true for Riemann integrals, shows the superiority of

the Lebesgue integral.

(8) If f is bounded and measurable on E, then | f| is Lebesgue integrable on E. In addition,

if | f| is bounded and measurable on E, then f is Lebesgue integrable on E.

O TItis easy to see that, if f is measurable on E, then |f| is measurable on E. |
We have seen that for Riemann integrals the second part of property (8) is not true (see

Property 9.8 and Remark 9.7).

Example 9.38. Show that the Dirichlet function D(x) (Example 9.34) is Lebesgue inte-
grable on E = [0, 1].
Denote by R and I, respectively, the rational and irrational numbers contained in £ =

[0,1]. Since INR = &, it follows from property (3) that
/ D(x)dx = /D(x)dx = / D(x)dx.
JE JI R
Because mR = 0 (Example 9.29), we derive / D(x)dx = 0 from property (1). On the other
JR

hand, D(x) =0, x € I, and so, by property (2), we have / D(x)dx = 0. Thus, the desired
Ji

Lebesgue integral is zero. Recall that the Dirichlet function is not Riemann integrable (see

Remark 9.3).

Example 9.39. (1) Show that the Riemann function

1 . m .
—, if x = — noncancellable fraction,
n n

R(x) =
0, if xirrational
is Lebesgue integrable on any interval E = [a, ]. Indeed, following the same procedure as

in Example 9.38 yields

/ER(x)dx:/RR(x)der/[R(x)dx:/R%derOZm—R:0 (n#0).

n
(2) Show that the function
A, x€eP
-

0, x€l0,1]\P
is Lebesgue integrable, where P is the Cantor set (Example 9.7), for A, B any real numbers.

Indeed, since mP = 0 (Example 9.32) we can write

/Olf(x)dx—/Pf(x)der/[oﬁl]\Pf(x)dx
:A/deJrB/[O’]]\de

—0+8 Uoldx—/de] —B.
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4. The Space L;[a, b] of Square-Integrable Functions. This space is the set of all real
measurable functions f on [a,b] whose squares are Lebesgue integrable on [a,b]. The
usual, pointwise, addition and scalar multiplication can be defined in this space. Besides,
if f, g € Ly[a,b], then their product f - g is Lebesgue integrable. This fact follows from the

inequality

1
70800 < 5 [P0 +£00)]
and the basic properties of the Lebesgue integral. In particular, if g(x) = 1, then it follows
that any element f € L[a, b] is Lebesgue integrable. Inner products in Ly[a, b] are defined

by the formula

b
@:Lfﬁkwﬂ,fﬂehhﬂ

The modulus || f|| of a function f € Ly[a,b] is defined as follows, and called the norm of
fely [a, b]:

Il =V {ff) = f2

Note that if || f — g|| = 0, then f(x) = g(x) almost everywhere on [a,b]. Hence, it is con-
venient to make this into an equivalence relatlon. We say that f and g are equivalent if
f(x) = g(x) almost everywhere.

In Ly[a,b] (as well as in any other Euclidean space), for every pair of functions f, g €

Ly[a,b],we have the Cauchy—Bunyakowsky’s inequality:

(f.8)* < (f.f)(g.8),

( / bf(x)g(X)dx>2 < (/ ' fz(x)dx> ( / ’ 2(x) dx) ‘

Remark 9.15. One of the other usual ways to define the Lebesgue integral is based on the

or

concept of a step-function. Let P = {x,...,x,} be a partition of [a,b]. Then a function
¢ defined as @(x) =m, x € (x;,x;11) (=0, 1,...,n—1) (M; being constants) is called a

step-function.

Denote by L [a,b] the class of functions which can be obtained as the almost every-

where limit of a nondecreasing sequence of step-functions { ¢, (x)} such that the numerical

b
sequence { / O (x)dx} is bounded. Then a function f is Lebesgue integrable on [a, b], if
a
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it may be represented as the difference f = f| — f» of two such functions, fi, f» € L™ [a,b].
The Lebesgue integral of f on [a,b] is defined by

[ o= [ o [ o
Until now we defined the Lebesgue integral and obtained its properties for bounded measur-
able functions. Now we define the Lebesgue integral for unbounded measurable functions.
First, consider the case where f is unbounded and measurable but nonnegative. If N is
a natural number we shall use the notation
f(x) forallx € E such that f(x) <N,
Ul = { N forall x € E such that f(x) > N.
Thus for every positive integer N, the function [f(x)]y is bounded and measurable, and so,
Lebesgue integrable. We define the Lebesgue integral of unbounded butnonnegative f on
E as

/f(x)dx = lim /[f(x)]Ndx.
JE N—e JE
This limit is either a nonnegative number or is infinite. If the limit is infinite, then f is
not Lebesgue integrable on E. If the limit is a nonnegative number, then we say that f
is Lebesgue integrable (or, briefly, integrable) on E and that its integral is equal to this
number.

Now, consider the case f(x) < 0. In this case we define the Lebesgue integral of f as

follows

L reds== [ 1o,

where the integral on the right hand side is defined as above since |f(x)| > 0.

In the general case, we take

£ f(x), forallx € E such that f(x) > 0,
X)) =
0, forallx € E such that f(x) <0
() = 0, for all x € E such that f(x) >0,
—f(x), forallx € E such that f(x) <O0.

Obviously, these functions are both nonnegative and

f@)=f"(x)=f ().
Consequently, this leads us to define the integral of f on E as the difference of the integrals

of these nonnegative functions, that is,

/;f(x)dx:/Ef+(x)dx—/Ef7(x)dx.

If the two integrals on the right exist, then we say that f is Lebesgue integrable on E.
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5. Complex-valued functions. In Remark 3.7 we discussed the convergence of complex
sequences and series. Now we define the integral of complex-valued functions.

Let fi, f> be real-valued functions defined on A C R. Then the function f defined a
f(x) = fi(x) +ifa(x), is called a complex-valued function, and fi(x) and f>(x) are called

its real and imaginary parts. A function f is differentiable on Aif at every x in A,

f1x) = fix) +ifs(x).

It is easy to see that the sum, product, and quotient of differentiable complex-valued func-

tions is differentiable.

Example 9.40. Find the derivative of the function defined by f(x) = ¢**, oo = a+ib. Since
&Y = ¢¥(cosy+isiny) (Section 5.7), we can write

fw="2

: d
= [e(‘“"b)"} = [¢*(cosbx +isinbx)].

Denoting
fi(x) = e coshx, fo(x) = e* sinbx
we derive that
f1(x) = e™(acosbx — bsinbx), f5(x) = e™(asinbx+ bcosbx).

Thus

d ax ox

) = o (9.78)
An antiderivative of the function f is a function F (x) = Fj (x) +iF»(x) such that F’(x) =

f(x) for all x € A, where Fj(x), F>(x) are antiderivatives of the functions fi(x), f2(x),

respectively. Obviously, if F(x) is an antiderivative, then every antiderivative of f is of

the form F(x) 4+ C (C being some constant). The expression / f(x)dx, with no limits on

the integral symbol, is called the indefinite integral of the functionf, in contrast with the

definite integral, which has upper and lower limits, and we set

[rwax= [ fias+i [ foax

Clearly, for these indefinite integrals, properties (1)—(4) of Section 8.2 are true.

Example 9.41. Evaluate = / e™dx.

Taking into account (9.78), we have

1
I= aew‘x—i—C(a #0)
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Example 9.42. Evaluate [ (o) = / *e®dx (a0 # 0), where k is a natural number and o is

a complex number. Applying integration by parts, we derive

1 1 1
(o) = a/xkde“x = Eﬂ‘e‘”— g/)/“le‘”dxz a)/(e“x— glk,l(a),
1 k
Ik(a) = axkeax_ alk,l(oc) (k > 1).

Example 9.43. Evaluate ] = | ¢* cosbxdx, where  is complex and b is real.

By using the Euler formulas(Section 5.7), we can write

ibx —ibx
1= /ellx [%] dx = %/e(a+ib)xdx+%/e(a7ib)xd

e [ ehx e ibx acosbx+ bsinbx
R C=e*"—_ " 1(C.
{a—&-ib—i_a—ib}—i_ ¢ *

2 a?+b?
Let F be an antiderivative of a function f defined on [a,b]. Then by the Fundamental

b
Theorem of Calculus, the definite integral / f(x)dx is
a

b
| o= F(b) - F(a)
If the functions f; and f, are Riemann integrable on [a, b], then

/f dx—/ filx dx+l/ fa(x

is called the Riemann integral of f on [a,b].

Note that the basic properties of Newton’s and Riemann’s integrals for real-valued func-
tions given in Sections 9.1 and 9.4 can be proved for complex-valued functions. In particu-
lar, if a function is integrable in both Newton’s and Riemann’s senses, then the two different

definitions yield the same results for the values of the definite integrals.

9.13 Problems

In each of problems (1)—(3), for an arbitrary givenn, subdivide the indicated intervals into

n equal subintervals and compute the upper and lower Riemann sums.

175 125 175 125
1 =3 —2<x<3. A . =44+ =4 )
0 fl)=x, x<3 nswer:  S=4+ o +4n2 s o +_4n2
1 n 1 1 n—1 ;
2)  f)=vx0<x< L Answer: S:—Z\/Z;s:_z\/z.
ni=1 n ni—=1 n
10
10230-27 102
() flx)=2%0<x<10. Answer: S = 0230 D= 0230
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In problems (4)—(8), by passing to the limit in the Riemann sums, o, evaluate the definite
integrals.

b b3 _ 3
4) x2dx. Answer: a

Sugge&z‘aion: Subdivide the interval [a, b] into n equal subintervals by choosing points x; =
) b
ag' (i=0,1,....,n),q= (/i
a

b
(@) / @,O<a<b. Answer: lné.
a

b ) 2,3 3
(6) /\/)_cdx. Answer: g(bi—af).

b
(7) / sinxdx. Answer: cosa— cosb.

Suggesation: Use the formula
_cos(a— h) —cos(a+nh)
B 2sink '

sina+sin(a+h) +---+sinfa+ (n — 1)h]
b
(8) / cosxdx. Answer:  sinb —sina.
a
(9) Let f be bounded and concave downward on [a, b]. Prove that

(b—a)w g/ahf(x)dxg (bfa)f<a;b).

(10) Let f be a Riemann integrable function on [a,b] and let

i
fax)= sup f(x); xi=a+—-(b—a) (i=0,1,....n; n=1,2,...), x € [xi,xit1];

xE[xi X 1] n

Prove that

lim /abfn(x)dx = /abf(x)dx.

n—soo
(11) Let the functions f and g be integrable. Investigate whether their composition fo g

is integrable. Consider the case where g is the Riemann function (Example 9.38) and

) = 0, ifx=0,
1, ifx#£0.

(12) Let f be Riemann integrable on [a,b]. Prove that
b
/ FA(x)dx=0
a
if and only if f(x) = 0 at all points of continuity of [a,b] .

In problems (13)—(16), find the limits by using the definite integral.
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. 1 2 n—1 T
(13) r!l—rg(ﬁ+ﬁ++7) Answer: 1
. n n n T
14 Jﬂ(m*m*mw—w)- Answer: 3
1 2 —1 2
(15) lim — <sinE + sin—n7 +---4sin u) Answer: —.
n—oo n n n T
V! 1
(16) lim " Answer:  —.
n—eo N e

Use integration by parts to compute the integrals in problems (17)—(22):

V
17) / xsinxdx. Answer:  T.
0
18 [ e A Liné
(18) /0 xe “dx. nswer: 5 nz.
1
(19) / arccosxdx. Answer: 1.
0
2
(20) / X% cosxdx. Answer. 41
0
In2 T
21) ve¥—1ldx. Answer: 2—5.
0

Answer: —.

N 4

In each of problems (23)—(30), apply the Fundamental Theorem of Calculus to find the

22) / arcsin \/_ n?

integrals.
X 3_
(23) / dx. Answer: rd .
Ya 3
¢d
(24) @ . Answer: 1.
1 X
Ne)
2 dx T
25 / . Answer:  —.
(25) Jo V1=2x2 4
7 T
(26) / cos” xdx. Answer:  —.
0 4
7) / " tanxdx. Answer:  In2.
0
sinh2 d
(28) / al . Answer: 1.
sinhl /1 +x2
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L o @k=ptm (20! B
(29) /0 sin” xdx. Answer: 7(2]{)” 2,n—2k, 7(2k+1)”,n—2k+1,where

(—1)"n!

1
(30) /0 x"(Inx)"dx. Answer: CFE

(31) Use integration by parts to compute the Euler integral B(m,n), where m, n are posi-
tive integers
' —Dl(n—1)!
B(m,n) = / K1 —x)" Answer: n=Din— 1)t
Jo (m+n—1)!
(32) The Legendre polynomial is defined as follows:

1 a .
Balx) = 5 = [(®=1)"] (n=0,1,2,...).

Prove that
1 0, m#n,
/ PalPdx={ 2

2n+1’
In problems(33)—(35), use the mean value theorem to determine which integral is greater

m=n.

in value:

1 I
(33) /e_"dx or / e dx. Answer:  second.
0 0

2 5 g 5
(34) / e cos?xdx or / e cos?xdx. Answer:  first.
T 0

(35) /2 sin®xdx or/2 sin'%xdx. Answer:  second.
0 0
(36) Prove that
n+p g
lim Y ix=0 (p>0).
n—eo [, X

In problems (37)—(41) evaluate the improper integrals:

> dx 1
37 i Answer: 1
(38) / e “dx. Answer: 1.

0

1
39) Inxdx. Answer:  —1.

0

© dx T
4 — A R
40) 0 912 nswer 3

Foo dx 4
41 / —_—. A T —.
(41 e P rxt 1) nswer 33
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Determine the convergence of the improper integrals in problems (42)—(46).

(42) / xsinxdx. Answer:  divergent.
0
ld

43) / " Answer:  divergent.
g x*
400 2d

(44) A #;:_1 Answer:  convergent.
+oo qin2

(45) / Y g Answer:  divergent.
0 X
> In(1

(46) / L}jr)c) dx. Answer:  convergent for 1 <n < 2.
0 X

b
(47) Prove that if f is monotone on the interval (0,b) and / x% f(x)dx exists, then
0

lim a+1
x—>0+0x f(x)

In problems (48)—(52), evaluate the integrals in the Cauchy principal value sense.

Feo dx 1
(48) p.v. /0 m . Answer: In 5 .
49) Answer: 0.
2 d
(50) pwv / * Answer: 0.
xlnx”
51) pv. / sinxdx. Answer: Q.

+oo0
(52) p.v./ arctanxdx.  Answer: 0.

of d
(53) Prove that for ¢t > 0, the integral p.v./ ax exists.

(54) Calculate the rectangular approximation to the integral / xsinxdx, with n = 12.
Answer:  —6.2832.

(55) Calculate the trapezoidal approximation to the integral / A f1== sm X dx with

=0. Answer: 1.4675.

Calculate Simpson’s approximation to the integrals (56)—(57).

(56) /7 %dx (n=10). Answer: 1.3709.
0o X

U xdx
_ =6). A : .2288.
(57) /0 In(1+) (n=06) nswer:  0.2288
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(58) Let or be monotone on [a,b] and continuous at xo € [a,b]. Prove that the function f

defined as
0, if x# xo,
-

I, ifx=ux

b
is Stieltjes integrable with respect to o and / f(x)do(x) =0.

(59) Let f be of bounded variation over [0,57‘[] and suppose f(27) = f(0). Prove that the
absolute values of the integrals
2 2
f(x)cosnxdx, / f(x)sinnxdx,
0 0

VZE
are bounded with the value —%— (VOth is a total variation of f). Suggestion: Show that
n

2 2n 2n
n f(x)cosnxdx = / f(x)d(sinnx) :/ sinnxd f(x).
0 0 0
3
(60) Show that, / xd ([x] —x) = %, where x — 1 < [x] < x.
0
(61) Suppose f >0 and / f(x)dx = 0. Show that f(x) = 0 almost everywhere on E.
E
1
Suggestion: Let E, = {x eE: f(x)> —}. Then m {UE,,} =0 if and only if m(E,) =0
n n
n=0,1,2,..).
(62) Prove that if / f(x)dx = 0 for all measurable subsets A of E, then f(x) = 0 almost
A

everywhere on E.
(63) Show that

. . 0, m#n
/ emxeflmxdx — ) 7& ’
0 2w, m=n

where n and m are integers.

Suggestion: Use Euler’s formula ¢'* = cosx + isinx.



Chapter 10

Applications of the Definite Integral

First we define the concepts of length, area, and volume: these geometric concepts are
given analytic definitions using the concept of the definite integral which we have devel-
oped. We compute the arc length, the surface area, and the volume for some special cases,
such as geometric figures produced by revolving one-dimensional curves in space. Then,
the centroids of plane regions and curves, and the moments of curves and of solids are
calculated. It is shown that the definite integral can be applied to the law of conservation
of mechanical energy, to Einstein’s theory of relativity, and to calculate the escape velocity
from the earth. At the end of the chapter, we consider examples connected with atomic
energy, critical mass and atomic reactors.

10.1 Arc length

1. Arc Length in Cartesian Coordinates. Let L be the graph of a continuous function f

defined on the closed interval [a,b]. Let P = {xo,...,x, } be any partition of [a,b],
a=xp<x;<--<x,=h.

We denote by P, = (x;, f(x;)) (i =0, 1,...,n) the point on the arc L corresponding to
the i-th subdivision point x;, and inscribe in L a polygonal arc [ = [(P), that is, the union
of the line segments P, P, i = 1,...,n. If we denote the length of the polygonal arc /
corresponding to the partition P, by |S| = |S(P)|, then we have

|51 = i\/(xi_xi—l)z_'_ (f (i) = fxie1))?

Definition 10.1. If the set of positive real numbers {|S|} corresponding to the lengths of
polygonal arcs y = p “inscribed in” L for all possible partitions P of [a,b] is bounded, then

we say that the length S of L exists, and S = sup{|S|}.

Remark 10.1. It can be shown that there exists a curve which does not have a length.

ISee, for example, B.A. Ilyin and E.G. Poznjak, Introduction to Mathematical Analysis, M, 1982, pp. 382-386.

E. Mahmudov, Single Variable Differential and Integral Calculus, 335
DOI: 10.2991/978-94-91216-86-2_10, © Atlantis Press 2013
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Remark 10.2. Suppose that L is the curve in the plane given parametrically by the pair of
functions x = @(r), y = y(t), ¢ € [a,B]. Then in the length formula for |/| corresponding
to the partition T = {ro,...,#,} of [a, B], the terms under the radical sign may be taken to
be [@(t;) — @(t;_1)]> + [w(t:) — w(ti_1)]*. It should be noted that in this case, the number of
times that different values of the parameter ¢ are assigned to the same point (x,y), should

be finite.2

uh

]
]
L
]
]
L
]
L
]
i
x

Iisl b

Fig. 10.1 A polygonal arc inscribed in curve y = f(x) is a union of segments with length AS;.

Now, by As;, we denote the length of the line segments with end points (x;, f(x;)) and
(xig1,f(xix1)) G=0, 1,...,n—1). Then, evidently,

n—1
S= 1 As;. 10.1
maxlArsI*}HOi:ZO Si ( )
If the derivative f’(x) of f(x) is continuous on [a, b], then the limit (10.1) exists and so

the arc L has the length S. Put Ax; = x;| — x; and Ay; = (x,H f(x;). Then

(A
As; = 1/ (Ax;)? + (Ay;)? 1+ y’

By Theorem 5.4, f(xi+1) — f(xi) = f' (x0) (xix1 — Xi), X0 € (x,,x,+1) and — :f’(xo). Thus,
i
As; = /1+[f"(&)]*Ax;, and the length |S| of the polygonal arc [ is

1+ [f"(&)]?Ax;. (10.2)

2See, for example, L. Bieberbach, Introduction to Differential and Integral Calculus, vol. 1, p. 156.
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By hypothesis, the function /1 + [f”(&;)]? is continuous. It follows that the limit S of
the sum (10.2) exists,

n—1 b
s= tim YU [FERA = [\1 (e
— i=1 a
or, more briefly,
b
s:/ J1+ ()2 dx. (103)

Remark 10.3. If the arc L has parametric equations x = ¢@(7), y = y(z), t € [e, 3], then
dy _y'(1)

p Lo .
R (@' (1) #0, 1 € [o, B]). Hence, by substituting x = ¢(¢) in (10.3), we have

52/5 [0 (O] + W (0)]2dt (a= (), b=@(B)). (10.4)

Remark 10.4. If in (10.3), for the upper bound b of the integral we write instead the inde-

S(x):/:,/lﬂf'(x)]zdx
S =i

2. Arc Length in Polar Coordinates. Suppose we have an arc given by the equation

pendent variable x, then

and so

p = f(0) in polar coordinates with radial coordinate p and angular coordinate 6.
Since the basic relations connecting Cartesian and polar coordinates are x = pcos 0, y =

p sin 0, its parametric equations can also be written
x=f(0)cosO, y=f(6)sinb.

2 2
d d
It is not hard to see that <£> + (ﬁ) = p'2 + p?. Therefore, using (10.4), the length

of the arc from 6 = oc to 6 = f3 is

B
S:/ \/p*+p2de. 10.5
; pT+p (10.5)

Example 10.1. Compute the length of the circle x> +y> = R%. Because y = v/x2 — R2,
x

d
x € [0,R] the derivative is d_i)c =

Thus the length, S, of the circle is

R R R xR
S:4/0 \/1+[f’(x)}2dx:4/0 mdx:4RarcsinE . =27R.
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Example 10.2. Find the length of the cardioid p = 3(1 +sin ) (Figure 10.2)

T
The cardioid is symmetric about the straight line 6 = 5

b1 bid
Thus, we assume that ) <6< >

uk
p=3(1 +sind)

Fig. 10.2  The cardioid curve of Example 10.2

We easily derive that

2
p2+p? =3%(1+5in0)? +3%cos?0 = 2-3%(1 +sin ) = 18 <sing +cosg> )

Thus,

S:2/2 \/ﬁ(cosg—k—sing)dez&/i (2sing—20059>
J-z 2 2 2 2

- 24\/§sing —24.

(S

w2

Example 10.3. Find the length of the astroid x = 4cos’¢, y = 4sin’¢ given in parametric
equations. (The astroid in Cartesian coordinates is x2/3 +y?/3 = 1.)

Because the curve is symmetric about both x- and y-axes, we compute one-fourth of the
length of the astroid by assuming that ¢ € [0, g} .

Obviously,

d d
. —12cosztsinz7 o 12sin’ 7 cost.
dt d

Thus,

z z
S:4/2 \/144(:0s4tsin2t—i—144sin4tcosztdt=48/2 Vcos2tsint dt
0 0

s
sin®z |2

- 48/7 sin coszdr — 48 — 24,
0 0

or,
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Example 10.4. Find the length of the logarithmic spiral r = ae?? between the points
(¢0,r0) and (@1, r1).
By Formula 10.5, we have

@1 "P1
S= / Va2e?® 1 a2b2e2® = ar/1+ b2 / &P de
%o

(2]
V1+b?
= g\/ 1+ b2 (ebq’l —eb%) = ; (r1 —ro),
1+ b2
S= 5 (r1 = ro).

10.2 Area and the Definite Integral

1. Area in Cartesian Coordinates. Using the area formula for a triangle, we can find
the area of an arbitrary polygonal figure. The reason is that any polygon can be divided
into non-overlapping triangles. This approach to area goes back several thousand years, to
the ancient civilizations of Egypt and Sumeria.

Let P be a bounded polygonal region in the plane. The area of P is denoted by m(P).
Recall that the area of a polygon is the nonnegative number with the properties:

(1) (Additivity) For arbitrary polygons Py and P; such that PN P, = &
m(PyUPy) =m(Py)+m(P,).

(2) (Invariance) If the polygons P, and P, are equal (that is, there is a one to one and onto
f Py — Pysuchthat p(x,y) = p(f(x),f(y)), x, y € P, with metric p), then
m(Py) = m(P).
(3) (Monotonicity) If Py C P, then m(P;) < m(Ps).
To investigate the area of a curvilinear bounded region f in the plane, we might inscribe
in it and also circumscribe about it all possible polygons P and Q, thatis P C F C Q.

Obviously, the set of numbers {m(Q)} is bounded below (for instance, by zero). It follows

that there is the least upper bound

my = my(F) = sup m(P).
PCF

Similarly, there exists the greatest lower bound

m*=m*(F) = QlIleF m(Q).

By the monotonicity property (3), we have

my(F) <m"(F).
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Definition 10.2. If the values m..(F), m*(F) turn out to be equal, m. (F)) = m*(F), then the

area of the set f we started with must be given by m = m(F) = m. = m*.

Let f be a continuous, positive valued function on [a, D], and suppose we want to com-
pute the area f under the graph of f fromx =a to x =b.

By Theorem 9.5, the function f is Riemann integrable on [a,b], so for any € > 0 there
is a partition of [a, D] such that S — s < &, where S and s are upper and lower Riemann sums,
respectively.

Suppose now that P is the inscribed rectangular polygon and Q is the circumscribed
rectangular polygon for f, thatis P C F C Q. Because S = m(Q) and s = m(P) it follows
that m(Q) —m(P) < € and s < m(F) < ZS‘. Thus the area of f exists and is the Riemann

integral j: f(x)dx (see Sections 9.2 and 9.3). Consequently, denoting A = m(F), we have

A= / ’ flx)dx. (10.6)

If f(x) <0 on [a,b], then the integral (10.6) is a nonpositive number, —A. Since the

area is nonnegative, we define

a= [ It

Let f1, f> be continuous with fj(x) > f>(x) for x in [a,b]. Then the area A of the region

bounded by the curves y = fj(x) and y = f>(x) and the vertical lines x = a, x = b is

b
A= [ 1@ - A, (10.7)
a
More generally, consider a continuous function f with a graph that crosses the x-axis at
finitely many points x;, i = 1,...,k between a and b. Then we write

/abf(x)dxz /-xl f(x)dx+/xj‘2f(x)dx+,,.+/xff(x)dx.

a
Hence, we see that | f f(x)dx is equal to the area under y = f(x) above the x-axis, minus
the area over y = f(x) below the x-axis.

Finally, let fi, f> be continuous, with f;(y) = f2(y) for y in [¢,d]. Then the area A of
the region bounded by the curves x = f;(y) and x = f>(y) and the vertical lines y = ¢ and
y=dis

A= /Cd[fl ) = f2(y)ldy.

Suppose we have parametric equations for a curve,

x=¢(), y=y(), 1€a.pl, (¢(a) =a, p(B) =b). (10.8)
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In order to calculate the area under the graph from o to 3, assume that the equations
(10.8) define a function y = f(x) on [a,b]. Then, by substituting x = ¢(¢) in formula (10.6)
so that dx = ¢@'(r)dt, y = f@(1)] = (), we obtain

ﬁ !
A= /a w9 (t)dr (10.9)

Example 10.5. Find the area A of the region bounded by the curves y = x* and x = y%,
a > 1. The points of intersection of these curves are (0,0) and (1,1). Because x!/* > x®
for all x in [0, 1], it follows from (10.7) that

1

o+

i @l gl
A :/ (x!/® —x%)dx = arr X
0 o+ 1 o+ 1

Example 10.6. Find the area A of the region bounded by the curves y = sinx, x € [0,27],

2
/ sinxdx
Vs

= —(cosm—cos0)+ | — (cos2m —cosm)| =2+ | —2| =4,

_a—l
a4l
0

and the x-axis. We have,

2 T
A :/ \sinx\dx:/ sinxdx+
0 0

that is, A = 4.

Example 10.7. Find the area A of the region bounded by the x-axis and the cycloid, x =
2(t —sint), y = 2(1 —cost), t € [0,27].
By (10.9),

2 2
A= 2(1 —cost)2(1 — cost)dt = 4/ (1 —cost)?dt
0 0

2 21 27
=4 { dr — 2/ costdt + / cos’ tdt}
0 0 0

=4Q2r—-0+m)=12m,
Thatis, A = 12m.

2. Area in Polar Coordinates. Suppose that the region R is bounded by the two radial
lines 6 = o and 6 = 3 and by the curve p = f(0), 6 € [c, B]. To approximate the area A
of R, we begin with a partition 7 = {6y, 6y,...,6,} of the interval [c, 8],

0=6y<6,<---<6,=p.
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‘1"

Fig. 10.3 The area formula from Reimann sums in polar coordinates.

Let & € [6;,6:41] (i =0,1,...,n— 1) be some selection of points for T, and A6; =
0,1 — 6;. It is not hard to see that the area of the sector bounded by the lines 6 = 6;,
0 = 6,1 and the curve p = f(0), is approximately equal to the area of the circular sector
%[f(éi)]zAO[ with radius f(&;) and bounded by the same angle (Figure 10.3).

We add the areas of these sectors fori =0, 1,...,n — 1, and thereby find that

=
Ax 2 i;[f(g,»)]er,-.
The right-hand sum is a Riemann sum for the integral % ff f2(6)d6. We conclude that
the area A of the region R bounded by lines 6 = o and 6 = 3 and by the curve p = f(0),
0 € [a, B], is the limit of the sum as the mesh u(7') — 0:

lnfl 1 ﬁ
lim — ,»er,:—/ 2(0)d0,
”(Tlggozl;o[f(é)] 2/, 17(6)
or
1B,
A:—/ p2do. (10.10)
2 Ja

Now consider two curves p; = f1(0) and p, = f2(0) (f1(0) = f2(60)) for 6 € [, B].
Then the area of the region bounded by these two curves and the rays 6 = ¢ and 6 = 8
may be subtracting the area bounded by the inner curve from that bounded by the outer

curve. That is, the area between the curves is given by

1 /B
A=§/ [ — p3)d6.
o
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Example 10.8. (1) Find the area of the region bounded by the three-leaved rose,
p =acos36.

As is seen in Figure 10.4, for 6 € [O, %] we have the one-sixth part of the desired area. So,
by (10.10), we get

1 /% 5 1+cos66 T sin601]5  ma?
A=6-=- 392de:32/ — 746 =3a* | — e
2/0(“°°S) “J T2 “nt,
that is,
2
Ta
A=
4

Fig. 10.4 The area of the three-leaved rose.

(2) Find the area of the region bounded by the lemniscate p = 4+/co0s26.
T
It is easy to see, if by A we denote the area of the lemniscate, that for 6 € [0, Z} S

1 1[5,
A= de
4 2/0 pav;
and so,
i 1

0 2

1 1, (%
ZA_§-4/0 082046 = 8

sin260
2

Thus,
A=16.
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10.3 Volume and the Definite Integral

In this section we show how to use integrals to calculate the volumes of certain solids f
in three-dimensional space. We begin with the idea that volume has properties, (1)—(3)
(additivity, invariance, and monotonicity), analogous to the properties of area listed in Sec-
tion 10.2. Denote by Q a bounded polyhedral solid containing f, and by P, a similar solid
that is contained in f. Taking m* = m*(F) = ngtFm(Q) and m, = m,(F) = supppm(P),
we see that m.(F) < m*(F). If m(F) = m*(F), we say that f has a volume, and that
m=m(F) =m,. =m" is the volume of f.

If the volume of the polyhedral solid containing fcan be taken to be arbitrarily small,
then we say that the volume of fis zero. It can be shown that for the existence of the
volume of F, it is necessary and sufficient that the volume of its boundary is equal to zero.
In other words, that given any € > 0, there are bounded polyhedra P, Q (P C F C Q) such
that m(Q) —m(P) < €.

1. Solids of Revolution. Let the positive-valued function f be continuous on [a,b]. De-
note by R the area of the region bounded by the curve y = f(x), the x-axis, and the vertical
lines x = a and x = b. Let us calculate the volume, V, of the solid f obtained by revolving
the region R around the x-axis. Given n, we subdivide the interval [a, b] into n subintervals

by choosing points {x;} (i =0, 1,...,n) such that
a=xg<x1<--<x,=>b.

Let M; and m; be the absolute maximum and absolute minimum value of the continuous
function f on the closed interval [x;_1,x;]. Foreachi (i=0, 1,...,n), consider the rectangle
with base [x;_1,x;], height M;, and area MAx;. The union of these n rectangles contains the
region R under the graph: it is the circumscribed rectangular polygon associated with the
partition of [a,b]. Similarly, the rectangle with base [x;_1,x;] and height m; lies within the
region R. The union of these rectangles is the inscribed rectangular polygon associated with
our partition of [, b] (see Figure 9.2). The solids obtained by revolving these circumscribed
and inscribed rectangular polygons around the x-axis, we denote by Q and P, respectively.
Obviously, P < F < Q and the sums
m(Q) = niMfoi, m(P)=n im,?Ax,-
i=1 i=1
are upper and lower Riemann sums for 7f2(x), respectively. Since f2(x) is Riemann

integrable, given arbitrarily small positive €, the difference between these sums can be
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made less than &, by a suitable choice of mesh size. Hence, the solid f has a volume. Thus,

by passing to the limit as the mesh () tends to zero, we obtain

b
V- n/ £ (x)dx. (10.11)
a
Suppose that fi(x) > fa(x), and that the solid f is generated by revolving the region

between the curves y = f1(x), y = f2(x), and the vertical lines x = a, x = b, about the x-axis.

Then the volume of f is

b
v=r [ 170~ Fwdx
Ja
Similarly, if the solid f is generated by revolving the region between the curves x = fi(y),

x = f>(y) and vertical lines y = ¢, y = d about the y-axis, then
d
vz [170) =Ry
C

2. Volumes by the Method of Cross Sections. This method computes the volume of
a solid that is described in terms of its cross sections by planes perpendicular to either
the x-axis or y-axis. We first suppose that the solid f with volume V lies opposite the
interval [a,b] on the x-axis. Let A = A(x) denote the area of the cross section of f by the
perpendicular plane that meets the x-axis at the point x of [a,b]. Assume that this cross-
sectional area function A(x) is continuous on [a,b]. To set up an integral formula for V,
we begin with a partition a = xp < x] < -+ < x, = b of [a,b] into subintervals with lengths
Ax; = xi+1 — x;. Let F; denote the slab (or slice) of the solid. Moreover, suppose that the

cross sections are obtained as a result of intersecting the solid f that lies opposite the i-th

n—1
subinterval [x;, x;+1]. We denote the volume of this i-th slab of f by AV;, so thatV = Y. AV;.

i=0

To approximate AV;, we choose an arbitrary point & (i =0, 1,...,n— 1) in [x;,x;11], and
consider the cylinder with height Ax; = x; | —x; and base A(&;). Obviously, if the mesh of
the partition is small, then A(&;)Ax; is a good approximation to AV;. Then we find that

n—1 n—1
V=Y AvVir Y A(&)Ax:.
i=0 i=0
We recognize the approximating sum here as a Riemann sum that approaches ffA(x)dx as
n—1
the mesh 1 — 0. Thus, we have V = lin%) Y A(&;)Ax;, or, more conveniently,
H=0i=0

b
V= / A(x)dx. (10.12)

Formula 10.12 is sometimes called Cavalieri’s® principle.

Similarly, if the solid F lies opposite the interval [c,d] on the y-axis and has a continuous

3B.F. Cavalieri (1598-1647), Italian matematician.
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cross-sectional area function A(y), then its volume is
d

v=[ Ay
C

Example 10.9. Find the volume of the solid that is generated by rotating the plane region
bounded by the curve y = sinx, x € [0, ] about the x-axis.

By Formula 10.11, we can write

r 7 ] —cos2 n?
V:n/ sinzxdx:n/ i W
0 0

2 2’
that is,
V= i
=5
2 22
Example 10.10. Find the volume of the ellipsoid — + = + — = 1.
a? b2 2

Clearly, the ellipsoid is symmetric about each of the three coordinate planes, and for

any x, —a < x < a, this equation can be reduced to the form

y2 Z2 . x2
Eta= Ta
or
b2 Z2

+
x2 ’ X2 ’

which is the equation of an ellipse with semiaxes

[ x2 [ x2
b]zb 1—61—27 Ccl=¢ l—a—2

Parametric equations of this ellipse are x = b cost, y = ¢y sint. Then, by (10.9), we com-

pute that

0 -0
AZZ/ (clsint)(fblsintdt):72b1c1/
T

T

"7 1 —cos2t
sinztdt :2b101/ %dl‘ =7nb;-c.
0

Hence, the area of the ellipse is b - ¢1. Thus, the cross-sectional area of the ellipsoid is

A =A(x) = mbc (1 - ;)

Then, by using (10.12), we deduce that the required volume is
= = Tabc.

a 2 3
V:ﬂbc[a<l—a7)dx:nbc<x—g> 3

In particular, in the case where a = b = ¢ = R, we find the familiar formula for the volume

a

of the sphere with radius R:

4 3
V =—-nR".
3
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3. Volume by the Method of Cylindrical Shells. The method of cylindrical shells is
a second way of computing the volumes of solids of revolution. A cylindrical shell is a
region bounded by two concentric circular cylinders of the same height.

Suppose that it is required to find the volume V of the solid generated by revolving the
region under y = f(x) from x = a to x = b around the y-axis. We assume that f is nonneg-
ative on [a,b] and that 0 < a < b. Suppose that we have a partition {x;} (i =0, 1,...,n) of
[a,b] such that

a=xg<x1<--<x,=>b.

Let x] denote the midpoint of the subinterval [x;, x;1 ], and consider the rectangle with base
[xi,xi+1] and height f(x;). When this rectangle is revolved about the y-axis, it sweeps out
a cylindrical shell of average radius x}, thickness Ax;, and height f(x}). This cylindrical
shell approximates the solid with volume AV; that is obtained by revolving the region under
y = f(x) and over [x;,x;+1].

It follows that

2 2
v (5 52 ) st - x (3= 5) 60) = 2 )

Thus, we obtain the approximation
n—1 n—1
V=Y AV, Y 27x f(x])Ax;.
i=0 i=0

This is a Riemann sum that approaches fab 27xf(x)dx as the mesh p of the partition
{x0,...,x, } tends to zero.

Thus, we have

n—1

— i 27x (X Ax;
14 ul%,;o 7 f(x])Ax
or
b
V= / 2mxf(x)dox. (10.13)

The method of cylindrical shells is also useful for computing the volumes of solids of

revolution of regions bounded by curves x = f(y) from y = ¢ to y = d about the x-axis,

d
V= / 2myf(v)dy.
c
Suppose that it is required to find the volume V' of the solid generated by revolving
the region between the curves y = f(x), y = f2(x) (f2(x) = fi(x)) over the interval [a,b],

where 0 < a < b, around the line x = ¢. As before, we have

b
v=in / (= )f(x) — fi (x)]dx.
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Example 10.11. Use the method of cylindrical shells to find the volume of the solid gen-
erated by revolving the region bounded by the curves y> = x and y = x> about the y-axis.

According to the last formula in this example, ¢ = 0 and f; (x) = x2, f>(x) = /x, and

$0
-1 -1
V:27‘E/ x(ﬁ—xz)dx:2ﬂ/ (2 = )dx
0 0
I
2 X 2 1 3r
) £ .52 A -2 e e
”<5x 1), ”"\573) 10
so that,
3n
Vv 0

10.4 Surface Area

A surface of revolution is one obtained by revolving a curve about an axis lying in its
plane. First we inscribe a polygonal arc in the curve to be revolved. Then we consider, as
an approximation to the area of the surface, the area of the surface generated by revolving
the polygonal arc.

Suppose that we have a surface, with area A,, from revolving about the x-axis the

smooth arc y = f(x) on [a,b], where f is a nonnegative function. (Figure 10.5)

vk

Fig. 10.5 The surface area of revolution of curve y = f(x).
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Suppose P = {xg,x1,...,X, } is a partition of [a,b]. Moreover, as in Section 10.1, denote
by As; (i =0, 1,...,n—1) the length of the line segments with end points M;M, ;. Because
Ax; = xi41 — x; and Ay; = f(xi1) — f(x:), the line segment M;M; ;| has length

Asi= /(@) + (A = ”(iﬁﬁ) = I+ E)Pax

for some point xg in the i-th subinterval [x;,x;;1]. The conical frustum obtained by revolving

the segment M;M; | around the x-axis has slant height As; and average radius

S + £ )]

Then it is known from elementary geometry that the area of this conical frustum is

f i) + f(xig1)

AA,‘ZZTL’ 5

As; (i=0,1,...,n—1).

Therefore,

AA; = [ (xi) + (i) 1+ [ (&)]PAx;.

Then, by revolving around the x-axis the polygonal arc inscribed in the smooth curve y =

f(x), we have a surface with the area

WZAA_EZ () + F Gy 1+ L (G A

On the other hand, by passing to the limit as the mesh tends to zero, we have

hm n; (%) + i)/ 1+ [f1(6)]2Ax;

n—1 n—1
= lim n;)f(xi)\/l+[f’(éi)]zAXi-Fu(lIi)grLOﬂ;)f(xm) 1+ [f(&)]*Ax

u(P)—0

727[/ OV
Finally, we have the formula for the area of a surface of revolution around x-axis,

ox—zn/ flx [f(x )]de (10.14)

Similarly, if our smooth arc is given by x = g(y), y € [c,d], then the area of the surface

generated by revolving it around the y-axis is

d
Aoy =21 / e0)\/1+ [¢/()]2dy (10.15)
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Taking into account Formulas 10.14 and 10.15, it is not hard to see that if our smooth arc
is given in polar coordinates by p = f(8), 6 € [a, B], then the areas Ag and Ay, of the

surfaces (see (10.5)) generated by revolving around 6 =0 and 6 = > are

B
A :27r/ sin61/p? + p2de,
0 P p>+p

B
A%:Zn:/a pcosOy/p2+p?de

respectively.

Example 10.12. By considering a sphere of radius R as a surface of revolution, derive the
formula A = 47R? for its surface area.
Since the equation of the circle with radius R is X2+ y2 = R?, we define the area A = A, of

the sphere generated by revolving the semicircle

y=f(x)=VR2—x%, x€[-R,R]

VIH 0P = .

R
A:Zﬂ:/ VR?—x2
“R

Example 10.13. Find the area of the surface obtained by revolving the cycloid, x = 2(r —

around the x-axis. Since

we obtain

"R
> 2dx:47r/ Rdx =47R*.
R —x 15)

sint), y =2(1 —cost), t € [0,2x] (see Example 10.7), around the x-axis.
Obviously,

(%)2 + (Z—f)z = /121 — cos)2 + [2sinr]? = 4sin%

o dx 2 dy 2 2 ) 3t
A—27r/0 2(1 —cost) <E) +<E> dt—327r/0 sin Edt

956

0 37

and so

2 t t 2 t t
= — 2— n— = — 3—— —
= 32717/0 (1 Cos 2) 51n2dt 32r (3 cos 7 20052)

SO,

,_ 256m
==
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10.5 Centroids of Plane Regions and Curves

Consider arbitrary masses mj, my,...,m, at points xi, x3,...,x, of the x-axis. Then the

point

n
mix;, m=mj+my+---+my
1

X =

|-
T

is called the center of mass and the sum lin m;x; is called the moment about the origin.

Now, suppose that we have a systeml?nl“ n particles with masses mp, mo,...,m, located
in the plane at the points (x1,y1), (x2,¥2),. s (Xn,¥n)-

Similarly to the one-dimensional case above, we define the moment M, and M, of this
system about the x-axis and about the y-axis, respectively, by the equations

n n
M, = Zm;yi and M, = me.
The center of mass of this system (l)7f1n particles is the ;()lint (x,¥), with coordinates X and y
defined by
x:%, y:%7 m=my+my+---+m,. (10.16)

Consequently, (¥,) is the point where a single particle of mass m would have the same

moments, about the two coordinate axes, as does the system. In general, (%,) is called the

centroid of the plane region.

1. Centroids of Curves. Lety = f(x), x € [a,b], be a smooth plane curve of constant
linear density (the mass per unit length) ¢. Let us divide the curve into n parts, of lengths
Asi = s;11—s; (i=0,...,n—1). The mass of the part of length As; is Am; = atAs;. Pick,
within each part, an arbitrary point with abscissa xp. Then, to any part of the curve of length
As; and mass o As;, we associate a particle (xq, f(&;)). Thus, by (10.16), the coordinates of
the centroid of the curve are approximated by

,g Eahs; ,g (&) ahs;

— ;Y=

X~

n—1 n—1

Y oAs; aAs;
i=0 i=0

If a function f is smooth on [a,b], then by passing to the limit as max Ax; — 0, we can

define the coordinates of the centroid:

jfxds B ffx 1 72 (x) dx
b - )

Jads g2y 1+ 2 () dx

2 fwds J2 F()\/ 1+ f2(x) dx
Y="" = )
Ja ds TP/ 1+ £ (x) dx

x

(10.17)




352 Single Variable Differential and Integral Calculus

Example 10.14. Find the centroid of the upper half of the circle x> +y* = r2.

,
o dx (Example 10.1),

Note that ¥ = 0 by symmetry. Let us compute y. Since ds =
by formula (10.17) we have

- r

LN s )
_ Jovrt —x rZ,Xde 27 2r
y= r T ar om

2. Centroids of Plane Regions. Suppose that we have a plane region of constant density
B bounded by the curvesy = fi(x), y = f>(x) and vertical lines x = @ and x = b. We shall
define the centroid (x,¥) of the given region. Let P = {xy,...,x,} be a partition of [a,b],
x = x; (xo = a, x, = b), and let x( be the midpoint of the i-th subinterval [x;,x;;1]. The mass

of each rectangle is the product of 8 and the area of the rectangle with base [x;,x; ;1] and

height f>(&) — f1(&:) (ﬁi = %) Thus,

Ami%ﬁ[fz(éi)—fl(éi)}mi, iZO,l,...,I’l—l.

On the other hand, it is clear that the centroid of the region between the curves y = fj(x),
y = f2(x); x = x;, x = x;41 and the centroid of the rectangle described above are approxi-

mately the same, that is,

_ R+ (&)

xizéb yiw 2 s 120,711—1

Then, by formula (10.16), we can write

’:g &iBlf2(&) — f1(&)]Ax:

Q

x .

'S BIAE) - A&

3 T A6+ AGIBLA(E) ~ Ai(&)1As
e .

¥ BlAE) - AlGIas

By taking the limit as the mesh of the partition P tends to zero, i.e., L(P) — 0, we have

=l

- % /abx[fz(x) —fi®)dx, F= i /ab [£3 (1) = £ ()] dx

where
b
A= / 1(0) = f1 (0)]dx.

Example 10.15. Find the centroid of the plane region bounded by the parabola y* = 5x and

the vertical line x = 5.
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By the symmetry of this region about the x-axis, y = 0. We compute X. Setting f>(x) =

V/5x, fi(x) = —+/5x, we find that

5

2
252 5/2 4 3
_ 2f05xx/5xdx \/_SX 0 §5 3
X = 3 = 5 = 4— =13,
2 5 V/5xdx 25202 25
3 0
Consider again a finite system of particles with masses mj, ma, ..., m, and coordinates,
(x1,>1)s (x2,2)5 -, (Xn,ya), respectively. Then an important physical concept, the moment

of inertia /y with respect to the origin, is defined this way:

n
=Y rimi, 1l =\/x2+y% (10.18)
i=1

Let y = f(x) be a continuous mass curve defined on [a,b] of constant linear density
. Subdivide the curve into n parts: Asg, Asp,..., As,_1, of masses Am; = QAs; (i =
0,1,...,n—1), where As; = ./Axi2 +Ay12. Choose an arbitrary point with abscissa &; in
each of these parts of the mass curve. Then to any part of the curve of length As; and of
mass aAs; we associate a particle (&;, f(&;)). Thus, by (10.18), we have the approximation
for the moment of inertia with respect to the origin,

n—1

I~ Y (& +nh)ads, ni=f(&). (10.19)
i=0

If the derivative f’ is continuous, then the sum on the right of (10.19) has a limit as

max As; — 0. This limit is the definite integral, expressing the moment of inertia with

h=o / ’ [+ f2(0)] \/ 1+ f2(x) dx. (10.20)

(i) The Moment of Inertia of a Circle.

respect to the origin,

Suppose we have a mass circle of constant density & and with radius R. Then the mass of

the circle is m = 2R - & and so
Iy = mR?> = 027k - R> = a27R>.

(ii) The Moment of Inertia of a Uniform Disk.

Suppose we have a uniform disk of constant density 3. Consider a ring with inner and
outer radii r; and r; + Ar;, respectively. (Figure 10.6) Approximately, the mass of this ring

is Am; =~ B2mr;Ar;. Then the moment of inertia with respect to the origin of the ring is

Alé ~ B2xriAr; - 2= /327rri3 - Ari.

1
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Fig. 10.6 The interior r; and outer r; + Ar; radii of a disk.

Then the moment of inertia of disk with respect to the origin is approximately
n—1 . n—1
L=Y Ay~ Y B2nr}Ar.
i=0 i=0

This sum is a Riemann sum for the definite integral of the function 277> on [0, R], cor-
responding to the partition P = {ro,r1,...,rn} (ro =0, r, = R). If the mesh of P tends to

zero, we have the following formula for the moment of inertia:
R R*
Iy= ﬁ27r/ Pdr=nB—.
Jo 2

If the mass of the disk is m, then f = % , and so

Ip=—. (10.21)

10.6 Additional Applications: Potential and Kinetic Energy, the Earth’s Grav-
itational Field and Escape Velocity, Nuclear Reaction

The concept of work is introduced in Physics to measure the cumulative effect of a force
in moving a body from one point to another. The work done by the force on the body is

defined as the product of the force with the distance through which it acts. Thus, if a body
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moves a distance 51 — 5o from x = 5o to x = 1 in the positive direction along a coordinate

line while subjected to a constant force F, the work done by the force is:
W=F (Sl — So).

Suppose given a force function F = F(x), defined at each point x of the line segment [s, s1].

We take a partition P = {xo,...,x,} of [so,s1]
So =X < X1 < - <Xy =39

and subdivide the interval [so,s;] into n subintervals [x;,x;+1] (i =0,...,n— 1) with lengths
Axg, Axy,. .., Ax,_;. Select a point & in each [x;,x;11]. Note that if the i-th subinterval is
short and f is continuous, then the force will not vary much over this subinterval. Thus, the

work done over the i-th subinterval is approximately F(&;)Ax;. Then the work done over
n—1

the entire interval [so,s;] is approximately Y F(&;)Ax;. If we now increase the number of
i=0

=
subintervals in such a way that i (P) — 0, the limit is just the definite integral,
S1
W= / F(x)dx. (10.22)
<80

Consequently, if a body moves in the positive direction over the interval [sg,s;] while
subjected to a variable force F = F(x) in the direction of motion, then the work done by
the force is given by (10.22). Obviously, if the direction of the force and the direction of
motion are opposite and, more generally, if the upper bound of the integral (10.12) is not
fixed, then

W(s) = — / " Fx)dx. (10.23)
50

Example 10.16. Hooke’s law states that (under appropriate conditions) a spring stretched x
units beyond its equilibrium position pulls back with a force F = kx, where k is the spring
constant. For example, suppose that a spring exerts a force of 1kg for each 1cm stretched
beyond its natural length. How much work is required to stretch the spring to a length of
10cm?

At first we express the x in meters and the force f in kg. Then if x = 0.01, the force is
F =1. It follows that 1 = k- (0.01). Thus the spring constant k = 100, and so F = 100x.

Therefore, by (10.22), we have

0.1
x2

0.1
W:/ 100xdx =100—| =0,5kgm.
0 2 |y
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1. The Conservation of Mechanical Energy. The value of W(s) defined by formula
(10.23) is called the potential energy of a body at the position s. If the force f is the weight
of a body of mass m, that is F = —mg (g is the gravitational acceleration), its potential

energy at height S is

W(s)=— /OS(—mg)dx = mgs. (10.24)

It is a law of Physics that the kinetic energy K of a moving body of mass m and velocity v
is
Lo
K=-
il

By the conservation of mechanical energy during linear motion under the force F = F(x),

(10.25)

the sum of the kinetic energy and potential energy of a body is constant,
E=K+W,

where E is the total energy.
Consider the derivatives of the functions K and W with respect to ¢. By the chain rule

for the derivative of a composite function, we have

dk 1 d(v*) 1 d(?*)dv d*s
—==-m ==m — =my—,
dt 2 dt 2 dv dt dr?
or
dK u d*s
— = mayv. a e
dt ’ dr?

On the other hand, because

dw
by the Fundamental Theorem of Calculus, we conclude T —F(s). Applying the chain
s

rule again, we see that d—W = d—W é =—Fv
gain. ads ar "
Consequently,
dE dW dK
=T =mva—Fv=(ma—F).

Moreover, by Newton’s Second Law of Motion, F = ma, and so, C;—lj = 0. Hence, for all ¢,
the sum K + W is constant.

We apply the conservation law of mechanical energy to a body falling under the influ-
ence of gravity. By formula (10.24), it follows that £ = 2 mv? + mgs. If the height of the

body starts out as sg, and if we suppose its initial velocity is zero, then E = mgsy. At the
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. . . 1
moment when it reaches the ground (s = 0), its velocity and 3 mv% = mgso. Then we find
that vi = /2gvy.
Conversely, if the body is thrown upward with velocity vp, then the potential energy

W =0andsoE = 3 mv3. At the end of its motion (the potential energy is zero) the kinetic

1
energy of the body will be 3 mv?, for v; the velocity at the time of reaching the earth’s

1 1 . .
surface. Hence 3 mv% =5 mv(z). Since vo > 0 and v; < 0 it follows that vi = —vy.

2. Energy and Mass in the Theory of Relativity. In Section 4.5 we introduced the

Special Theory of Relativity of Einstein, including the equation
d v
=F.

g T
(7
(=)

where ¢ is the velocity of light and my is the rest-mass of a body. We have
moa _dv

— — =F =—. 10.26
2 3 y @ dt ( )
{ v
2
In relativistic physics, the kinetic energy of a body with velocity v is
2
K= —0¢ (10.27)

—

V- (&)
c

This is based on the fact that during the motion of the object the total energy E = K+ W is

constant.

Indeed, by (10.26), we can write
dE dK dv dW ds

dt  dv dtJr ds dt
2( ) (5) w
2 3 dt
1—6—2 1—6—2

m=——0 (10.28)

2
V- ()
c
is called the mass of the moving object. From (10.27) and (10.28), we have
K = mc”. (10.29)

The quantity

In words, this last formula says that increasing (decreasing) the energy of an object implies

also increasing (decreasing) its mass m.
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3. Escape Velocity Let M denote the mass of the earth and R its radius: R ~ 6370km.
Suppose we have launched an object with mass m as shown in Figure 10.7, at distance s
from the earth’s center O. The only force acting on the mass m is the earth’s gravity, which,

by Newton’s law of Gravitation, yields

YMm
—,

F = (10.30)

s
where 7 is a constant of Nature. Assume that the distance between the launched object and

the earth’s surface is x, so that s = R + x.

m . X

Fig. 10.7 Escape velocity.

Then,
YMm

(R+x)?"

Now, if the value % is sufficiently small, then, approximately,

1 ~

1
(R+x)? " R*

Indeed, for x > 0, we can write
1 1 2Rx + x2 - 2x + X2
R> (R+x)? (R+x)’R> R® R*

For instance, if x < 6,3 km, then the difference in (10.31) is less than 1019 cm?. Tt follows

. ‘Mm
that for objects close to the earth’s surface, we can take F = — YT .

(10.31)
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Let us denote

YM
o g (10.32)
Then, from Newton’s Third Law of Motion and from (10.32), we see that —mg = ma (a is
the acceleration), or, a = —g.
But for sufficiently large s, it follows from (10.30) that
YMm
ma = —
)
or
d’s YM
—_— = 10.33
dr? 52 ( )

Then, by (10.23) and (10.30), we have

S —yM, 1 1
W:—/ yzmdx:me<———>.
roooX R =

With the use of this formula we now compute the “escape velocity” from the earth, i.e.,

the minimum initial velocity vi¥ with which an object (say spaceship) must be launched
straight upward from the earth’s surface so that it will continue forever to move away from
the earth.
First assume that the needed height for our object is s = A, where A is a constant.

At the beginning of the motion, K = %mvé and W = 0. At the distance s = A, the

velocity is v = 0. Hence, we deduce that
1 1
K=0and W=yMm| —-——].
mon(73)
By the law of conservation of mechanical energy, we have

Lo (1]
—mvyg=yMm| = ——
Mo =YMm\ 2T

1 1

By substituting yM = gR? (see 10.32) into this formula, we obtain

R2

= V2R

after passing to the limit as A approaches infinity.

which tells us that

This, in turn, becomes

This is just the required “escape velocity.” By substituting R =~ 6370km and g =
980 cm-s~2 into the formula vy” = v/2¢R, we have

vE=1.17-10%m-s 1.
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4. Nuclear Reactions. The mathematical models of real situations frequently involve

equations containing derivatives of unknown functions. An equation such as

Y (x) = ay(x) = 9 (x) (10.34)
is called a first order linear nonhomogeneous differential equation, where o is some con-
stant, ¢ is a given function, and y is the unknown function sought. Firstly, in the case where
@(x) = 0 (called, the homogeneous case), we can find a solution y = y(x) of (10.34) which
satisfies the initial-value condition y(0) = A (A a constant). It is easy to see that y(x) = Ae**

is the unique solution of this problem. Indeed, the derivative of y; (x) = y(x)e™ **
Yi(x) =y (x)e” " —ay(x)e”* = "M (x) — ay(x)] = 0
and y;(0) = y(0) = A, that is y(x) = Ae™*.
Next, we find the solution of the original equation (10.34), allowing ¢(x) # 0. We
search for a solution of the form y(x) = ¢(x)e** where the auxiliary function c(x) is to be
determined. If we substitute y(x) = c¢(x)e®* into (10.34), we obtain

v (x) — ay(x) = ' (x)e* +c(x)ae™ — ac(x)e™ = @(x)

and so,

—ox

o(x).

dx)=e
By the Fundamental Theorem of Calculus,
)= [ e Up()di+A (c(0) = A)
and so we find that .
y(x) :Ae"‘x+e°"‘/0xe‘°”<p(t)dt. (10.35)

Thus we have proved the following theorem.

Theorem 10.1. The solution of the first order linear differential equation (10.34) with

initial-value condition y(0) = A has the form (10.35) and this solution is unique.

(i) Atomic explosion

A nuclear reaction can be produced by using, for example, the uranium isotope (U 235,
It occurs when some free neutrons (a kind of uncharged particle) come into collision with
these nuclei. A large quantity of atomic energy is liberated as a result of the collision.

We will derive the differential equation of a model of this reaction. Suppose we have a
radioactive substance with constant density in the form of a sphere of radius r. If at time

t the number of neutrons is N, then during a short time-span A, as a result of the nuclear
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reaction, there will arise new neutrons, the number of which is proportional to N and h.
The number of new neutrons produced will then be approximately Nk, o being a positive
constant depending on the properties of the radioactive substance.

On the other hand, during the same time-span /, the number of neutrons leaving the
sphere will be BNh, the number 8 depending on the surface area of the sphere. It follows

that the number f3 is proportional to

4?3
. 2
gﬂl’3 r

or, in short, f = @, where fy depends only on the radioactive substance and its density.
r
Then, by instant # + &, the number of total neutrons has become
N(t+h)~N(t)+aN(t)h— BN(r)h.

Thus,

Ne+h) =N® - ().

h
By passing to the limit as 7 — 0, we obtain a differential equation
dN
— = (o —B)N.
= (a—B)

It follows from Theorem 10.1 that the solution of this equation that also satisfies the initial-

value condition N(0) = Ny (N a positive integer) is
N = Noel* Pt (10.36)

Clearly, if the unit of time ¢ is measured in seconds, then the dimensions of ¢, § are 1/s
and so f has the dimensions of a velocity.

The number r., corresponding to & = 8 = Py/r is called the critical radius. The
mass of the sphere of radioactive substance with radius r..,, is called the critical mass, that
18, Mey = gn:rgn p., where p is the density of the radioactive substance. If r > r.,, then
o — B > 0, and by (10.36) the number of neutrons N is increasing exponentially: and for a

short time “atomic explosion” will take place.

(ii) The Atomic Reactor
Suppose that a source of neutrons is introduced into the sphere considered above, pro-
ducing ¢ neutrons per unit time. If the number of existing neutrons at time ¢ is N, then for

small 4 > 0, the number of neutrons at time ¢ + & will be

N(t+h)=~N(t)+ aN(t)h— BN(t)h + gh.
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Consequently,
N(t+h)—N(t
MEEDZNO o (o V) +a.
As the limit when 4 — 0, we obtain
dN
o = (@=B)N+q. (10.37)

By Theorem 10.1, the solution of this differential equation is
N = Noel@PB)t +e<a—ﬁ>z/’e—<a—ﬁ>nqdn,
0

The integral existing on the right hand side is

t —(a=B)n
(@B — 9
J) e« Prgan =

0
Thus,

N=Npel@ By 9 [1 —e<°‘*f‘>’}. (10.38)

Assume that oo — 3 # 0 or, equivalently, r # r... If @ — B =0, then it follows from
(10.37) that N = Ny + gt. If o« > f3, then according to (10.38), the number of neutrons
is increasing exponentially, and so an atomic explosion occurs. In the case o < f3 the

expression e(®~B)" approaches zero, and so, by (10.38), we conclude

N~ ﬁfa. (10.39)

Consequently, the number of neutrons is approximately constant and our atomic reactor

is guaranteed to produce a constant energy stream. In short, this is the working principle of
the atomic reactor.

From (10.39) we also derive that for small g the number of neutrons can be increased,
when the difference f — o is sufficiently small. On the other hand, it can be understood
that a mass close to the critical mass is dangerous without a strict control of the reactor’s
work. Here we should mention that in 1986, there was some instability in the working of
the nuclear power station of Chernobyl, in the Ukraine, resulting in an explosion in the

reactor.

10.7 Problems

In problems (1)—(8), find the arc length:



Applications of the Definite Integral 363

1 1 241
(D x:Zyz—Elny(lgyge). Answer: ¢ I .
T T a
(2) y=Incosx <O<x<a< E) Answer: lntan<z+§).
3) x% + y% = a% (astroid). Answer:  6a.
2 2 A(a? — b?
4 x= < cos’t, y= < sin’t, ¢ = a? — b2 Answer: L) .
a b ab
(5) x=af(sinht —1),y=a(coshr —1) (0<r < T).
T
T V/2cosh = +v/coshT
Answer: 2 (cosh—\/ coshT — 1> —v2In 2 .
2 1+v2
(6) p =ab (Archimedes’ spiral), 0 < 6 < 2.
p T
7 :7(9<—). Answer: [2 1(1 2)}
7 p 1+cos9|| 5 nswer:  p|vV2+In(1++v2
® p= atanhE 0 <6< 2n). Answer:  a(2m — tanhT).

In problems (9)—(11) find the area of the bounded regions given by the curve in Cartesian

coordinates.
’ 1
9 y=2x—x",x+y=0. Answer: 45.
1
10) y=2%y=2,x=0. A D 2——.
10) y y X nswer 2
T
(11) Ax*+2Bxy+Cy*=1(A>0,AC—B*>>0). Answer: ———.
R VAC — B2
In problems (12)—(15) find the area of the bounded regions given by the curve in parametric
equations.
2 2_43 .8
(12) x=2t—t7,y=2t"—1t". Answer: @
(13)  x=a(cost+tsint), y =a(sint —rcost) (0 <1 < 27). Answer: %(477:3 +3m).
(14)  x=a(2cost —cos2t),y = a(2sint — sin2t). Answer: 6ma’.
2
t 16
(15) x=acost,y= ;Jsrn;m. Answer: Ta> (% — 9).

In problems (16)—(18) find the area of the bounded regions given by the curve in polar

coordinates
(16) p? =a®cos26. Answer:  a’.
2
P P
17 =——(0 1). A o —(3+4V2).
a7n p 1_chos(p( <e<l nswer 6( +44/2)
1 1 T 1
= — = — < = . : .
(18) p=g.p=—5 (0<e\2) Answer:  —
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In problems (19)—(22), find the volumes bounded by the surfaces.

22
X y c ) 2
(19) E-ﬁ-ﬁ =1,z= ;x,ZZO. Answer: gabc.
2 2 2
X7y b4 ~ 8mabc
(20) ;-l-ﬁ—c—z:l,Z::I:c. Answer: B
16
QD) x>+ =a*y +2=d% Answer: ?az.
4
(22) x+y+22=1,x=0,y=0,z=0. Answer: 5

(23) If the area of the cross section of the solid region in the plane perpendicular to the x-

axis is s(x) = Ax? 4+ Bx+C, a < x < b, prove that its volume is

v:% {s(a)+4s( )Jrs(b)}, H=b—a.

In each of problems (24)—(29) find the volume of a solid of a revolution.

a+b

16
24) y=2x—x%y=0 (a) about the x-axis, Answer: 1—: s
. 87
(b) about the y-axis. Answer: 3
4
25) y=e ", y=0(0<x<+) (a)aboutthex-axis Answer: 7"

(b) about the y-axis. Answer: 2.

(26) x> —xy+y*> = a?, about the x-axis. Answer:

(27) Prove that the volume of the region bounded by the curve in polar coordinates 0 <
a<O<PBL<T0<p<p(0) (pand O are polar coordinates) revolved about the polar
axis is

5
V:Z—”/ p*(6)sin6d6.
3 Ja

(28) Find the volume of the region bounded by the curve 8 = wp?, 6 = 7, in polar

coordinates, revolved about the polar axis. Answer: 3 .

(29) Find the volume of the region bounded by the curve a < p < av/2sin20, in polar
2.2
Tea

2V2'

In (30)—(33), find surface area of the volume of revolution described.

coordinates, revolved about the polar axis. Answer:
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(30) y=tanx (0 <x< %) about the x-axis.

Answer: T [(\/5 \/i) +lnw}
: 5 .

By =2px (0 <x < x),
2
(a) about the x-axis, Answer: (a) ?7[ [(Zxo +p)\/2pxo+ p* — pz}

V2 VA 2
(b) about the y-axis. Answer: (b) g {(p +4x0)\/2x0(p+2x0) — p~In w .
p
. 32,
(32) p =a(l+cosh), about the polar axis. Answer: S ra
(33) p?=d’cos20),0 = about the polar axis. Answer: 2mwa’y/2.

(34) Find the volume and surface area of the region bounded by the parabola y* = 2px
i,

and straight line x = d revolved about the line y = p. Answer: V = 3 —p°, A=

2mp? [(2 +v2) +In(1 + \/E)} .
(35) Find the centroid of the region bounded by the curve x> +4y — 16 = 0 and x-axis.

8
A : 0;=).
nswer < 5)

(36) Find the centroid of the triangle with vertices (0,0), (0,3), and (3,0). Answer:

29
2'2)°
(37) Find the centroid of the region bounded by the curve y = sinx (0 < x < 7) and the

T
liney=0. Answer: (—, —)
ine y nswer 23
(38) How much work must be done (a) in order to lift a solid of mass m from the surface

of the earth of radius R to a distance & above the earth’s surface?
Rh
b)if h —o? A : W, = b) W = mgR.
(b) 1 nswer: (a) W, ng—l—h (b) mg
2 2
(39) Find the centroid of the reglon —+

da 4b
3n’3m )’
(40) Find the centroid of the region bounded by the cycloid x = a(t — sint), y = a(l —

5
cost) (0 <7 < 2m), and the x-axis. Answer: (n’a, 6a>.

(41) The radius and mass of Jupiter are 70,96- 10°m and 1,88 - 107 kg, respectively.

bz\l 0<x<a 0<y<b. Answer:

Find the escape velocity of a solid on the surface of the Jupiter.

(42) For a given radioactive substance, &t =2 - 108s~! and Bo=4- 10"%c¢m-s~!. Find the

critical mass, 7.
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Chebyshev polynomial 182

Center of mass 351

Centroid 335, 351, 352, 365

Change of logarithm base 86

Characteristic function 317

Chain rule 113, 225, 356

Circle 28, 32, 127, 131-137, 144, 165, 166,
219, 337, 350, 352, 353

Classification of conics 137, 138

Comparison test for series 54

Compact set 26, 27, 29, 45

Complex numbers 17-21, 30, 62, 165, 171,
175

inequality
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Complex-valued function 67, 101, 326, 327

Composition of functions 113, 126, 225, 328

Continuity 67, 75, 77-82, 84, 85, 89, 97, 107,
109, 110, 147, 149, 165, 209, 262, 280,
293,317, 329

Concave downward 209, 210, 215, 219, 220,
328

Conditionally convergent series

Cone 137, 205, 219

Conjugate of complex numbers 18

Conjugate pairs of roots 175, 176, 231, 232

Continuous function 16, 67, 75, 78, 80, 81,
84, 88, 95, 97, 99, 100, 104, 147, 163, 194,
276, 278, 281, 302, 335, 340, 344

Convergence of improper integral
291, 292, 331

Convergence of series
166, 170

Cosine function 88, 89, 121, 122, 160, 161,
164, 166, 170, 245, 255

Curvature 107, 129, 131-135

Cycloid 127, 134, 136, 341, 350, 365

Cylinder 202, 205, 206, 345, 347

D

Decimal expansion  8-10

Decreasing function 82, 194

Definite integral 257, 259, 266, 281, 326—
329, 339, 344, 353-355

Deleted neighborhood 189

De Moivre’s formulas 20

Denumerable set 6, 7,311

Dependent variable 67

Derivative 107-125, 127, 133, 134, 136, 139—
147, 149, 151, 152, 155-157, 164, 165,
167, 168, 174, 178, 181, 185-187, 194—
197, 200, 202, 203, 205-211, 215, 217,
221-225, 227, 229, 237, 266, 280, 281,
298, 303, 304, 307, 326, 336, 337, 353,
356, 360

Differential 107, 109, 110-112, 114, 117,
123, 125-127, 143, 165, 185, 228, 245,
360-362

Differentiable function 110, 11, 114, 126,
132, 140, 145, 154, 163, 178, 181, 194,
208, 228

Discontinuity 67, 75-77, 82-84, 104, 123,
149, 150, 215, 262, 266, 277, 278, 293,
303, 308

31,48,51,56

286-288,

155, 157, 158, 161-

Distance 21, 25, 30, 31, 44, 128, 134, 198,
199, 203, 219, 258, 354, 355, 358, 359, 365

Divergence of improper integral 285-288

Divergence of series 31, 44, 4648, 51, 53,
59, 61

Domain of function 3, 67, 68, 72, 85-88, 101,
102, 127, 165, 194, 215

E

Evolvent 107, 129, 131, 135, 136, 144

Eccentricity 138

Elementary function 85, 118, 145, 155, 221,
224,281, 283, 294

Ellipse 28, 130, 137, 138, 144, 219, 347

Ellipsoid 346

Energy 335, 354, 356, 357, 359, 360, 362

Elliptic integral 225, 281

Extended mean value theorem
261, 276, 278

Escape velocity 335, 354, 358, 359, 365

F

Factorial 37, 63, 68

Fermat’s theorem 145

Fermat’s principle of least time 198

Fibonacci sequence 31, 39

First order differential equation 360, 361

Force 117, 118, 128, 227, 354-356, 358

Functions 1, 16, 21, 25, 67-74, 77, 78, 81-83,
85-95, 97-102, 104, 107, 113, 114, 116—
121, 124-127, 129, 139-141, 145, 151,
155, 159, 160, 163, 165, 166, 168, 170,
185-189, 192, 194, 200, 211, 219-225,
228-230, 234, 236, 237, 242, 243, 245-
248, 254, 255, 257, 258, 260, 261, 273—
276, 278, 280-283, 287, 289, 290, 294,
299, 300, 302, 303, 305-307, 316-319,
323-328, 336, 356, 360

Fundamental theorem of algebra 172

Fundamental theorem of calculus 257, 280,
281, 293, 294, 327, 329, 356, 360

G

Galilei’s mechanics 109

Generalized length 309

General mean value theorem 278

Gravitation law 117, 118, 354, 356, 358

Gravitational acceleration 356

Greatest lower bound 12, 77, 269, 309, 310,
339

147, 150, 151,
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H

Half-angle Formula 244

Harmonic series 31, 46, 51, 52, 55, 59, 158,
163, 289, 302

Higher order derivatives
185, 197

Homogeneous differential equation 360

Hyperbola 87, 137-139

Hyperbolic functions 69, 86-88, 120, 166

Horizontal asymptotes 214, 215

I

Identities 86

Imaginary part of complex number
326

Improper integrals 259, 285, 291, 292, 330,
331

Increasing function 82, 83-85, 300, 303, 307,
309

Increment 107-113, 116, 139, 148

Inertia 353, 354

Infinite product 61, 62

Inflection point test 210, 211

Inscribed rectangular polygon 340, 344

Integrable function 276, 278, 280, 281, 324,
328

Integral 278, 280, 281-291, 297, 299, 305—
309, 319, 335, 339, 344

Integral table 223, 224

Integral test 287, 288

Integrand 221

Integration by parts 228, 229, 246, 252, 259,
281, 282, 290, 327, 329, 330

Interior point 26

Intermediate value theorem 78

Inverse functions 82, 88, 113, 120, 121, 221

Inverse hyperbolic functions 120

Inverse trigonometric functions 121

Irreducible quadratic polynomial 235, 236

J
Jupiter 365
K

Kepler’s problem  vi
Kinetic energy 354, 356, 357

L

Lagrange’s form of remainder
159, 160

123, 127, 143, 164,

18, 231,

153, 155, 157,

Law for multiplication 11, 17

Laws of logarithms 86, 119

Least upper bound 12, 77, 79, 82, 207, 269,
299

Lebesgue measure 309, 311, 313

Lebesgue integral 257, 309, 319, 320, 322—
325

Leibniz’s series 159

Length of arc 132, 335, 337, 362

Lemniscate 343

185, 187, 188, 216, 217

Limit comparison test 54

Limit point 26, 27, 39, 41, 42, 44, 69, 70, 72,
75, 80, 94, 317

Linear approximation 112, 113, 143

Local maxima and minima 194

Logarithm 69, 85, 86, 119, 191, 193, 339

Logarithmic spiral 339

Lower bound 12, 77, 269, 281, 309, 310

M

L’Hopital’s rule

145, 155-160, 185, 192, 283
153, 160

Maclaurin series

Maclaurin’s Formula

Mass of the earth 358

Mass of the disk 354

Mass per unit length 351

Maximum of functions
215, 217-219, 344

146, 194, 198, 203

Mean value theorem 145, 147, 150, 151, 168,
257, 260, 261, 276, 278, 279, 308, 320, 330

Measure zero 257, 278, 313, 316, 320

Mesh of partition 262-265, 270, 277, 278,
295, 342, 345, 347, 349, 352, 354

Minimum of function 145, 146, 194-197,
199-202, 211, 215, 217-219, 280, 344, 359

Method of cylindrical shells 347, 348

Method of substitution 221, 225, 226, 239—
249, 251, 252, 255, 290, 296

Moment of inertia 353, 354

Monotone sequence 37, 63

Multiplication 11, 17, 69, 324

N

Natural exponential function 56, 159

Natural logarithm function 86

Necessary conditions for relative extrema
145, 194, 195

145, 146, 194-206,

Maximum value
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Neighborhood 41, 42,91, 114, 115, 152, 155,
185, 188, 189, 194-197, 199, 209-211, 281

Nonincreasing sequence 9, 37, 38, 50, 58

Nested interval property 14, 15

Newton’s second law of motion 117, 356

Normal line  129-131, 134-136, 144

Numerical integration 257, 294, 297, 298

(0]

QOdd function 215

One-sided limits 70, 74, 76, 82, 108, 123,
146, 291

One-to-one function 83

Open interval 16, 26-29, 70, 74, 83, 85, 145—
147, 150, 162, 164, 186, 202, 208, 278,
281, 291, 309, 311-313

Oscillation 271, 274-278

Ostrogradsky’s method 237, 254

P

Parabola 129, 133, 136-139, 204, 219, 297,
298, 352, 365

Parabolic approximation 297

Parametric equations 107, 127, 130, 135, 144,
337, 338, 341, 346, 363

Partial sums of series 45-47, 49, 50, 58, 61,
92, 101, 165, 288

Partition 257, 262-278, 294, 295, 297, 299—
308, 314, 315, 319, 322, 325, 335, 336,
340, 341, 344, 345, 347, 349, 352, 354, 355

Period 31, 88, 102

Perpendicular 129, 136, 345, 364

Point of discontinuity 75, 83, 84, 149, 215,
262, 266, 267, 277, 293, 303, 308

Point of inflection 210

Polar axis 138, 364, 365

Pole 137

Polygon 32, 266, 267, 335, 336, 339, 340,
344, 348, 349

Polynomials 68, 69, 73, 167, 171, 173-178,
181-183, 221, 230, 233, 237, 238, 242

Positive-term series 46, 49, 50, 54, 56, 57

Potential energy 356, 357

Power station 362

Power function 85, 119

Product of functions 229

Product of series 31, 59, 60

Proper rational fraction 230

Q

Quadratic polynomials 221, 238

Quadratic factors 232

Quotient of two functions 72, 73, 116, 185,
187, 188, 230, 326

Quotient of two polynomials 230

Quotient law for limits 72, 73

R

Radian measure 19, 113

Radius of convergence 162-165, 170

Rational function 68, 73, 214, 221, 230, 234—
236, 242, 243, 246-248, 254

Rational number 7-11, 13, 14, 16, 26-29, 32,
44, 83, 85, 97-99, 102, 246, 278, 312, 314—
316

Ratio test 51-53, 158, 163, 165

Reactor 335, 361, 362

Real numbers 1, 813, 15, 18, 21-24, 26, 29,
30, 32, 95,47, 62, 67,69, 75, 137, 202, 231,
278, 309, 319, 324, 335

Rearrangement 31, 55, 56

Rectangular approximation 294, 295, 299,
332

Reciprocal 11, 129

Refinement of partition 262, 268, 269, 271,
272, 306

Remainder of series 145, 152-154, 157, 159,
160, 171, 192, 197, 208, 211, 282

Repeated root 73, 174-176, 230, 231

Revolution of regions 347, 349

Revolution around x-axis 349

Riemann sum 263, 265-269, 272, 274, 294,
295, 327, 328, 340, 342, 344, 345, 347, 354

Right-hand limit 70, 76

Rolle’s theorem 145, 148, 150, 167, 178

Roots of polynomials 174

Rose 343

S

Scalar(inner) multiplication 22, 324

139, 167

Second derivative 123, 168, 178, 196, 202,
203, 206, 208-210, 215, 217, 295

Selection for partition 263, 265-269, 272,
273, 275, 297, 305, 342

Series 31, 32, 34, 45-62, 64-67, 92-96, 101,
105, 110, 145, 151, 155-166, 168-170,

Secant line
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185, 192, 257, 280, 282-284, 288, 289,
291, 302, 312, 326

Sketching graphs 211

Slope 109, 115, 129, 132, 134, 136, 139, 208

Solid of revolution 344-348, 364

Shell 347, 348

Space 22-26, 29, 41, 42, 44, 45, 100, 302,
303, 309, 324, 335, 344

Spiral 339, 363

Stieltjes integral 257, 305-308, 320

Substitution 90, 165, 175, 191, 221, 225-227,
234, 239, 241-249, 251, 252, 255, 290, 296

Surface area 202, 335, 348, 350, 361, 364,
365

Surface of revolution 348-350

T

Table of derivatives and integrals 121, 122,
223

Tangent function 86-88

Tangent line 115, 129-132, 134-136, 144,
147, 167, 208-210

Trigonometric functions 88, 90, 121, 160,
221, 245, 255

Taylor series 145, 155, 156, 164, 170, 185

Taylor’s formula 145, 151-155, 197, 208,
211,217, 296

Taylor’s theorem 152

Termwise differentiation and integration 164,
170, 280

Test for concavity 208-210

Test for relative extrema 195, 197, 199

Transcendental function 69, 221, 237, 280

Trapezoidal approximation 296, 297, 299,
332

Trigonometric substitution 247

U

Uniform continuity 81, 97

Uniform convergence 92, 93, 100, 101

Union of sets 2, 3, 7, 26-29, 266, 312-314,
316, 318, 319, 321, 335, 336, 344

Upper and lower Riemann sums 266, 327,
340, 344

Upper bound 12, 13, 68, 77, 79, 82, 267, 269,
299, 337, 339, 355

Uranium isotopes 360

\%

Vacuum 118, 227

Value of function 3, 67, 68, 72, 75, 77, 79,
82, 84, 85, 87, 101, 111, 117, 145, 146,
151, 154, 155, 165, 171, 173, 176, 178—
181, 183, 194, 196-201, 203, 211, 215,
217, 218, 260, 280, 288, 309, 340

Value of the definite integral 260, 280, 284,
293, 299

Vector space  22-24

Velocity 108, 109, 117, 118, 128, 203, 227,
258, 335, 354, 356, 357-359, 361, 365

Vertically asymptote  212-214, 215

Vertical tangent line 208

Volumes by the Method of Cross Sections 345

Volume by cylindrical shell method 347, 348

Volume of solid of revolution 344, 345

X

x-axis 80, 129, 203, 263, 340, 341, 344-351,
353, 364, 365

x-coordinate 22, 135, 139, 351
Y

y-axis 79, 208, 210, 215, 345-349, 351, 364,
365
y-coordinate

V/

Zeno’s paradox 31
Zeros of polynomials 174

138, 139, 351, 353
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